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Introduction

In this thesis, we consider a class of scalar elliptic equations or elliptic systems involving singular

weights and critical exponents of general form

— div (Iy\‘2"“ Vu) —plyl 2w = h(y) g7 u* w4 Ag () in RN, y #0,

with each point x in RY is written as a pair (y, z) € R¥ x RVN=% where k and N are integers
such that N > 3 and k belongs to {1,..., N}, a,b real numbers, 2, (a,b) critical exponents,
—00 < p < flgy = ((k—2(a+1)) /2)? and g and h are functions which will defined later. We
study problems with various assumptions on a, b and .

The choice of such classes rises owing to the fact that the research of solutions in forms
of standing waves for an equation of evolution leads sometimes to the cylindrical case [4].
Accordingly, a solitary wave preserves intrinsic properties of particles such as the energy. Owing
to their particle-like behaviors, solitary waves can be regarded as a model for extended particles
and they arise in many problems of mathematical physics. Thus, this resolution contributes to
the development of the modeling of many physical systems in fields as varied as: the theory of
the traditional fields and quantum, the plasma physics, see for example [1,2,18,21,23].

Before summarizing the results consigned in this thesis, briefly, let register this work from
the historical point of view to us. Our principal concern, in this work, is to study existence and
multiplicity results.

The scalar case. Rigorous mathematical research on the resolution of the elliptic equa-
tions containing singular potentials started since the Eighties. Thus, one finds within this
framework work of the authors Catrina and Wang [10], Badiale and Tarantello [4] in this field.

The originality of these works resides in the techniques used which make possible the proof



of the existence and the multiplicity of solutions. Concerning the spherical case, one will re-
tain precursory works of [4,8,22], in which the authors used methods of minimization under

constraint. As noticed, in 2006, Wang and Zhou [25] studied the same semilinear equation
—Au—plz|Pu= |[u* Pu+Ag(z) n RN, z #£0,

with, 0 < p < fig N, 2% = 2N/ (N —2) and A is a parameter real. They proved that there exists
at least two distinct solutions under some conditions on g by applying Ekeland’s variational
principle and Mountain Pass theorem without Palais Smale conditions. In 2009, Bouchekif and

Matallah [6], extended the work of [25] by studying the quasilinear equation

—div <|x|_2a‘ Vu) — |x|_2(a+1) w= h(z) |z u/>*2u+rg(z) nRY, z#£0,

where 0 < g < figy, —00 < a < (N—=2)/2,a <b<a+1, 2. =2N/(N-2+2(b-a))
and A a positive parameter. They established the existence of two nontrivial solutions by
using Ekeland’s variational principle and mountain pass theorem under sufficient conditions on
functions g and h. .

For the cylindrical case, Badiale et al.[3] and Musina: [17] contributed in the study. As
noticed, in 2007, Badiale et al.[3] studied an elliptic equation with decaying cylindrical potential:
ly|~® with y in R* and « positive real. In 2008, Musina: [17] studied the following equation by

proving the existence of at least one nonnegative solution
— div (Iylm VU) = ply T+ Y|P in RN,y #£0,

with —a/2 instead of a where a € R, b= N —p (N —2) /2 with p € (2,2*] and p is a parameter
real. In 2009, Gazzini and Musina [16] studied the existence and the nonexistence of the same
problem by introducing the Hardy-Sobolev-Maz’ ya inequality.

The major challenge then consisted in adapting the variational methods which proved reli-
able for equations where one encountered problems such as: problems of compactness, existence
of extermale functions. Thus, the main arguments which one will adopt to free problems will be

the constraint defined by the Nehari manifold [19] and the Hardy-Sobolev-Maz’ ya inequality



[16].

The singular systems case. Such problems are introduced as models for several physical
phenomena related to equilibrium of continuous media which somewhere be perfect insulators,
see for example [11,13]. For more information and connection on problems of this type, the
readers may consult in [7,14] and the references therein.

We quote various results which were obtained.

The first chapter of the thesis recalls the basic definitions which will be frequently used
later.

In chapter two, we establish the existence of multiple solutions for nonhomogeneous singu-
lar elliptic equations with cylindrical weight by using Ekeland’s variational principle and moun-
tain pass theorem without Palais-Smale conditions. This work is an extension of Bouchekif’s
[6] which interested by the spherical case.

Chapter three is devoted to the study of quasilinear elliptic equations involving decaying
cylindrical potentials and critical exponents, which is a generalization of the work of Badiale
et al.[3]. We prove the existence of at least two solutions by using the Nehari manifold and
Hardy-Sobolev-Maz’ya inequality.

The last chapter, is centered on the study of nonhomogeneous singular elliptic systems
involving a singular weakly coupled potential and the Caffarelli-Kohn-Nirenberg critical expo-
nent. Taking as a starting point the work of [7], we give existence results by using the critical
point theory under the Nehari manifold as constraint.

List publications:

1) On nonhomogeneous elliptic equations with decaying cylindrical potential and critical
exponent, Electron. J. Diff. Eqns., 2011 (54) (2011) 1 — 10.

2) On nonhomogeneous singular elliptic equations with cylindrical weight, Submitted, preprint
Université de Tlemcen, (2011).

3) On nonhomogeneous singular elliptic systems with critical Caffarelli-Kohn-Nirenberg ex-

ponent, Submitted, preprint Université de Tlemcen, (2011).



Chapter 1

Preliminaries

In this chapter, we start by recalling some definitions which will be frequently used throughout

the rest of this work.

1.1 Ciritically point

Let be X a Banache space, J a functional of class C' defined in X with values in R. Let us

note J' (u) : X — X'( dual of X) its derivative within the meaning of Fréchet.

Definition 1.1 Let u € X, ¢ € R. The point u is known as critical point of the functional
caleulus J if J' (u) =0
The value ¢ is known as breaking value of J if there exists a critical point w in X such that:

J(u) =c.

1.2 Mountain Pass Theorem

Let X Banach space, and J € C! (X, R) verifying the Palais -Smale condition. Suppose that
J (0) =0 and that:

i) 3R > 0 and 3r > 0 such that if ||u|| = R, then J (u) > ;

ii) 3 (uo) € X such that |lugl| > R and J (ug) < 0;



let ¢ = inf J (7 (t))) wh
et ¢ irérfél[oa,’f]( (7 () where

I'={yeC(0,1];X) such that v(0) =0 et v(1) =up},

then c is critical value of J such that ¢ > r.

1.3 Theorem (Ekeland’s variational principle)

Let ¢ : X — (—00,400] be a semi-continuous clean function in a lower position limited in a

lower position. For each € > 0 and each w € X such that ¢ (u) < in)f( ¢ (u) + ¢, it exists v € X
xre

such that
(1) ¢(v) <o (u),
(2) d(u,v) <1,

(3) ¢ (v) < ¢ () +ed(x,v) for all z € X such that z # v.

1.4 Brezis-Lieb Theorem

Let 0 < p < oo. Suppose up — u a.e. and |[un|| sy < € < co. Then
gim (lunll iy = lun = ull gy ) = 6l gy

1.5 Theorem (Generalized Hardy inequality)

If 1 <k < N, we will write a generic point z € RV as z = (y,2) € RF x RN =%, Let 1 < p < 00

and a + k£ > 0. Then, for each u € D (RN ) the following inequality holds

i

/RN Y| |u (z)|P de < R

/ V(@) ly|** da.
]RN

Moreover, the constant ﬁ is optimal.



1.6 The Nehari manifold

Let J € C!' (X, R) be the Euler functional associated with an elliptic problem on Banach space
X. If J is bounded below and has a minimizer on X, then this minimizer is a critical point of
J. Hence, it is a solution of the corresponding elliptic problem. However, in many problems J
is not bounded below on the whole space X, but is bounded below on an appropriate subset of
X and minimizer on this set (if it exist) many give rise to solutions of the corresponding elliptic

problem. A good candidate for an appropriate subset of X is the Nahari manifold defined by
M:{UEXI <J,(u),u>:0}.
1.7 The weighted Sobolev space X (RY,|y| * dz)
Let k, N be such that N > k > 2 and let o, x > 0. We define the weighted Sobolev space
X=X RN, |y *dz) = {u e DM (RY) : /RN ly| " uldz < —i—oo} :
which is a Hilbert space with respect to the norm defined by
ul® = / (|vu\2 — oyl u2) dz, for all u € X.
RN
Whose inner product we denote by
(u,v) := /]RN (VuVu — ply|~® w) da, for all u,v € X.

Clearly X «— D2 (RN ), whence, by well known embedding of D2 (RN ), one derives
X — L* (RN) and X — Lfoc (]RN) for 1 < p < 2,. In particular the latter embedding is
compact if p < 2, and thus it assures that weak convergence in X implies (up to a subsequence)

almost everywhere convergence in RV,

Set D := Dé’z RY)NL (RN, ly| 2 d:r), endowed with the scalar product
(u,v) := / (VUVU + |y 2 uv) dx.
RN

10



For convenience we point out some remarks on the space D.

Lemma 1.1 [17]

(i) C° ((RF\ {0}) x RN=*) is dense in D
(id) If k > 2 then D := Dy* (RN)

(ii5) If k = 1 then D = Dy ((0, +00) x RN=1) 4 Dj? ((+00,0) x RN-1)
() If k # 2 an equivalent scalar product on D is (u,v) := [px VuVudz.

1.8 Hardy-Sobolev-Maz’ya inequality

In [16], It states that for any a € R and for every real exponent p € (2, 2,] there exists a constant

Ca,p > 0 such that

2/p
o ([ W™t ae) " < [ (1l 190 = o2 o)
RN RN

foranquCé’o(RN) ifa>2—kandforanyu€0§°(RéV) ifa<2-—k.
where b= N — p (¥=342) and fi,,, := (Wﬁ

The Maz’ya inequality states that

2/p
Cap </ Iyl_b |u|pdx> < / s |Vu|2d;n, Vu € CF° (RN) )
RN RN

11



Chapter 2

On nonhomogeneous singular elliptic

equations with cylindrical weight

In this chapter, we establish the existence of multiple solutions for nonhomogeneous singular
elliptic equations with cylindrical weight, by using Ekeland’s variational principle and mountain

pass theorem without Palais-Smale conditions.

2.1 Introduction

This chapter deals with the existence and multiplicity of solutions to the following problem

—Au—plyPu= h) Iy | Pu+Ag(z) inRY, y#£0

(PA,u)
u € Dé’2,

where each point z in RY is written as a pair (y,2) € R¥ x R¥V=F with k and N are integers
such that N > 3 and k belongs to {2,...,N}, b =N —p(N —2) /2 with p € (2,2*] and 2* =
2N/ (N — 2) is the critical Sobolev exponent, A and p are positive parameters, g € H;LﬂC (RN )
not identically equal to 0 and h is a bounded positive function on R¥. ’H; is the dual of H,,.

By Dé’2 = Dé’Q (R*\{0}) x RN=%) and H,, = H, ((RF\{0}) x R¥=*), we denote the

12



closure of C° ((RF\ {0}) x R¥=*) with respect to the norms

) 1/2 ) . ) 1/2
full = ([ 196) " and ull, = ([ (190l =l =2 o) ac

for 1 < i, and k # 2, respectively, with iy, := ((k — 2) /2)? is the best constant in the Hardy
inequality for the cylindrical case [13], by which the norm [luf|, is equivalent to |[ull,. More

explicitly, we have for k # 2,

_\1/2 — - \1/2
(1= /) ully < llull, < (1= 5 /) V2 [lully for u € H,,

where p* = max (,0) and g~ = min (g, 0) .

We know that the weighted Sobolev space D := H, N L? <RN, |y\_b dm) is a Banach space
with respect to the norm N (u) := |lul| , + (Jan ly| 70 Jul? dz)V/P.

Several existence results are available in the case K = N, we quote for example [1,4,6,7]
and the references therein. For more details, when N > 3, b =0, p < 2*, u < 0 and h = 1,
Badiale et al. [2] and Terracini [15] studied (Pp,,). In [15], the author proves that no positive
solutions for (Pp,). When p = 2%, the regular problem (P;) has been considered, on a
bounded domain €2, by Tarantello [14] with A = 1 and p = 0. She proved that for g € (H} (Q))/
not identically zero and satisfying a suitable condition, the problem considered admits two
solutions. The problem (P, ,) has been studied by Bouchekif and Matallah in [4], by using
Ekeland’s variational principle [8] and mountain pass theorem, they established the existence
of two nontrivial solutions when 0 < u < iy, A € (0,A,) and under sufficient conditions on
functions g and h, with A, a positive constant.

For the cylindrical case i.e., k < N, there are much less studies in the literature at our
knowledge. We cite for example [3,9, 10,12, 13] and the references therein. As noticed in [12],
Musina has considered the problem (P ) with h = 1. She established the existence of ground
state solution when 0 < p < fi;, and 2 < k < N and the support of the ground state solution
is a half-space when k = 1 and N > 4. When b = 0, h = 1 and p = 2*, she shows that (Pp )

does not admits ground state solutions.

13



Since our approach is variational, we define the functional I, ,, on D by
—b
Dy (u) = (1/2) ||ull?, - (1/p)/ h(y) lyl IUIpdSU/\/ g (z) udz.

RN RN

We say that u € D is a weak solution of the problem (P, ) if it satisfies

/ (Vqu — oy 2w — h () |y JuP 2 uw — Ag (z) v) =0, for v € D.
RN
Throughout this work, we consider the following assumption

(H) lim h(y)= lim h(y)=ho>0, h(y)>hy, y€ R

ly|—0 ly|—00

In our work, we prove the existence of at least two distinct critical points of Iy ,. One by the
Ekeland variational principle with negative energy, and the other by mountain pass theorem

without Palais-Smale conditions with positive energy.
Remark 2.1 Note that all solutions of (P ) are nontrivial.
Our main result is given as follows

Theorem 2.1 Suppose that 2 < k < N, b= N —p(N —2)/2 withp € (2,2*], p < [, and
hypothesis (H) holds. Then, there exists A > 0 such that the problem (Py,) has at least two
solutions for any X € (0,A,).

This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 is

devoted to the proof of Theorem 2.1.

2.2 Preliminaries

We start by recalling the following definition and properties from the paper [12].
The first inequality that we need is the Hardy inequality

ﬂk/ ly|*v?da g/ Vo2 dz, Vv € H,,. (2.1)
RN RN

14



Next, assume N > 3, p € (2,2*] and b = N — p(N —2) /2. The starting point for studying
(Po,u) is the Hardy-Sobolev-Maz’ya inequality that is particular to the cylindrical case k < N

and that was proved by Maz’ya in [12]. It states that there exists positive constant C, such

2/p
G ([ Wi eran) < [ (190R = bl?) (22)
RN RN

for any v € C°((RF\ {0}) x RN 7).

that

Definition 2.1 An entire solution v to (P ) is a ground state solution if it achieves the best

constant

| S (1902 = eyl 2 ?) do
Spup=Sup(k,N):= inf

k N—k 2/p 7 23)
veH, ((RF\{0}) xRN k) (fRN Iyl‘blvl"dfﬂ)

for k > 2.

Lemma 2.1 [12] Assume 2 <k < N, u < fiy, and 2 < p < 25_;.,,- Then the infimum S, is
achieved on M, ((RF\ {0}) x RN=F).

Lemma 2.2 Let (u,) C D be a Palais-Smale sequence ((PS), for short) of I, i.e.
I, (up) — c and I:\# (un) — 0 in D (dual of D) as n — oo, (2.4)
for some c € R. Then, u, — u in D and I;\,u (u) =0.
Proof: From (2.4), we have
A2 lually = W) [ Bl faal? e =% [ g @ ade = ¢+, (1)

and

ot~ [ h @ e =3 [ @) uade = 0, (1),
RN RN

15



where o, (1) denotes o, (1) — 0 as n — oo. Then,

cton(1) = Du(un) = (1/p) (I, () )

> ((p=2)/20) lunlly; = A0 = 1) /D) lgllpg, llunll,,

(up,) is bounded in D.
If p € (2,2*) or p=2*, then we can find u € D such that

u, — wu weaklyin D,
u, — wuweaklyin L, (RN; |y|_b) )

U, — U a.e in RV,
Thus, we deduce that for all v € C§° ((R¥\ {0}) x RVN=F) |
[ (Fuve gl 20 = k@) ol [ 2w+ g ) v) =0,
RN

i.e.,

Lemma 2.3 Let (u,) C D be a (PS), sequence of Iy, for some c € R. Then,
Uy — u n D

and either

_ /(p—2)
Up —u orc> 1y, (u)+((p—2)/2p) (ho 2/p5u,p)p o

for all p € (2,2%].

16



Proof: We know that (u,) is bounded in D. Up to a subsequence if necessary, we have that

U, — u in D

U, — U a.e in RV,
Denote v, = u,, — u, then v, — 0. As in Brézis and Lieb [5], we have
2 2 2
’vn’p - ’un’p - ’u’p

and

tim [ 1) (o1l = bl = ) do = [ Byl ul?d
RN RN

n—:aoo

On the other hand, by using the assumption (H), we obtain

lim h(y) |yl [va|P dz = ho lim / ly| 7 [on|P . (2.6)
RN n—o0 JpN

n—=aoQ0

Then, we get

Dy (un) = Dy () + (1/2) o]}, — (ho/p) /RN [y ™" Jonl” + 05 (1)

and

(o) ) = ol = ho [ 1™ b+ 00 ().

Then we can assume that
: 2 _ by, P
lim (v, = ho lim / ly| " |on|P = 1> 0.
n—so0 n—oo [pN
Assume [ > 0, we have by definition of S,
1> Sup (lh51)2/pv

and so that

1> (ng7s,,)" "

17



Thus we get

c=1In,(u)+((p—2)/2p)1 > I, (v) + ((p — 2) /2p) (hoﬂ/psu’p)lﬂ/(pf?)

2.3 Existence results

The proof of Theorem 2.1 is given in two parts.

2.3.1 Existence of a local minimizer

We prove that there exists A\, > 0 such that for any A € (0,A4), ), can achieve a local
minimizer.

First, we establish the following result.

Proposition 2.1 Suppose 2 < k< N,b=N —p(N —2)/2 withp € (2,2*], u < [i;, and the
hypothesis (H) holds. Then there exist A, 0 and § positive constants such that for all X € (0, \y)

we have

Doy (u) 26> 0 for |ull, = o (2.7)

Proof: By the Holder inequality and the definition of S, ), we get for all v € D\ {0} and

e>0

D)+ =Wl =) [ hell P de = [ g uds

> (1/2 =) llully = (1lo /D) Spp l1ullf, = Ce [ Agllyy,

Taking € < 1/2 and ¢ = [|u[,. Then there exist ¢ > 0 small enough and a positive constant A,
such that
Iy (u) >6>0for |lull,=o0and A€ (0,A). (2.8)

18



Since g is a continuous function on RY not identically zero, we can choose ¢ € Cg° (]RN )

such that [pn g (z) ¢dx > 0. It follows that for ¢ > 0 small enough,

Lo (t6) = (£2/2) l|#ll;, — (¢7/p) /R ) [yl da — At / g(x)pdr <0.  (29)

RN

and [[t¢[|,, < o.

Thus, we have
ci =inf {1, (u) : u € By} <0, with B, = {u € D, N(u) < o}. (2.10)

Using the Ekeland’s variational principle, for the complete metric space Ep with respect to the
norm of D, we can prove that there exists a (PC),, sequence (u,) C B, such that u, — u; for
some u1 with N (up) < p.

Now, we claim that uw,, — wu1. If not, by Lemma 2.3, we have

_ p/(p—2)
e 2 D)+ ((0—2)/29) (hg ™S

_ p/(p—2)
> et (0= 2)/20) (hg ™" Sup)

> C1,
which is a contradiction. Then we obtain a critical point u; of I , for all A € (0, \,) satisfying
c1 = I)\# (ul) < 0.

On the other hand we have

a = ((p—2)/2p) |ul; = (0 —1)/p) /RN Ag(z)urde

> = (1/29) (= 1) (=27 X gl

Thus wu; is a solution of our problem with negative energy.

19



2.3.2 Existence of mountain pass type solution

We use the mountain pass theorem without Palais-Smale conditions to prove the existence of a

solution with positive energy.

_ p/(p—2) _
Let ¢, 1= (0= 2) /20) (ho*"Sp)" = (1/20) (0= 1) (0= 2) 2 N2 gl

Before completing the proof of the Theorem 2.1, we need the following Lemma.

Lemma 2.4 Let \* > 0 such that
cp >0, forall X € (0,A%).
Then, there exist A € (0,\*) and ¢, € D for e > 0 such that

sup I ;. (tp.) < €}, for all X € (0,7).

>0
Proof: Let
rws(x) if g(x) >0 for all z € RY,
¢ () = we(x—x0) if there is an g € RY such that g (zg) > 0,
—we () if g(x) <0 forall z € RV,

where w, achieves S, defined in (3.1).

Then, we claim that there is an g such that

/RN g (z)p, (z) >0, for any € € (0,¢p) . (2.11)

In fact, g(z) > 0 or g(x) <0 for all z € RY, and (2.11) holds obviously. If there exists an
zo € RY such that g (x9) > 0, by the continuity of g (x) there is an 7 > 0 such that g (z) > 0
for all © € By, (x0). Then, by the definition of w. (z — x¢), it is easy to see that there exists an

€o small enough such that
/ g (z)we (x — ) > 0, for any € € (0,¢0) . (2.12)
RN

20



Now, we consider the following functions

F () = I (tee) and F (1) = (£2/2) llpe (@)l — (¢/p) ho /RN 117" . (2)I” da,
Then, we get for all A € (0, \*)
0=f(0) <cy,

By the continuity of f (¢), there exists ¢ a sufficiently small positive number such that

f) <cp

for all ¢ € (0,¢1). On the other hand, we have

)

)p/ (r—2)

P —2/p
I?Zfig(f (t) = ((p—2) /2p) <h02 Spup

then, we obtain

p/(p—2)

sup I (t9.) < (0 —2) /20) (1> S

<ot [l (@) pude
t>0 RN

Taking A > 0 such that

st [ 9 pds > (1/20) (0= 1) (02N Ll

By (2.11), we get
0 <A< Ay

where

Aevim @r=2" - 170 ([ o eats ) lalld

Set
A =min {\*, A}

We deduce that

sup I . (tp.) < ¢y, forall A € (0,A).
>0

21



Now, we complete the proof of the Theorem 2.1.

Since tﬁnoo Iy, (tp.) = —oo, we can choose T' > 0 large enough such that I , (T'¢.) <
0. From Proposition 2.1, we have I ,5p, > ¢ > 0 for all A € (0,\:). By mountain pass
theorem without the Palais-Smale condition, there exists a (PC),, sequence (up) in D which is
characterized by

= inf I ¢
¢z = Inf max A (7 (1)

with
I' = {76 C([O,l],’D),"y(O) :077(1) :TSDE}'

Then, (u,) has a subsequence, still denoted by (uy,) such that u, — ug in D. By Lemma 2.3,

if u, doesn’t converge to us, we get

- p/(p=2)
ca > Iy, (u2) + ((p—2) /2p) <ho 2/p5u,p> 2 Crp

what contradicts the fact that, by Lemma 2.4, we have

sup I . (tp.) < ¢}, for all A € (0,A).
>0

Then

Up, —> Uy in D.

Thus, we obtain a critical point up of Iy , for all A € (0, A,) with
A, :=min {\, A}

satisfying

IA,M (Ug) > 0.
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Chapter 3

On nonhomogeneous elliptic
equations with decaying cylindrical

potential and critical exponent

In this part, we study the existence and multiplicity of solutions for elliptic equations involving
decaying cylindrical potentials and critical exponents by using the Nehari manifold and Hardy-

Sobolev-Maz’ya inequality.

3.1 Introduction

In this chapter we consider the following proble

= div (g7 Va) =yl 2 u= byl P+ Ag in RY,
y#0 (1.1)

1,2
u € Dy~

where each point z in RY is written as a pair (y,2) € R* x RN=* where k and N are integers
such that N > 3 and k belongs to {1,...,N}, —co < a < (k—2)/2,a <b<a+1,2, =
2N/ (N —2+2(b—a)), —00 < pt < figy = (k—2(a+1))/2)% g € H,NC(RY), his a

bounded positive function on R* and \ is real parameter. H;L is the dual of H,,, where H,, and
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D} will be defined later.

Some results are already available for (1.1) in the case k = N, see for example [10, 11]
and the references therein. Wang and Zhou [10] proved that there exist at least two solutions
for (1.1) with a = 0, 0 < pu < fig y = (N —2) /2)? and h = 1, under certain conditions on
g. Bouchekif and Matallah [2] showed the existence of two solutions of (1.1) under certain
conditions on functions g and h, when 0 < p < fig vy, A € (0,As), —00 < a < (N —2) /2 and
a <b<a+1, with A, a positive constant.

Concerning existence results in the case k < N, we cite [6,7] and the references therein.
Musina [7] considered (1.1) with —a/2 instead of @ and A = 0, also (1.1) with a = 0, b = 0,
A =0, with h =1 and a # 2 — k. She established the existence of a ground state solution when
2<k<Nand0<p<fy,,=((k-2+a) /2)? for (1.1) with —a/2 instead of @ and X\ = 0.
She also showed that (1.1) with a = 0, b = 0, A = 0 does not admit ground state solutions.
Badiale et al. [1] studied (1.1) witha =0,b =0, A = 0 and h = 1. They proved the existence of
at least a nonzero nonnegative weak solution u, satisfying v (y,z) = u(|y|,z) when 2 < k < N
and p < 0. Bouchekif and El Mokhtar [3] proved that (1.1) admits two distinct solutions when
2<k<N,b=N-p(N-2)/2with p € (2,2%], p < i, and A € (0,As) where A, is a
positive constant. Terracini [9] proved that there is no positive solutions of (1.1) with b = 0,
A =0 when a# 0, h =1 and pu < 0. The regular problem corresponding to a = b= =0 and
h =1 has been considered on a regular bounded domain © by Tarantello [8]. She proved that,
for g € H~1(9Q), the dual of H} (), not identically zero and satisfying a suitable condition,
the problem considered admits two distinct solutions.

Before formulating our results, we give some definitions and notation.

We denote by D(l)’z = Dé’Q (R¥\ {0} x RN=*) and H,, = H,, (RF\ {0} x RV=*) | the closure
of C§° (RF\ {0} x RV=F) with respect to the norms

; ; 1/2
el o = ( [ w 1w da:)
RN

lellay = { [, (I Vel = ply ul*)dz |,

respectively, with u < fi,;, = ((k —2(a+1)) /2)% for k # 2 (a+1).

and
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From the Hardy-Sobolev-Maz’ya inequality, it is easy to see that the norm |[lu,, ., 1s equiv-

alent to [ull, o

Since our approach is variational, we define the functional I, » , on ‘H, by

1) = Tappg (0) = (2l = 1720 [ nlol ™ do = [ guda,
RN RN

We say that u € H,, is a weak solution of the problem (P) if it satisfies

<Il (u) ,v> = / (]y|72a Vuve — ply| 720 wo — by 720 ju> 2w — Agv) dx
RN

= 0, for v e H,.

Here (.,.) denotes the product in the duality ’H;L, H,.

Throughout this work, we consider the following assumptions:

(G) There exist vg > 0 and dg > 0 such that g (z) > vg, for all z in B (0, 2dy).

(H) ‘ylliﬂoh(y) = ‘yllinooh (y) = ho >0, h(y) > ho, y € R¥.

Here, B(a,r) denotes the ball centered at a with radius r.

Under some sufficient conditions on coefficients of equation of (1.1), we split A/ in two
disjoint subsets A/ * and A/ ~, thus we consider the minimization problems on N ™ and N ~

respectively.
Remark 3.1 Note thataAll solutions of (1.1), are nontrivial.
We shall state our main results:

Theorem 3.1 Assume that 3 <k < N, -1 <a < (k—2)/2,0 < pu < iz, and (G) holds,

then there exists Ay > 0 such that the problem (1.1), has at least one solution on H,, for all
A€ (0,Aq).

Theorem 3.2 In addition to the assumptions of the Theorem 3.1, if (H) holds, then there
exists Ao > 0 such that the problem (1.1), has at least two solutions on 'H,, for all X € (0,Az).

This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 and

4 are devoted to the proofs of Theorems 3.1 and 3.2.
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3.2 Preliminaries

We list here a few integral inequalities. The first one that we need is the Hardy inequality with

cylindrical weights [7]. It states that

Mak/ !y\_2(“+1) vide < / \y]_Qa |Vv\2 dz, for all v € H,,
' RN RN

The starting point for studying (1.1), is the Hardy-Sobolev-Maz’ya inequality that is particular

to the cylindrical case k < N and that was proved by Maz’ya in [6]. It states that there exists

positive constant Cj 2, such that

for any v € C2°((R*\ {0}) x RN ).
Proposition 3.1 (see [6]). The value

S (19172 IVoP = gy > 02) da

v, \(0) oty e N\
(ol o dz)

Su2. = Su2. (k,2) :=

)

is achieved on H,, for 2 <k < N and pn < [i, -

Definition 3.1 Let c € R, E a Banach space and I € C* (E,R).
(¢) (un),, is a Palais-Smale sequence at level c (in short (PS),) in E for I if

I(up) =c+op (1) and I (up) =on (1),

where oy, (1) — 0 as n — .

(3.1)

(i1) We say that I satisfies the (PS),. condition if any (PS),. sequence in E for I has a

convergent subsequence.
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3.2.1 Nehari manifold

It is well known that I is of class C'! in H,, and the solutions of (1.1) are the critical points of

I which is not bounded below on H,,. Consider the following Nehari manifold

N:{’U,EHM\{O}Z <I/(u),u>:0},

Thus, v € NV if and only if

full = [ ol o= [ guas <o (32)

Note that N contains every nontrivial solution of the problem (1.1) Moreover, we have the

following results.

Lemma 3.1 The functional I is coercive and bounded from below on N .

Proof: If u € NV, then by (4.2) and the Holder inequality, we deduce that

I(w) = ((2«—2)/22)[lullZ, — 21— (1/2.)) /RN gudx (3-3)
> (2 —2)/2.2) |}, — A1 = (1/2.)) ull,, gll7,
> —\%Cp,

where

Co = O (lallg, ) = |2 =1 /2220 = 2)] lgliZg, >0

Thus, I is coercive and bounded from below on A/. =

Define
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Then, for v € N

(Vi) = 2l ~2 [l do A [ guds (3.4)
=l = 2= 1) [ bl de
RN

= A1) [ gudo— 2 -2l
RN

Now, we split N in three parts:
N+:{u€/\/: <\I/:\(u),u>>0}, /\/Oz{ue/\/: <\Ill)\(u),u>:0},

and N~ = {UENZ <\I’;\(u),u> < 0}.
We have the following results.

Lemma 3.2 Suppose that there exists a local minimizer ug for I on N' and ug ¢ N°. Then,

I' (ug) =0 in M, .
Proof: If ug is a local minimizer for I on A, then there exists € R such that

<Il (uo) 790> =0 <‘I’:\ (uo) ,<P>

for any ¢ € H,.
If 6 = 0, then the lemma is proved. If not, taking ¢ = ug and using the assumption uy € N,

we deduce

0= <I/ (uo) ,u0> =40 <\IJ:\ (uo) ,u0> .

Thus,
<\11; (ug) ,u0> —0,

which contradicts the fact that ug ¢ V0. =
Let be

2./2(2.—2

1)/ . )
Ay = (2, — 2) (2, — 1)~ @D/ [(ho) 15#,2*} lgllzer (3:5)
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Lemma 3.3 We have N° =0 for all X € (0,A1).

Proof: Let us reason by contradiction.

Suppose N # () for some A € (0, A1). Then, by (3.4) and for u € N9, we have

(2, — 1) /RN Ly 2 uf?* da (3.6)

A (2o —1)/ (2 —2)) /RN gudz.

2
ulls,,

Moreover, by (G), the Holder inequality and the Sobolev embedding theorem, we obtain

1/(2.-2)

wa*&@fw/@—n] <l < A (@ =D liglyg, / 2-=2)) ] 3.7)

This implies that A > A1, which is a contradiction with the fact that A € (0,A;). m
Thus N = NTUN™ for A € (0,Aq).
Define

c:= inf I(u), ¢t := inf I(u) and ¢” := inf I (u).
ueN ueN+t ueN -~

For the sequel, we need the following Lemma.

Lemma 3.4 (i) If A € (0, A1), then one has ¢ < ¢t < 0.
(i2) If X € (0,(1/2) A1), then ¢= > Cy, where

Cio= O (MSuz gl ) = (20 =2)/2:2) (20 = 1) (5,520

= A= (1/2) 2= DY gy

Proof: (i) Let u € N*. By (3.4), we have

[U@wﬂﬂwﬁw>/ Byl 2 uf* de
RN
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and so

~
—~

S
~

I

(U2l o+ (0= (1/2) [ Byl da
< 1/2)+ (- (1/2) (1 @~ D)l

= —((2.-2)/2.2) Jul?,.

we conclude that ¢ < ¢t < 0.

(i7) Let u € N™. By (3.4), we get

11/ 2 — )] Jul2, < / By 2 ful? d.
RN

Moreover, by Sobolev embedding theorem, we have
Lol P e < (807 s,
RN
This implies
lully, > (22 = D]V (8,2.)%2* ) for all u e N~

By (3.3), we get

I(u) 2> (2= 2) /2:2) Jully,, = A (1= (1/22) [ullg,, llgll, -

Thus, for all A € (0,(1/2) A1), we have I (u) > C;. m

For each u € H,, we write

1/(2.-2)

g =0

(20— 1) o o> Jul da

b = tmax (U) =

Lemma 3.5 Let A € (0,Ay). For each u € H,, one has the following:
(2) If Jan g (x) udx <0, then there exists a unique t~ > ty, such that t~u € N~ and

I(t u) =supl (tu).
>0
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(i) If [en g (x)udx > 0, then there exist unique t* and t= such that 0 < t+ < t,, <t~,
ttue NT, ttu e N,

) — i ) —
I(ttu) = Ogl%ftm I(tu) and I (t7u) = 212110)] (tu) .

Proof: With minor modifications, we refer to [5]. =

3.3 Proof of Theorem 3.1

For the proof we get, firstly, the following results:

Proposition 3.2 (see [5])

(i) If A € (0, A1), then there exists a minimizing sequence (uy),, in N such that
I(up) =c+o,(1) and I (un) = 0p, (1) in ’H;U (3.8)

where oy, (1) tends to 0 as n tends to oo.

(1) if X € (0,(1/2) A1), then there exists a minimizing sequence (uy), in N~ such that
I(up) =c +on(1) and I (un) = o0, (1) in H;L.

Now, taking as a starting point the work of Tarantello [8], we establish the existence of a

local minimum for I on N'T.

Proposition 3.3 If A € (0,A1), then I has a minimizer uy € N and it satisfies
(i) I (u1) =c=ct <0,

(74) uy is a solution of (1.1).
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Proof: (i) By Lemma 4.2, I is coercive and bounded below on /. We can assume that there

exists u1 € H,, such that

up, — up weakly in H,, (3.9)
u, — uy weakly in L?* (RN, |y\72*b> ,

Up, — Ul a.ein RN,

Thus, by (3.8) and (3.9), u; is a weak solution of (1.1) since ¢ < 0 and I (0) = 0. Now, we show
that u, converges to uy strongly in H,,. Suppose otherwise. Then ||u1l|, , < liminf [|lu,l|, , and
) n—-s00 )

we obtain

¢ < T(w) = ((2.—2)/2.2) il — A(1— (1/2.)) /

guidx
RN

< liminf 7 (u,) =c.

n—-:uo0o

We get a contradiction. Therefore, w, converges to u; strongly in H,. Moreover, we have
u; € NT. If not, then by Lemma 4.6, there are two numbers tar and ¢, , uniquely defined so

that tJu; € Nt and t;u; € N~ In particular, we have t§ < t5 = 1. Since

d d?
—1T (tul)’t:tar =0and —1 (tu1)|t:t§ > 0,

dt dt?
there exists t; <t~ < t, such that J (tarul) < I(t"u1). By Lemma 4.6,

I (tarul) <1 (tiul) <1 (taul) = I(ul),

which is a contradiction. m

3.4 Proof of Theorem 3.2

In this section, we establish the existence of a second solution of (1.1). For this, we require the

following Lemmas with Cj is given in (3.3).

Lemma 3.6 Assume that (G) holds and let (uy,), C H, be a (PS). sequence for I for some

34



¢ € R with u, — u in H,. Then, I (u) =0 and
I (u) > —Co)2.

Proof: It is easy to prove that I' (u) = 0, which implies that <I/ (u) ,u> =0, and

/ Byl 2 u
RN

> dr = ||u|\62w - )\/ gudz.
RN

Therefore, we get

Iw) = (2~ 2) /22 Julll, = A (1= (1/2.) [ guda.

RN

Using (3.3), we obtain that
I(u) > —Co)2.

Lemma 3.7 Assume that (G) holds and for any (PS), sequence with c is a real number such
that ¢ < c). Then, there exists a subsequence which converges strongly.

Here ¢ = ((2. — 2) /2.2) (ho) 772 (S,9.)%/ 372 _ CoA2.

Proof: Using standard arguments, we get that (uy,),, is bounded in H,. Thus, there exist a

subsequence of (uy), which we still denote by (u,),, and u € H,, such that

up, — u weakly in H,,
u, — u weaklyin L** (]RN, ]y|72*b) .

U, — U a.e in RY.
Then, u is a weak solution of (1.1). Let v, = u,, — u, then by Brézis-Lieb [4], we obtain

2 2 2
[onlla,, = llunlly , = llullg,, +on (1) (3.10)
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and

Unp,

/ h|y|72*b
RN

On the other hand, by using the assumption (H), we obtain

vp|? da = /RNmyM 2 da:/RNh|y|2*b lu* dz 4+ o0, (1).  (3.11)

lim h(x) |y~ >

n—oo [pN

on|?* da = honlimoo/N ly| 72 v, > da. (3.12)
T JR

Since I (uy) = ¢4 on (1), I' (un) = 0, (1) and by (3.10), (3.11), and (3.12) we can deduce that

(1/2) llon]2,, — (1/2.) /RN B ly| =2 jon 2 da = ¢ — I (u) + op (1) , (3.13)

2 —24b 24
fonliZ = [ Il o do = 0, (1.

Hence, we may assume that
o2 — 1o [ Bl o do — (3.14)

Sobolev inequality gives anHZ“ > (Su2.) Jgn b ly|~2*® |v,|* dz. Combining this inequality

with (3.14), we get

1> Sy, (17 ho) /%

Either [ = 0 or [ > (ho) ™%/~ (5,5.)%/@=2_ Suppose that [ > (ho)~ % * 2 (§,5.)%/ 32,
Then, from (3.13), (3.14) and Lemma 4.7, we get

> ((2—2)/2:2) 1+ I (u) > ¢},

which is a contradiction. Therefore, [ = 0 and we conclude that u, converges to u strongly in

H,y =

Lemma 3.8 Assume that (G) and (H) hold. Then, there exist v € H, and Ay > 0 such that
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for A € (0,Ay), one has

sup I (tv) < cj,
>0

In particular,

¢ <cy, forall X € (0,Ay).

Proof: Let . be such that

)
we () if g (x) >0 for all z € RV
¢ () = we(x—m0) if g(x) >0 for g € RY
[ —we (x) if g(x) <0 forall z € RV

where w, verifies (3.1). Then, we claim that there exists g9 > 0 such that

)\/ g (z) ¢, (x)dx > 0 for any ¢ € (0,ep) . (3.15)
RN

In fact, if g (x) > 0 or g (z) < 0 for all z € R, (3.15) obviously holds. If there exists 29 € RY
such that g (z9) > 0, then by the continuity of g (z), there exists n > 0 such that g (z) > 0 for
all x € B (xg,n). Then by the definition of w, (x — zg), it is easy to see that there exists an gg

small enough such that

)\/ g (z)we (x — z9) dx > 0, for any ¢ € (0,¢0) .
RN

Now, we consider the following functions

£ =T(te0) and F) = (2/2) el — (B /2) [ hlal ool o

Then, we get for all A € (0,A;)
f(0)=0<c}.
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By the continuity of f, there exists tg > 0 small enough such that
f(t) <c, forall t € (0,t).
On the other hand, we have

maxc f (£) = (2 = 2) /2:2) (ho) /72 (8,237

Then, we obtain

t>0

Now, taking A > 0 such that
—/\tg/ gp.dr < —CoA?,
RN

and by (3.15), we get
0 < A< (to/Co) (/ g(p5> , for e << .
RN

i e /e ([ ae) )

sup I (ty.) < c3, for all A € (0,A,).
t>0

Set
We deduce that
Now, we prove that

¢~ <y, forall A€ (0,A,).

By (G) and the existence of 1,, satisfying (3.1), we have

)\/ g, dz > 0.
RN
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Combining this with Lemma 4.6 and from the definition of ¢~ and (3.16), we obtain that there
exists ¢, > 0 such that ¢,,1,, € N~ and for all A € (0, A.),

¢ <I(tptp,) <supl (ty,) < c;.
>0

Now we establish the existence of a local minimum of I on N .

Proposition 3.4 There exists Ao > 0 such that for A € (0,Az), the functional I has a mini-
mizer ug in N~ and satisfies

() I (uz) =c7,

(1) ug is a solution of (1.1) in H,, where Ay = min{(1/2) A1, A} with Ay defined as in
(3.5) and A defined as in the proof of Lemma 3.8.

Proof: By Proposition 4.1 (ii), there exists a (PS),.- sequence for I, (uy,), in N~ for all
A € (0,(1/2)Ay). From Lemmas 3.7, 3.8 and 4.5 (it), for A € (0,A,), I satisfies (PS),.-
condition and ¢~ > 0. Then, we get that (u,), is bounded in H,. Therefore, there exist a
subsequence of (u,),, still denoted by (u,,),, and ug € N~ such that u, converges to us strongly
in H,, and I (ug) = ¢~ for all A € (0, A2). Finally, by using the same arguments as in the proof
of the Proposition 4.2, for all A € (0, A1), we have that us is a solution of (1.1). m

Now, we complete the proof of Theorem 3.2. By Propositions 4.2 and 3.4, we obtain that
(1.1) has two solutions u; and ug such that u; € Nt and ug € N~. Since NT NN~ = 0, this

implies that u; and uo are distinct.
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Chapter 4

On nonhomogeneous singular elliptic
systems involving a singular weakly
coupled potential and the
Caffarelli-Kohn-Nirenberg critical

exponent

In this paper, we are interested in the existence and multiplicity results of nontrivial solutions
to nonhomogeneous singular elliptic systems involving a singular weakly coupled potential and
the Caffarelli-Kohn-Nirenberg critical exponent (Sy, »,). With the help of the Nehari manifold

and under sufficient conditions on the parameters A; and A9, we prove some existence results.
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4.1 Introduction

This paper deals with the existence and multiplicity of nontrivial solutions to the following

system (Sx; »,)

—div (Ja| 2 Vu) = plel 2D u = (1) o] 2 a0 4 A fyin Q

— div (\xr% w) a2y = (B 1) e 2 T 0P e 4 Agfs in Q

u=v=20 on 052,

where € is a bounded regular domain in RY (N > 3) containing 0 in its interior, —oo <
a<(N—=2)/2,a<b<a+1,2,=2N/(N—-2+2(b—a)) is the critical Caffarelli-Kohn-
Nirenberg exponent, —0o < p < fi, := (N —2(a+ 1)) /2)?, a, 8 are positive real such that
a+ B =2,—2, A\, \y are real parameters and f;, fo are functions defined on €.

The degeneracy and singularity occur in the system (Sy, ),), thus standard variational
methods do not apply.

In recent years much attention has been paid to the existence of nontrivial solutions for

problems (P, ) of the type

~div (m—% vu) — a2y = R () o2 R+ Af (z) in ©
u=0 on 0f).

Wang and Zhou [10] have proved that (Py 1), for A (z) = 1 and a = 0, has at least two
distinct solutions when 0 < p < fig := ((N — 2) /2)* and under some sufficient conditions on f.
In [2], Bouchekif and Matallah have showed the existence of two nontrivial solutions of (P, )
when 0 < p < fiy, —c0o<a < (N —2)/2,a<b<a+1, Xe (0,A) with A, a positive constant
and under some appropriate conditions on functions f and h.

Many existence results are available for regular systems which derive from potential, we
quote for example [1] and [6]. However, to our knowledge there are few results for singular
systems, we can cite for example [8].

By H,, := H, (2), we denote the completion of the space C§° (RN ) with respect to the norm

1/2
follo = ([ (1o 907 = w20 o) de ) for =0 <<

43



Using the Hardy inequality, this norm is equivalent to |ul|, ,. More explicitly, we have
(1~ max (41,0 /i)' [[ullg.q < l[ullq < (1= min (1,0) /7)o o -
The space H := 'H,, x H, is endowed with the norm
00 = (il + 012,) .
Since our approach is variational, we define the functional J := Jy, », on ‘H by
T (u,0) = (1/2) |(w, 0) |2, = P (u,0) = Q (u, ),
where
P (u,v) := /Q lu|®T 0P 2|72 da and Q (u,v) := /Q (A1 fiu + Aafov) dz.
A couple (u,v) € H is a weak solution of the system (Sy, ,) if it satisfies

<J, (u7 ’U) ) (907 w)> =R (u7 ’U) (90, ¢) -8 (u> ’U) (90’ 77/}) =T (uv U) (907 w) =0, for all (‘Pv ¢) €H,

with

R (e0) + = [ (o™ (FuTi+ Tovs) = ulol 42 (up+ )
So) @) 5 = [ 1ol [t Dol o+ (G 1)l ol o]
T o) () = = [ (ufie+dafa).

Here (.,.) denotes the product in the duality H', H.

Let

o el
=

2/2.
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and )
u,v)||%,
R (o)l

w _ 2/2, "
(u,0)€H\{(0,0)} (fg ’u‘a-‘rl M,BH | 2,b dx)

"’;OJI

From [7], S, is achieved.

Lemma 4.1 Let Q be a domain (not necessarily bounded), —o0o < 1 < i, and a+ 3 < 2, — 2.

a+1 (B+1)/2« B+1 (a41) /24
<B+1) + <a+1) Sh

(B+1) /24 (a+1)/2.
For simplicity of writing, let us note the quantity [("‘H> + (@> } by K (o, B).

Then we have

po=

B+1 a+1
Proof: The proof is essentially given in [1] with minor modifications. m

In our work, we research the critical points as the minimizers of the energy functional
associated to the problem (Sy, \,) on the constraint defined by the Nehari manifold, which are
solutions of our system, under some sufficient conditions on the parameters «, 5, pu, A1 and .

Let Ag be positive number such that

(2+—1) 24 2,

Ao =2 (2, = D)2 (20— DI & [K (0, 8)]7077 (5,) 707

Then, we obtain the following results.

Theorem 4.1 Let be fi, fo € H; (dual of H,,) . Assume that —o0o < a < (N —2) /2, —o0 <
B < fig, a+B+2 =2, and A1, A2 real parameters satisfying 0 < [A1] || f1ll, +[X2| | f2ll; < Ao,
W w

then (S, .x,) has at least one solution.

Theorem 4.2 In addition to the assumptions of the Theorem 4.1, A1, Az verifying 0 < |\i| || il +
i

| Az ||f2HHL < (1/2) Ao, then (Sx, z,) has at least two nontrivial solutions.

This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 is

devoted to the proofs of Theorems 4.1 and 4.2.
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4.2 Preliminaries

We list here a few integral inequalities. The first one that we need is the Caffarelli-Kohn-

Nirenberg inequality [4], which ensures the existence of a positive constant C,j; such that

</ |.’L"_2*b
RN

In (4.1), as b = a + 1, then 2, = 2 and we have the following weighted Hardy inequality [5]:

2/2.
v|* dw) < Ca7b/ |z| 72| V| dx, for all v € C§° (RY). (4.1)
RN

1
/ || 72 24 < / 2|72 |Vo|? dz, for all v e C° (RN .
RN Hao JRN

Definition 4.1 Let c € R, E a Banach space and I € C* (E,R).

(¢) (un,vn), is a Palais-Smale sequence at level ¢ (in short (PS)_.) in E for I if
I (tn,vp) = c+ 0 (1) and I' (wn,vn) = 0, (1),

where oy, (1) tends to 0 as n goes at infinity.
(i) We say that I satisfies the (PS),. condition if any (PS). sequence in E for I has a

convergent subsequence.

4.2.1 Nehari manifold

It is well known that J is of class C! in ‘H and the solutions of (S, ,) are the critical points

of J which is not bounded below on H. Consider the following Nehari manifold
N = {(u,v) e H\ {0,0} : <J/ (u,v), (u,v)> = O} )
Thus, (u,v) € N if and only if
I(w, )2 0 = 24P (u,0) = Q (u,0) = 0. (4.2)

Note that A contains every nontrivial solution of the problem (Sy, y,). Moreover, we have the

following results.
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Lemma 4.2 J is coercive and bounded from below on N .

Proof: If (u,v) € N, then by (4.2), the Holder and Young inequalities, we deduce that

(4.3)
J(w,v) = ((20—2)/2.2) [[(w,0)}, — (1= (1/2.) Q (u,v)
> (2 —2)/2:2) [(w,0)]2,
= (1= (1/2.)) (1Ml 11l + Pl 1l ) 1, 0)]
Z _007
where
Co = =Co (M, Ao Uil s 1ol
2
= [2@ = 1% /2.2 = 2] (Ml fillg, + el lfollpg ) > 0.
Thus, J is coercive and bounded from below on V. m
Define
6 (u,0) = (' (u,0), (u,0))
Then, for (u,v) € N
(4.4)

(6 (o), (o) = 2[(wo)l2, ~ (2’ P(w,0) - Q(u,v)
= [ v)lla = 24 (20 = 1) P (u,0) (4.5)

- 2 1) Q) — (20— 2) [[(w,0)2,.
Now, we split A’ in three parts:
N ={wv) e N (6 (W), o) >0p, N ={(wv) eN: (¢ (w,0), (uw0)) =0},
and N~ = {(u,v) eN: <¢/ (u,v),(u,v)> < o}.
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We have the following results.

Lemma 4.3 Suppose that (ug,vo) is a local minimizer for J on N. Then, if (ug,vo) ¢ N©,

(up, vo) is a critical point of J.

Proof: If (ug, vg) is a local minimizer for J on N, then (ug, vp) is a solution of the optimization
problem

min J (u,v).
{(uv)/ é(u,v)=0}

Hence, there exists a Lagrange multipliers 8 € R such that
J' (uo,v0) = 0¢ (uo,vo) in H (dual of H)

Thus,
<JI (up,vp) , (uo,v0)> =40 <¢/ (uo,v0), (UO,U0)> )

But <<;5/ (uo,v0) , (uo, v0)> # 0, since (ug, vo) ¢ N°. Hence # = 0. This completes the proof.

Lemma 4.4 There exists a positive number Ay such that, for all A1, Ao verifying
0.< Ml Ifillyg, + 2ol 1 fallg, < o,
we have NO = ().

Proof: Let us reason by contradiction.
Suppose N? # @ such that 0 < |[Ay| |l f1lly + [Ael HfQHHIH < Ag. Then, by (4.4) and for
W

(u,v) € N?, we have

(o), = 24(20 = 1) P (u,0) (4.6)

W,a
= (Z=-1)/(2-2)Q(u,v).
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Moreover, by the Holder inequality and the Sobolev embedding theorem, we obtain

2 2 —1

1, 0] = K (0 B)] 2 (8,) 202 [2, (2, — 1)] -2 (4.7)

)

and

) e < [(@e = D) (Ml Uil + Dl 1ol ) 22 =2)7)] (4.8)

From (4.7) and (4.8), we obtain |Ai|| fill,y + |A2| [l f2ll;y > Ao, which contradicts our
7 7
hypothesis. =
Thus N' =N UN". Define

c:= inf J(u,v),c" = inf J(u,v) and ¢~ = inf J(u,v).
ueN ueN+ ueN~

For the sequel, we need the following Lemma.

Lemma 4.5 (i) For all A\, Ay such that 0 < [A1] || f1ll; + X2 || f2llz¢ < Ao, one hasc < ¢t < 0.
W W
(i) For all A1, Ay such that 0 < |\ fill;y + [X2| | f2ll4y < (1/2) Ao, one has
w W

> =0 (A A, S il 12l )

where

Cr : = ((2—2)/2:2) 22 2 = DI/ [K (o, )27 (5,)%/ 272 4

(2= 20 /2) (I 11Ty + Pl Ll ) -
Proof: (i) Let (u,v) € NT. By (4.4), we have

[1/2: (2 = D] (w, 0)]7, 0 > P (u,0)

and so

J(u0) = (=1/2)[l(w, )54 + (2 = 1) P (u,0)

< = (2= 1) /2:2) | (w,0)lI7 .-
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We conclude that ¢ < ¢t < 0.

(i7) Let (u,v) € N~. By (4.4), we get

[1/2: (2 = D] [ (w, )7, < P (u,0).

Moreover, by Sobolev embedding theorem, we have

P (u,v) < [K (a, B)] 7272 ()72 || (w, )12,

This implies

1,0l > 24 (2 = 1)) [K (0, )]0 (S,)7D , forallu e N7 (4.9)

By (4.3), we get

T (u,0) 2 (2 = 2) /2:2) [|(w,0) 7, — (1= (1/22) (M [1f1llz, + Aol \!f2!!H;) 1, )] 10 -

Thus, for all A1, A2 such that 0 < ||| fill, + A2l | f2ll;r < (1/2) Ao, we have J (u,v) > Cr.
w 3
]

For each (u,v) € H, we write

(s )] 0

> 0.
2 (26 — 1) [y [T o) 2720 da

tm = tmax (U, V) =

] 1/(2.-2)

Lemma 4.6 Let A1, Ao such that 0 < [A1] || fill,y +|A2] 2l < Ao. For each (u,v) € H, one
W W
has the following:
(0) If Q(u,v) <0, then there exists a unique t~ > ty, such that (t"u,t"v) € N~ and

J (t_u,t_v) = sup (tu, tv) .

t>0

(i1) If Q(u,v) > 0, then there exist unique t* and t~ such that 0 < tT < t,, < t~,
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(ttu,ttv) e NT, (t7u,t v) e N7,

o g} — — =) — «
J (tTu,t™) _ogltlgtmj(tu’tv) and J (t"u,t"v) —228J(tu,tv).

Proof: With minor modifications, we refer to [3]. =

Taking the idea of the work of Brown-Zhang [3], we prove the following result

Proposition 4.1 (i) For all A1, Ao such that 0 < [Xi| | fill,y + [X2| I f2lly < Ao, there exists
W w
a (PS),+ sequence in N.
(i) For all A1, A2 such that 0 < [M1][[fill, + Xl [ f2ll,y < (1/2) Ao, there exists a (PS),-
W W

sequence in N .

4.3 Proof of Theorem 4.1

Drawing on the works of [3] and [9], we establish the existence of a local minimum for J on

NT.

Proposition 4.2 For all A\, Ao such that 0 < [Ai] || fill,y + [A2| |l f2ll;r < Ao, the functional
w I
J has a minimizer (uBL, var) € NT and it satisfies
(i) J (ug,vg) =c=c",

(i) (ug,vg) is a nontrivial solution of (Sx; x,)-

Proof: If 0 < [Ai][lfill,y + [A2lllfell; < Ao, then by Proposition 4.1 (i) there exists a
W W
(Un,vn),, (PS).+ sequence in N'*, thus it bounded by Lemma 4.2. Then, there exists (uf, vy ) €

H and we can extract a subsequence which will denoted by (u,, vy,),, such that

(un,vn) — (ug,vg) weakly in H (4.10)

(Un, V) — (U(J)rvvg) weakly in (LQ* (Q, ’:U|*2*b)>2

Uy — ug a.e in €,

Uy — var a.e in €.
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Thus, by (4.10), (ug,vg ) is a weak nontrivial solution of (S, »,). Now, we show that (up,vy,)
converges to (u;{ , Vg ) strongly in H. Suppose otherwise. By the lower semi-continuity of the

norm, then either ||ug H < liminf [[uy||, , or |vg H < liminf [[vp[[, , and we obtain
n—o00 N—00 ,

¢ < J(ufug) = (20— 2)/22) || (ud o) |, — (1= (1/22) Q (ug o)

< liminf J (up,v,) = c.
n———aQo

We get a contradiction. Therefore, (uy,,v,) converge to (ué,vo ) strongly in H. Moreover, we

have (uar , Vg ) € N'*. If not, then by Lemma 4.6, there are two numbers to and ¢y, uniquely
defined so that (tgul,tgvg) € Nt and (t7ug,t7vj) € N~. In particular, we have t§ <
t, = 1. Since

d

d?
+ o+ + ot
£J (tug , tog )Jt:t+ 0 and ﬁj (tug , tug )Jt:tg > 0,

there exists to <t~ <ty such that J(t+u0,t0 vo) < J(t uo,t 'UO) By Lemma 4.6, we get
J(touo,t+ )<J(t uo,t v0)<J(t0u0,t0vO) J(ug,vsr),

which is a contradiction. =

4.4 Proof of Theorem 4.2

Next, we establish the existence of a local minimum for J on N ~. For this, we require the

following Lemma.

Lemma 4.7 For all A\, A2 such that 0 < |M||[|fill, + [Xa] [ f2lly < (1/2) Ao, the functional
W W
J has a minimizer (ua, va) in N~ and it satisfies
(i) J (ug,vy) = >0,

(i) (ug,vg ) is a nontrivial solution of (Sx, x,) in H.

Proof: If 0 < [A1][[fill,y +[Xel [l f2lly < (1/2) Ao, then by Proposition 4.1 (ii) there exists a
w W
(Un,vn),,, (PS).- sequence in N'~, thus it bounded by Lemma 4.2. Then, there exists (ua, vo_) €
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H and we can extract a subsequence which will denoted by (uy,v,),, such that

(unyvn) — (ug,vy) weakly in H
(Un,vn) — (uaa Ua) weakly in <L2* (Q’ |$|—2*b))2
Uy, — Up a.ein ()

v, — v, a.ein (.

This implies

P (up,v,) — P(ug,vo_) ,as n — oo.
Moreover, by (4.4) we obtain
P (un,vn) > [24 (24 — 1)]_1 Humvnui,a’
thus, by (4.7) and (4.11) there exists a positive number

2 2

Cy = [12, (2. — )] 2/ [K (o, f)] oD (8,) @,

such that
P (up, vy,) > Co.

This implies that
P (ug,vy) = Ca.

(4.11)

(4.12)

Now, we prove that (uy,,v,), converges to (ua LUy ) strongly in H. Suppose otherwise. Then,

either HuaHma < %Hﬁ,&f [unll, q 0F HUO_HM,a < l%ril)gf [vnll,q- By Lemma 4.6 there is a unique

to such that (tgug,tgvy ) € N Since
(Un,vn) €N, J (tun,vn) > J (tup, tv,), for all ¢ > 0,

we have

J(toug tovg) < Hm _J (tgun, tgvn) < lim J (un,vn) =7,

(e 9] n—:oo
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and this is a contradiction. Hence,
(Un,Un), — (ua, va) strongly in H.

Thus,

J (tn,vn) converges to J (uy,vy ) = ¢~ as n tends to + oo.

By (4.12) and Lemma 4.3, we may assume that (ug,vy ) is a solution of (Sy, y,). ®
Now, we complete the proof of Theorem 4.2. By Propositions 4.2 and Lemma 4.7, we
obtain that (S), ,) has two nontrivial solutions (ug,vg) € N and (uy,v;) € N™. Since

NT NN~ =), this implies that (ug, var) and (ua, va) are distinct.
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Perspectives

A) Badiale et al. [3], showed that the problem

—Au—ply uw= |u"?uin RV,
(Pay) y#0
u > 0,

does not admit solutions in the region A = A; U Ay U A3 where

GRQ IS (072)77¢(2a72*)772 2}\{(272*)}7

)
a,7) ER?ra € (2,N),y ¢ (2%,24),7 > 2},
)

A {(
Ay {(
As {(

a,7) ER?*:a €[N, +00),y € 2,21},

with 2, := 2N/ (N — «)

Thus, if one considers the perturbed problem

—Au—ply u=|u?u+\g(z) in RV,
(Pay,2) y#0
u >0,

to find the necessary assumptions that it is to pose on the parameters «, v, A and the function

g so that one has solutions in the region A?.
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B) We consider the following problem

—div <|:1:|a |VulP—2 Vu) = Jz[fuP@A) 1 4 A1 in Q

(Pa,p) .
0<u€Hy"(Q),

where 2 is a bounded domain in RN (N >3),1<p< N, 0<¢g<2<p<p(a,p) =
p(N+8)/(N—p+a)with p(a,8) <p*—2=[pN/ (N —p)] - 2.

The problem (P, 5,0) has been sdudied by Thomas et al. [24]. They have obtained existence
and nonexistence results.

The main perspective here is that the possibility of to prove the nonexistence result and the
existence at least four positive solutions for (P, 31) by exploiting a Pohozaev-type identity, the

Nehari manifold and the mountain pass theorem as in [26].
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