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باستعمال نظرية اولير بارنولي وتيموشانكو.   التفاضلي

 تم انشاء برنامج لحساب الترددات ورسم مخططات كامبل. 

قمنا بدراسة بعض الدراسات لتحديد تأثيرات الخصائص الميكانيكية والهندسية على اهتزازات  

الاعمدة الدورانية المصنوعة من المواد المركبة. من بين هذه الخصائص شروط الحدود – أنواع 

    المواد المركبة – نسبة الطول على القطر واتجاهات الطبقات المكونة للهيكل.

 

 

.DQHFEM - الكلمات الرئيسية : الأعمدة الد ورانية - مخططات كامبل - المواد المركبة  

 

الملخص

الحاجة المتزايدة في معرفة اهتزازات للأعمدة الدورانية مع المتطلبات الجديدة التي من

أهدافها رفع سرعة الدوران وتقليص من وزن الهياكل تعطى أهمية بالغة لهذا المجال.

في هذا السياق يدرج عمل هذا المشروع الذي يهدف الى دراسة اهتزازات الاعمدة الدورانية

المصنوعة من المواد المركبة وذلك باستعمال مزيج من طريقة العناصر المتناهية والتربيع
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u(x, y, z)  

v(x, y, z)  

w(x, y, z)  . 

θy 

θz  

θx   

 

(𝑖, 𝑒𝑟⃗⃗ ⃗⃗ , 𝑒𝜃⃗⃗⃗⃗⃗)  

(x, r, θ) 

(𝑖, 𝑗, 𝑘⃗⃗) . 

(x, y, z)  

(1, 2, 3) . 

L  

T’  

T’  

E 

G . 

ν . 

EL        traction longitudinale. 

ET , ET’          

GLT        



GTT’  

 

ν LT               

ν TT ‘       

Cij’    

ks       

ρ    

L   

D    

e        

Rn        

Rn+1         

Im , Im
D                  

Id , Id
D                  

I p , I p
D                

k         

η                   

θ                    

P          

Gc                    

(O, x, y, z)           

(G, x ‘, y’ z’)        



RP /O          

RG /O          

𝜏𝑖𝑗        Tenseur de contrainte. 

Ω        

[C’]                    (𝑖, 𝑒𝑟⃗⃗ ⃗⃗ , 𝑒𝜃⃗⃗⃗⃗⃗) 

[Me]         

[Ke]         

[Ge]         

{qi}         

{𝑞̇𝑖}         

{𝑞̈𝑖}         

[A], [B]        



[𝑇𝑟]  

 𝐴𝑖𝑗
(𝑛)

 

Cj

xj  PN−1(x)

 𝑖ème

𝜓

( ̇ )            
𝑑()

𝑑𝑡
 

( ̈ )            
𝑑2()

𝑑2𝑡
 

Note : 

{
  
 

  
 
(𝐸𝐿; 𝐸𝑇; 𝐸𝑇′) = (𝐸1; 𝐸2; 𝐸3)

(𝑣𝐿𝑇; 𝑣𝐿𝑇′; 𝑣𝑇𝑇′) = (𝑣12; 𝑣13; 𝑣23)

(𝐺𝐿𝑇; 𝐺𝐿𝑇′; 𝐺𝑇𝑇′) = (𝐺12; 𝐺13; 𝐺23)

𝐸𝑇 = 𝐸𝑇′
𝑣𝐿𝑇 = 𝑣𝐿𝑇′

𝐺𝐿𝑇 = 𝐺𝐿𝑇′

 



 

 

Introduction générale 

  

  

 



 



 



Chapitre I : Revue de la littérature 
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Chapitre II : Théorie du mouvement du rotor 

  

  

  

  

  

  

  

 



 

 

𝑈(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) + 𝑧𝜃𝑦(𝑥, 𝑡) − 𝑦𝜃𝑧(𝑥, 𝑡)

𝑉(𝑥, 𝑦, 𝑧, 𝑡) = 𝑣(𝑥, 𝑡) − 𝑧𝜃𝑥(𝑥, 𝑡)                       

 𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡) + 𝑦𝜃𝑥(𝑥, 𝑡)                       

𝜃𝑥 𝜃𝑦 𝜃𝑧

 

 

 

 

 



 

 𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+ 𝑧

𝜕𝜃𝑦

𝜕𝑥
− 𝑦

𝜕𝜃𝑧
𝜕𝑥
                    

𝜀𝑥𝑦 =
1

2
(−𝜃𝑧 +

𝜕𝑣

𝜕𝑥
− 𝑧

𝜕𝜃𝑥
𝜕𝑥
)            

𝜀𝑥𝑧 =
1

2
(−𝜃𝑦 +

𝜕𝑤

𝜕𝑥
− 𝑦

𝜕𝜃𝑥
𝜕𝑥
)          

𝜀𝑦𝑦 = 𝜀𝑧𝑧 = 𝜀𝑦𝑧 = 0                           

         

𝜀𝑥𝑦 = 𝜀𝑦𝑧    𝑒𝑡  𝜀𝑦𝑧 = 𝜀𝑧𝑦

𝜀𝑦𝑦 𝜀𝑧𝑧 𝜀𝑦𝑧

𝜀𝑦𝑦 = 𝜀𝑧𝑧 = 𝜀𝑦𝑧 = 0 

{

𝜀𝑥𝑥

𝜀𝑥𝜃

𝜀𝑥𝑟

} = [

1 0 0

0 − sin 𝜃 cos 𝜃

0 cos 𝜃 sin 𝜃

] {

𝜀𝑥𝑥

𝜀𝑥𝑦

𝜀𝑥𝑧

}

 

{
 
 
 

 
 
 
𝜀𝑥𝑥

𝜀𝜃𝜃

𝜀𝑟𝑟

𝜀𝑥𝜃

𝜀𝑟𝜃

𝜀𝑥𝑟}
 
 
 

 
 
 

=

[
 
 
 
 
 
 
 
1 0 0 0 0 0

0 sin2𝜃 cos2𝜃 0 −2 cos 𝜃 sin 𝜃 0

0 cos2𝜃 sin2𝜃 0 2 cos 𝜃 sin 𝜃 0

0 0 0 − sin 𝜃 0 cos 𝜃

0 − cos 𝜃 sin 𝜃 cos 𝜃 sin 𝜃 0 cos2𝜃 − sin2𝜃 0

0 0 0 cos 𝜃 0 sin 𝜃]
 
 
 
 
 
 
 

{
 
 
 

 
 
 
𝜀𝑥𝑥

𝜀𝑦𝑦

𝜀𝑧𝑧

𝜀𝑥𝑦

𝜀𝑦𝑧

𝜀𝑥𝑧}
 
 
 

 
 
 

         



𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+ 𝑟𝑠𝑖𝑛𝜃

𝜕𝜃𝑦

𝜕𝑥
− 𝑟𝑐𝑜𝑠𝜃

𝜕𝜃𝑧
𝜕𝑥
                                          

𝜀𝑥𝜃 =
1

2
(𝜃𝑧𝑠𝑖𝑛𝜃 + 𝜃𝑦𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃

𝜕𝑣

𝜕𝑥
+ 𝑐𝑜𝑠𝜃

𝜕𝑤

𝜕𝑥
+ 𝑟

𝜕𝜃𝑥
𝜕𝑥
) 

𝜀𝑥𝑟 =
1

2
(𝜃𝑦𝑠𝑖𝑛𝜃 − 𝜃𝑧𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠𝜃

𝜕𝑣

𝜕𝑥
+ 𝑠𝑖𝑛𝜃

𝜕𝑤

𝜕𝑥
)               

𝜀𝜃𝜃 = 𝜀𝑟𝑟 = 𝜀𝑟𝜃 = 0                                                                     

𝜀𝑥𝑟 = 𝜀𝑟𝑥    𝑒𝑡  𝜀𝑥𝜃 = 𝜀𝜃𝑥

[𝜀] = [

𝜀𝑥𝑥 𝜀𝑥𝑟 𝜀𝑥𝜃

𝜀𝑥𝑟 0 0

𝜀𝑥𝜃 0 0

]

 

{
 
 
 

 
 
 
𝜎11

𝜎22

𝜎33

𝜏23

𝜏31

𝜏12}
 
 
 

 
 
 

= [𝐶] 

{
 
 
 

 
 
 
𝜀11

𝜀22

𝜀33

𝛾23

𝛾31

𝛾12}
 
 
 

 
 
 

 

 

 



[𝐶] =

[
 
 
 
 
 
 
 
 
𝐶11 𝐶12 𝐶13 0 0 0

𝐶12 𝐶22 𝐶23 0 0 0

𝐶13 𝐶23 𝐶33 0 0 0

0 0 0 𝐶44 0 0

0 0 0 0 𝐶55 0

0 0 0 0 0 𝐶66]
 
 
 
 
 
 
 
 

 



{
 
 

 
 
𝜎𝑥𝑥
𝜎𝜃𝜃
𝜎𝑟𝑟
𝜏𝑟𝜃
𝜏𝑥𝑟
𝜏𝑥𝜃}

 
 

 
 

= [𝐶′]

{
 
 

 
 
𝜀𝑥𝑥
𝜀𝜃𝜃
𝜀𝑟𝑟
𝛾𝑟𝜃
𝛾𝑥𝑟
𝛾𝑥𝜃}

 
 

 
 

 

 [𝐶′]  

[𝐶′] = [𝑇𝑟]
−1[𝐶][𝑇𝑟]

−𝑇 =

[
 
 
 
 
 
 
 
 
𝐶11
′ 𝐶12

′ 𝐶13
′ 0 0 𝐶16

′

𝐶12
′ 𝐶22

′ 𝐶23
′ 0 𝐶11

′ 𝐶26
′

𝐶13
′ 𝐶23

′ 𝐶33
′ 0 0 𝐶36

′

0 0 0 𝐶44
′ 𝐶45

′ 0

0 0 0 𝐶54
′ 𝐶55

′ 0

𝐶16
′ 𝐶26

′ 𝐶36
′ 0 0 𝐶66

′ ]
 
 
 
 
 
 
 
 

                         

 et [𝑇] 

[𝑇𝑟] =   

[
 
 
 
 
 
 
 
 

cos2 𝜂 sin2 𝜂 0 0 0 2 cos 𝜂 sin 𝜂

sin2 𝜂 cos2 𝜂 0 0 0 −2cos 𝜂 sin 𝜂

0 0 1 0 0 0

0 0 0 cos 𝜂 − sin 𝜂 0

0 0 0 sin 𝜂 cos 𝜂 0

−2cos 𝜂 sin 𝜂 2 cos𝜂 sin 𝜂 0 0 0 cos2 𝜂 − sin2 𝜂]
 
 
 
 
 
 
 
 

                         

𝐶𝑖𝑗
′

 𝐶𝑖𝑗. 

{
  
 

  
 𝐶11

′ = 𝐶11cos4𝜂+ 𝐶22 sin𝜂 + 2(𝐶12+2𝐶66)sin
2𝜂 cos2𝜂                       

 𝐶16
′ = (𝐶11−𝐶12−2𝐶66) sin𝜂cos

3𝜂+ (𝐶12−𝐶22+2𝐶66)sin
3𝜂cos𝜂

𝐶66
′ = [𝐶11+𝐶22−2(𝐶12+𝐶66)] sin

2 𝜂cos
2
𝜂+𝐶66 (sin

4𝜂+ cos4𝜂)

𝐶55
′ = 𝐶44sin

4𝜂+ 𝐶55 cos2 𝜂                                                                          

 



  𝜀𝜃𝜃 = 𝜀𝑟𝑟 = 𝛾𝑟𝜃 = 0 

{

𝜎𝑥𝑥

𝜏𝑥𝜃

𝜏𝑥𝑟

} = [

𝐶11
′ 𝑘𝑠𝐶16

′ 0

𝑘𝑠𝐶16
′ 𝑘𝑠𝐶66

′ 0

0 0 𝑘𝑠𝐶55
′

] {

𝜀𝑥𝑥

𝛾𝑥𝜃

𝛾𝑥𝑟

} 

 𝑘𝑠   

𝜏𝑥𝑟 = 𝜏𝑟𝑥 𝜏𝑥𝜃 = 𝜏𝜃𝑥

(𝒆⃗ 𝒙, 𝒆⃗ 𝜽, 𝒆⃗ 𝒓) 



[𝜀] = [

𝜏𝑥𝑥 𝜏𝑥𝑟 𝜏𝑥𝜃

𝜏𝑥𝑟 0 0

𝜏𝑥𝜃 0 0

]

{
 
 
 
 

 
 
 
 𝐶11 =

𝐸𝐿
1 − 𝑣𝐿𝑇𝑣𝑇𝐿

=
𝐸𝐿

1 −
𝐸𝑇
𝐸𝐿
𝑣𝐿𝑇
2

𝐶22 =
𝐸𝑇
𝐸𝐿
𝐶11

𝐶12 = 𝑣𝐿𝑇𝐶22
𝐶66 = 𝐺𝐿𝑇
𝐶44 = 𝐺𝑇𝑇′

𝐶55 = 𝐺𝐿𝑇′

{
  
 

  
 
(𝐸𝐿; 𝐸𝑇; 𝐸𝑇′) = (𝐸1; 𝐸2; 𝐸3)

(𝑣𝐿𝑇; 𝑣𝐿𝑇′; 𝑣𝑇𝑇′) = (𝑣12; 𝑣13; 𝑣23)

(𝐺𝐿𝑇; 𝐺𝐿𝑇′; 𝐺𝑇𝑇′) = (𝐺12; 𝐺13; 𝐺23)

𝐸𝑇 = 𝐸𝑇′
𝑣𝐿𝑇 = 𝑣𝐿𝑇′

𝐺𝐿𝑇 = 𝐺𝐿𝑇′

 

𝐸𝐿 , 𝜈𝐿𝑇

𝐸𝑇 , 𝜈𝑇𝐿, 𝜈𝑇𝑇′  

𝐺𝑇𝐿 , 𝐺𝑇𝑇′



 

  

𝐸𝑑𝑎 =
1

2
∫[𝜎]𝑇[𝜀]𝑑𝑉 =

1

2𝑉

∫(𝜎𝑥𝑥𝜀𝑥𝑥 + 𝜏𝑥𝑟𝛾𝑥𝑟 + 𝜏𝑥𝜃𝛾𝑥𝜃)
𝑉

𝑑𝑉 

  𝛾 = 2𝜀 

 : 

          𝐸𝑑𝑎 =
1

2
∫(𝐶11

′ 𝜀𝑥𝑥
2 + 𝑘𝑠𝐶55

′ 𝛾𝑥𝑟
2 + 𝑘𝑠𝐶66

′ 𝛾𝑥𝜃
2 + 2𝑘𝑠𝐶16

′ 𝛾𝑥𝜃𝜀𝑥𝑥)
𝑉

𝑑𝑉 

𝐸𝑑𝑎 =
1

2
∫ ∫ ∫ [𝐶11

′ (
𝜕𝑢

𝜕𝑥
+ 𝑟𝑠𝑖𝑛𝜃

𝜕𝜃𝑦

𝜕𝑥
− 𝑟𝑐𝑜𝑠𝜃

𝜕𝜃𝑧
𝜕𝑥
  )

2𝑅𝑘

0

2𝜋

0

𝐿

0

+ 𝑘𝑠𝐶55
′ (𝜃𝑦𝑠𝑖𝑛𝜃 − 𝜃𝑧𝑐𝑜𝑠𝜃 + 𝑐𝑜𝑠𝜃

𝜕𝑣

𝜕𝑥
+ 𝑠𝑖𝑛𝜃

𝜕𝑤

𝜕𝑥
)
2

 

+ 𝑘𝑠𝐶66
′ (𝜃𝑧𝑠𝑖𝑛𝜃 + 𝜃𝑦𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃

𝜕𝑣

𝜕𝑥
+ 𝑐𝑜𝑠𝜃

𝜕𝑤

𝜕𝑥
+ 𝑟

𝜕𝜃𝑥
𝜕𝑥
)
2

+ 2𝑘𝑠𝐶16
′ (𝜃𝑧𝑠𝑖𝑛𝜃 + 𝜃𝑦𝑐𝑜𝑠𝜃 − 𝑠𝑖𝑛𝜃

𝜕𝑣

𝜕𝑥
+ 𝑐𝑜𝑠𝜃

𝜕𝑤

𝜕𝑥

+ 𝑟
𝜕𝜃𝑥
𝜕𝑥
) (
𝜕𝑢

𝜕𝑥
+ 𝑟𝑠𝑖𝑛𝜃

𝜕𝜃𝑦

𝜕𝑥
− 𝑟𝑐𝑜𝑠𝜃

𝜕𝜃𝑧
𝜕𝑥
  )] 𝑟𝑑𝑥𝑑𝑟𝑑𝜃



  𝐴𝑖𝑗 , 𝐵𝑖𝑗   

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
𝐴11 = 𝜋∑  

𝑘

𝑛=1

𝐶11𝑛
′ (𝑅𝑛+1

2 − 𝑅𝑛
2)

𝐴55 =
𝜋

2
∑  

𝑘

𝑛=1

𝐶55𝑛
′ (𝑅𝑛+1

2 − 𝑅𝑛
2)

𝐴66 =
𝜋

2
∑  

𝑘

𝑛=1

𝐶66𝑛
′ (𝑅𝑛+1

2 − 𝑅𝑛
2)

𝐴16 =
2𝜋

3
∑  

𝑘

𝑛=1

𝐶16𝑛
′ (𝑅𝑛+1

3 − 𝑅𝑛
3)

𝐵11 =
𝜋

4
∑  

𝑘

𝑛=1

𝐶11𝑛
′ (𝑅𝑛+1

4 − 𝑅𝑛
4)

𝐵66 =
𝜋

2
∑  

𝑘

𝑛=1

𝐶66𝑛
′ (𝑅𝑛+1

4 − 𝑅𝑛
4)

 

 

    𝐸𝑑𝑎 =
1

2
𝐴11 ∫ (

𝜕𝑢

𝜕𝑥
)
2𝑙

0
𝑑𝑥 +

1

2
𝐵11 [∫ (

𝜕𝜃𝑦

𝜕𝑥
)
2𝑙

0
𝑑𝑥 + ∫ (

𝜕𝜃𝑧

𝜕𝑥
)
2𝑙

0
𝑑𝑥] +

1

2
𝐾𝑠𝐵66 ∫ (

𝜕𝜃𝑥

𝜕𝑥
)
2𝑙

0
𝑑𝑥                                  

 +
1

2
𝐾𝑠𝐴16 [2∫

𝜕𝜃𝑥

𝜕𝑥

𝜕𝑢

𝜕𝑥

𝑙

0
𝑑𝑥 + ∫ 𝜃𝑧

𝜕𝜃𝑦

𝜕𝑥

𝑙

0
𝑑𝑥 − ∫ 𝜃𝑦

𝜕𝜃𝑧

𝜕𝑥

𝑙

0
𝑑𝑥 − ∫

𝜕𝑣

𝜕𝑥

𝜕𝜃𝑦

𝜕𝑥

𝑙

0
𝑑𝑥 − ∫

𝜕𝑤

𝜕𝑥

𝜕𝜃𝑧

𝜕𝑥

𝑙

0
𝑑𝑥]            (2. 20)       

      + 
1

2
𝐾𝑠(𝐴55 + 𝐴66) [∫ (

𝜕𝑣

𝜕𝑥
)
2𝑙

0
𝑑𝑥 + ∫ (

𝜕𝑤

𝜕𝑥
)
2𝑙

0
𝑑𝑥 + ∫ 𝜃𝑦

2𝑙

0
𝑑𝑥 + ∫ 𝜃𝑧

2𝑙

0
𝑑𝑥

+2∫ 𝜃𝑦
𝜕𝑤

𝜕𝑥

𝑙

0
𝑑𝑥 − 2∫ 𝜃𝑧

𝜕𝑣

𝜕𝑥

𝑙

0
𝑑𝑥]

 



 

𝑅𝑝/0 

𝑅⃗ 𝑃/𝑂 = 𝑅⃗ 𝐺𝑐/0 + 𝑅⃗
 
𝑃/𝐺𝑐 = (𝑢𝑖 + v𝑗 + w𝑘⃗

 ) + (y′j′ ⃗ + z′k′⃗⃗  ⃗)

 𝑅𝑝/0 

 

𝜃𝑥 𝜃𝑦 𝜃𝑧 𝜑 =  𝜃𝑥 + Ω𝑡

𝑅⃗ 𝑃/𝑂 = (𝑢 − y′𝜃𝑧cos 𝜑 + y
′𝜃𝑦sin 𝜑 + z

′𝜃𝑧sin 𝜑 + z
′𝜃𝑦cos 𝜑)𝑖 +

(v − y′cos 𝜑 + y′𝜃𝑦𝜃𝑧sin 𝜑 − z
′sin 𝜑 + z′𝜃𝑦𝜃𝑧cos 𝜑)𝑗 + (w + y

′sin 𝜑 + z′cos 𝜑)𝑘⃗ 



𝐸𝑐𝑎 =
1

2
∫ 
𝑉

𝜌(𝑅⃗ 𝑃/𝑂 ⋅ 𝑅⃗ 𝑃/𝑂)𝑑𝑉

𝐸𝑐𝑎 =
1

2
∫ [𝐼𝑚(𝑢̇

2 + 𝑣̇2 + 𝑤̇2) + 𝐼𝑑 (𝜃̇𝑦
2
+ 𝜃̇𝑧

2
) − 2Ω𝐼𝑝𝜃𝑦𝜃̇𝑧 + 2Ω𝐼𝑝𝜃̇𝑥

𝑙

0

+ 𝐼𝑝𝜃̇𝑥
2
+ Ω2𝐼𝑝 + Ω

2𝐼𝑑(𝜃𝑦
2 + 𝜃𝑧

2)] 𝑑𝑥

Ω

{
 
 
 
 

 
 
 
 
𝐼𝑚 = 𝜋∑  

𝑘

𝑛=1

𝜌𝑛(𝑅𝑛
2 − 𝑅𝑛−1

2 )

𝐼𝑑 =
𝜋

4
∑  

𝑘

𝑛=1

𝜌𝑛(𝑅𝑛
4 − 𝑅𝑛−1

4 )

𝐼𝑝 =
𝜋

2
∑  

𝑘

𝑛=1

𝜌𝑛(𝑅𝑛
4 − 𝑅𝑛−1

4 )

𝐼𝑚(𝑢̇
2 + 𝑣̇2 + 𝑤̇2) 𝐼𝑑(𝜃̇𝑦

2
+

𝜃̇𝑧
2
) , 𝐼𝑝𝜃̇𝑥

2
 

 Ω2𝐼𝑑(𝜃𝑦
2 + 𝜃𝑧

2) 



2Ω𝐼𝑝𝜃𝑦𝜃̇𝑧

 

𝑑

𝑑𝑡
(
∂𝐸𝑐
∂{𝑞̇𝑖}

) −
∂𝐸𝑐
∂{𝑞𝑖}

+
∂𝐸𝑑
∂{𝑞𝑖}

= 0 

𝐸𝑐  

𝐸𝑑  

{𝑞𝑖} (i= u, v, w, 𝜃𝑥, 𝜃𝑦, 𝜃𝑧)



Chapitre III : Modélisation par  la DQHFEM 

  

  

  

  

 𝑴𝒆 𝑮𝒆  

 𝑲𝒆  

  

 



 

 

∂𝑛𝑓(𝑥, 𝑡)

∂𝑥𝑛
|
𝑥𝑖

=∑  

𝑁

𝑗=1

𝐴𝑖𝑗
(𝑛)
𝑓(𝑥𝑗 , 𝑡)(𝑖 = 1,2,3, … . , 𝑁)

𝐴𝑖𝑗
(𝑛)

𝐴𝑖𝑗
(1)
=

𝑀(𝑥𝑖)

(𝑥𝑖 − 𝑥𝑗)𝑀(𝑥𝑗)
𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1,2, … , 𝑁

𝐴𝑖𝑖
(1)
= − ∑  

𝑛

𝑗=1,𝑗≠𝑖

𝐴𝑖𝑗
(1)

𝑖 = 1,2, … ,𝑁

𝑀(𝑥𝑖) = ∏  

𝑁

𝐾=1,𝐾≠𝑖

(𝑥𝑖 − 𝑥𝐾)

𝑀(𝑥𝑗) = ∏  

𝑁

𝐾=1,𝐾≠𝑗

(𝑥𝑗 − 𝑥𝐾)

 



𝐴𝑖𝑗
(𝑛)

= 𝑛(𝐴𝑖𝑗
(1)
∗ 𝐴𝑖𝑖

(𝑛−1)
−

𝐴𝑖𝑗
(𝑛−1)

(𝑥𝑖 − 𝑥𝑗)
) 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1,2, … ,𝑁, 𝑛 > 1

𝐴𝑖𝑖
(𝑛)

= − ∑  

𝑁

𝑗=1,𝑗≠𝑖

𝐴𝑖𝑗
(𝑛)
𝑖 = 1,2, … ,𝑁

 

∫  
1

−1

𝑓(𝑥)𝑑𝑥 =∑  

𝑁

𝑗=1

𝐶𝑗𝑓(𝑥𝑗)

Cj

𝐶1 = 𝐶𝑁 =
2

𝑁(𝑁 − 1)
, 𝐶𝑗 =

2

𝑁(𝑁 − 1)[𝑃𝑁−1(𝑥𝑗)]
2 (𝑗 ≠ 1,𝑁)

xj  PN−1(x)

𝑃𝑁+1(𝑥) =
2𝑁 + 1

𝑁 + 1
𝑥𝑃𝑁(𝑥) −

𝑁

𝑁 + 1
𝑃𝑁−1(𝑥)

 

 P0(x) = 1, P1(x) = x

PN+1
(n) (x) = xPN

(n)(x) + (N + n)PN
(n)(x)

xj = −cos (
j − 1

N − 1
π)



𝑥𝑖𝑇+1 = 𝑥𝑖𝑇 − 𝑭′(𝑥𝑖𝑇)
−𝟏
𝑭(𝑥𝑖𝑇), 𝑖𝑇 = 0,1, ……

 

𝑥 𝑥 𝑥 𝑥𝑁 𝑇

𝑭 𝑥 𝑓𝑥 𝑓𝑥 𝑓𝑥𝑁 𝑇

𝑭′(𝑥)=∂𝑓𝑥𝑗 ∂𝑥𝑖(𝑁−2)×(𝑁−2) 

𝑓(𝑥𝑗) = ∑  

𝑁

𝑘−1,𝑘≠𝑗

1

𝑥𝑗 − 𝑥𝑘
𝑗 = 2,3, … ,𝑁 − 1

∂𝑓(𝑥𝑗)

∂𝑥𝑖
=

{
 
 

 
 − ∑  

𝑁

𝑘=1,𝑘≠𝑗

1

(𝑥𝑗 − 𝑥𝑘)
2 ,     (𝑖 = 𝑗)

1

(𝑥𝑗 − 𝑥𝑖)
2 ,     (𝑖 ≠ 𝑗)

 𝑖ème

 

𝑢[𝑥(𝜉)] = 𝐻1(𝜉)𝑢1 +
𝐿𝑒
2
𝐻2(𝜉)

𝑑𝑢1
𝑑𝑥

+ 𝐻3(𝜉)𝑢2 +
𝐿𝑒
2
𝐻4(𝜉)

𝑑𝑢2
𝑑𝑥

+∑  

𝑀

𝑛=1

𝜓𝑛(𝜉)𝑈𝑛



𝑤[𝑥(𝜉)] = 𝐻1(𝜉)𝑤1 +
𝐿𝑒
2
𝐻2(𝜉)

𝑑𝑤1
𝑑𝑥

+ 𝐻3(𝜉)𝑤2 +
𝐿𝑒
2
𝐻4(𝜉)

𝑑𝑤2
𝑑𝑥

+∑  

𝑀

𝑛=1

𝜓𝑛(𝜉)𝑊𝑛

𝐻1(𝜉) =
1

4
(1 − 𝜉)2(2 + 𝜉)    𝐻2(𝜉) =

1

4
(1 − 𝜉)2(𝜉 + 1)

𝐻3(𝜉) =
1

4
(1 + 𝜉)2(2 − 𝜉)    𝐻4(𝜉) =

1

4
(1 + 𝜉)2(𝜉 − 1)

𝑥 =
𝐿𝑒
2
(𝜉 + 1) − 1 ≤ 𝜉 ≤ 1

𝜓

𝜓𝑛(𝜉) =
(𝜉2 − 1)2

𝑛(𝑛 + 1)(𝑛 + 2)(𝑛 + 3)

𝑑2𝑃𝑛+1
𝑑𝜉2

𝑃𝑛(𝜉) = ∑  

(𝑛−1)
2

𝐾=0

(−1)𝑘(2𝑛 − 2𝐾 − 7)!!

2𝐾𝐾! (𝑛 − 2𝐾 − 1)!
𝜉(𝑛−2𝐾−1)

 with , 𝑛 > 4
𝑛‼ = 𝑛(𝑛 − 2)(𝑛 − 4)… (2 or 1),   0‼ = (−1)‼ = 1,

et 
𝑛 − 1

2
 réfere à sa propre partie entière.



𝑢𝑇 = [𝑢1 𝑢1
′ 𝑢2 𝑢2

′ 𝑈1 … 𝑈𝑀]

𝑣𝑇 = [𝑣1 𝑣1
′ 𝑣2 𝑣2

′ 𝑉1 … 𝑉𝑀]

𝑤𝑇 = [𝑤1 𝑤1
′ 𝑤2 𝑤2

′ 𝑊1 … 𝑊𝑀]

θ𝑥
𝑇 = [𝜃𝑥1 𝜃𝑥1

′ 𝜃𝑥2 𝜃𝑥2
′ Η𝑥1 … Η𝑥𝑀]

θ𝑦
𝑇 = [𝜃𝑦1 𝜃𝑦1

′ 𝜃𝑦2 𝜃𝑦2
′ Η𝑦1 … Η𝑦𝑀]

θ𝑧
𝑇 = [𝜃𝑧1 𝜃𝑧1

′ 𝜃𝑧2 𝜃𝑧2
′ Η𝑧1 … Η𝑧𝑀]

𝑢[𝑥(𝜉)] = [𝑁𝑢]
𝑇𝑢

𝑣[𝑥(𝜉)] = [𝑁𝑣]
𝑇𝑣

𝑤[𝑥(𝜉)] = [𝑁𝑤]
𝑇𝑤

𝜃𝑥[𝑥(𝜉)] = [𝑁𝜃𝑥]
𝑇
𝜃𝑥

𝜃𝑦[𝑥(𝜉)] = [𝑁𝜃𝑦]
𝑇

𝜃𝑦

𝜃𝑧2[𝑥(𝜉)] = [𝑁𝜃𝑧]
𝑇
𝜃𝑧

[N𝑢]
𝑇 = [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

[N𝑣]
𝑇 = [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

[N𝑤]
𝑇 = [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

[N𝜃𝑥]
𝑇
= [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

[N𝜃𝑦]
𝑇
= [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

[N𝜃𝑧]
𝑇
= [𝐻1(𝜉)

𝐿𝑒
2
𝐻2(𝜉) 𝐻3(𝜉)

𝐿𝑒
2
𝐻4(𝜉) 𝜓1(𝜉) 𝜓2(𝜉) … 𝜓𝑀(𝜉)]

 𝜉𝑗

𝑢̅𝑇 = [𝑢(𝑥1)𝑢(𝑥2)…… . 𝑢(𝑥𝑁)]

𝑣̅𝑇 = [𝑣(𝑥1)𝑣(𝑥2)…… . 𝑣(𝑥𝑁)]

𝑤̅𝑇 = [𝑤(𝑥1)𝑤(𝑥2)…… .𝑤(𝑥𝑁)]

𝜃𝑥̅̅ ̅
𝑇
= [𝜃𝑥(𝑥1)𝜃𝑥(𝑥2)…… . 𝜃𝑥(𝑥𝑁)]

𝜃𝑦̅̅ ̅
𝑇
= [𝜃𝑦(𝑥1)𝜃𝑦(𝑥2)…… . 𝜃𝑦(𝑥𝑁)]

𝜃𝑧̅
𝑇
= [𝜃𝑧(𝑥1)𝜃𝑧(𝑥2)…… . 𝜃𝑧(𝑥𝑁)]



𝐶𝑗

𝐶 = 𝑑𝑖𝑎𝑔[𝐶1 𝐶2…𝐶𝑁]

𝑢̅ = 𝐺𝑢𝑢
𝑣̅ = 𝐺𝑣𝑣
𝑤̅ = 𝐺𝑤𝑤

𝜃𝑥̅̅ ̅ = 𝐺𝜃𝑥𝜃𝑥

𝜃𝑦̅̅ ̅ = 𝐺𝜃𝑦𝜃𝑦

𝜃𝑧̅ = 𝐺z𝜃𝑧

𝐺𝑢 = [[N𝑢](𝜉1) [N𝑢](𝜉2)…… [N𝑢](𝜉𝑁)]
𝑇

𝐺𝑣 = [[N𝑣](𝜉1) [N𝑣](𝜉2)…… [N𝑣](𝜉𝑁)]
𝑇

𝐺𝑤 = [[N𝑤](𝜉1) [N𝑤](𝜉2)…… [N𝑤](𝜉𝑁)]
𝑇

𝐺𝜃𝑥 = [[N𝜃𝑥](𝜉1) [N𝜃𝑥](𝜉2)…… [N𝜃𝑥](𝜉𝑁)]
𝑇

𝐺𝜃𝑦 = [[N𝜃𝑦] (𝜉1) [N𝜃𝑦] (𝜉2)…… [N𝜃𝑦] (𝜉𝑁)]
𝑇

𝐺𝜃𝑧 = [[N𝜃𝑧](𝜉1) [N𝜃𝑧](𝜉2)…… [N𝜃𝑧](𝜉𝑁)]
𝑇

 [𝑴𝒆] [𝑮𝒆]

𝐸𝑐 =
1

2
[𝐼𝑚([𝐺𝑢

𝑇][𝐶] [𝐺𝑢]𝑢̇
2 + [𝐺𝑣

𝑇][𝐶] [𝐺𝑣]𝑣̇
2 + [𝐺𝑤

𝑇][𝐶] [𝐺𝑤]𝑤̇
2)

+ 𝐼𝑑 ([𝐺𝜃𝑦
𝑇] [𝐶] [𝐺𝜃𝑦] 𝜃̇𝑦

2
+ [𝐺𝜃𝑧

𝑇][𝐶] [𝐺𝜃𝑧]𝜃̇𝑧
2
)

− 2Ω𝐼𝑝 [𝐺𝜃𝑦
𝑇] [𝐶] [𝐺𝜃𝑧]𝜃𝑦𝜃̇𝑧 + 2Ω𝐼𝑝[𝐶] [𝐺𝜃𝑥]𝜃̇𝑥

+ 𝐼𝑝[𝐺𝜃𝑥
𝑇][𝐶] [𝐺𝜃𝑥]𝜃̇𝑥

2

+ Ω2𝐼𝑑 ([𝐺𝜃𝑦
𝑇] [𝐶] [𝐺𝜃𝑦] 𝜃𝑦

2 + [𝐺𝜃𝑧
𝑇][𝐶] [𝐺𝜃𝑧]𝜃𝑧

2)]



[𝑀𝑒] =

[
 
 
 
 
 
 
 
[𝑀𝑢] [0] [0] [0] [0] [0]

[0] [𝑀𝑣] [0] [0] [0] [0]

[0] [0] [𝑀𝑤] [0] [0] [0]

[0] [0] [0] [𝑀𝜃𝑥] [0] [0]

[0] [0] [0] [0] [𝑀𝜃𝑦] [0]

[0] [0] [0] [0] [0] [𝑀𝜃𝑧]]
 
 
 
 
 
 
 

[𝑀𝑢] = [𝐼𝑚([𝐺𝑢
𝑇][𝐶] [𝐺𝑢])] 

[𝑀𝑣] = [𝐼𝑚([𝐺𝑣
𝑇][𝐶] [𝐺𝑣])] 

[𝑀𝑤] = [𝐼𝑚([𝐺𝑤
𝑇][𝐶] [𝐺𝑤])] 

[𝑀𝜃𝑥] = [𝐼𝑝[𝐺𝜃𝑥
𝑇][𝐶] [𝐺𝜃𝑥]] 

[𝑀𝜃𝑦] = [𝐼𝑑 ([𝐺𝜃𝑦
𝑇] [𝐶] [𝐺𝜃𝑦])] 

[𝑀𝜃𝑧] = [𝐼𝑑([𝐺𝜃𝑧
𝑇][𝐶] [𝐺𝜃𝑧])] 

[𝐺𝑒] =

[
 
 
 
 
 
 
[0] [0] [0] [0] [0] [0]

[0] [0] [0] [0] [0] [0]
[0] [0] [0] [0] [0] [0]
[0] [0] [0] [0] [0] [0]

[0] [0] [0] [0] [0] [𝐺𝑦𝑧]

[0] [0] [0] [0] −[𝐺𝑦𝑧] [0] ]
 
 
 
 
 
 

[𝐺𝑦𝑧] = Ω𝐼𝑝 [𝐺𝜃𝑦
𝑇] [𝐶] [𝐺𝜃𝑧] 

 [𝑲𝒆]

𝐸𝑑𝑎 =
1

2
𝐴11[𝐺𝑢

𝑇][𝐴(1)
𝑇
][𝐶][𝐴𝑇][𝐺𝑢]𝑢

2



+
1

2
𝐵11 [[𝐺𝜃𝑦

𝑇 ] [𝐴(1)
𝑇
][𝐶][𝐴(1)] [𝐺𝜃𝑦] 𝜃𝑦

2 + [𝐺𝜃𝑧
𝑇 ][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑧]𝜃𝑧

2]

+
1

2
𝐾𝑠𝐵66[𝐺𝜃𝑥

𝑇 ][𝐴(1)
𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑥]𝜃𝑥

2

+
1

2
𝐾𝑠𝐴16 [2[𝐺𝜃𝑥

𝑇 ][𝐴(1)
𝑇
][𝐶][𝐴(1)][𝐺𝑢]𝜃𝑥𝑢

+ [𝐺𝜃𝑦
𝑇 ] [𝐶][𝐴(1)][𝐺𝜃𝑧]𝜃𝑦𝜃𝑧 − [𝐺𝜃𝑧

𝑇 ][𝐶][𝐴(1)] [𝐺𝜃𝑦] 𝜃𝑧𝜃𝑦

− [𝐺𝑣
𝑇][𝐴(1)

𝑇
][𝐶][𝐴(1)] [𝐺𝜃𝑦] 𝑣𝜃𝑦

− [𝐺𝑤
𝑇][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑧]𝑤𝜃𝑧]

+
1

2
𝐾𝑠(𝐴55 + 𝐴66) [[𝐺𝑣

𝑇][𝐴(1)
𝑇
][𝐶][𝐴𝑇][𝐺𝑣]𝑣

2

+ [𝐺𝑤
𝑇][𝐴(1)

𝑇
][𝐶][𝐴𝑇][𝐺𝑤]𝑤

2 + [𝐺𝜃𝑦
𝑇 ] [𝐶] [𝐺𝜃𝑦] 𝜃𝑦

2

+ [𝐺𝜃𝑧
𝑇 ][𝐶][𝐺𝜃𝑧]𝜃𝑧

2 + 2[𝐺𝑤
𝑇][𝐶][𝐴(1)] [𝐺𝜃𝑦]𝑤𝜃𝑦

− 2[𝐺𝑣
𝑇][𝐶][𝐴(1)][𝐺𝜃𝑧]𝑣𝜃𝑧]

[𝐾𝑒] =

[
 
 
 
 
 
 
 
[𝐾𝑢] [0] [0] [𝐾𝑢𝑥] [0] [0]

[0] [𝐾𝑣] [0] [0] [𝐾𝑣𝑦] [𝐾𝑣𝑧]

[0] [0] [𝐾𝑤] [0] [𝐾𝑤𝑦] [𝐾𝑤𝑧]

[𝐾𝑥𝑢] [0] [0] [𝐾𝑥] [0] [0]

[0] [𝐾𝑦𝑣] [𝐾𝑦𝑤] [0] [𝐾𝑦] [𝐾𝑦𝑧]

[0] [𝐾𝑧𝑣] [𝐾𝑧𝑤] [0] [𝐾𝑧𝑦] [𝐾𝑧] ]
 
 
 
 
 
 
 

[𝐾𝑢] = 𝐴11[𝐺𝑢
𝑇][𝐴(1)

𝑇
][𝐶][𝐴𝑇][𝐺𝑢] 

[𝐾𝑢𝑥] = 𝐾𝑠𝐴16[𝐺𝜃𝑥
𝑇 ][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝑢] 

[𝐾𝑣] = 𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝑣
𝑇][𝐴(1)

𝑇
][𝐶][𝐴𝑇][𝐺𝑣] 

[𝐾𝑣𝑦] = −
1

2
𝐾𝑠𝐴16[𝐺𝑣

𝑇][𝐴(1)
𝑇
][𝐶][𝐴(1)] [𝐺𝜃𝑦] 

[𝐾𝑣𝑧] = −𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝑣
𝑇][𝐶][𝐴(1)][𝐺𝜃𝑧] 

[𝐾𝑤] = 𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝑤
𝑇][𝐴(1)

𝑇
][𝐶][𝐴𝑇][𝐺𝑤] 

[𝐾𝑤𝑦] =  𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝑤
𝑇][𝐶][𝐴(1)] [𝐺𝜃𝑦] 



[𝐾𝑤𝑧] = −
1

2
𝐾𝑠𝐴16[𝐺𝑤

𝑇][𝐴(1)
𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑧] 

[𝐾𝑥𝑢] = 𝐾𝑠𝐴16[𝐺𝜃𝑥
𝑇 ][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝑢] 

[𝐾𝑥] = 𝐾𝑠𝐵66[𝐺𝜃𝑥
𝑇 ][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑥] 

[𝐾𝑦𝑣] =
1

2
𝐾𝑠𝐴16[𝐺𝑣

𝑇][𝐴(1)
𝑇
][𝐶][𝐴(1)] [𝐺𝜃𝑦] 

[𝐾𝑦𝑤] =  𝐾𝑠 (𝐴55+𝐴66) [𝐺𝑤
𝑇
] [𝐶] [𝐴

(1)
] [𝐺𝜃𝑦] 

[𝐾𝑦] = 𝐵11 [𝐺𝜃𝑦
𝑇 ] [𝐴(1)

𝑇
][𝐶][𝐴(1)] [𝐺𝜃𝑦] + 𝐾𝑠(𝐴55 + 𝐴66) [𝐺𝜃𝑦

𝑇 ] [𝐶] [𝐺𝜃𝑦] 

[𝐾𝑦𝑧] = 
1

2
𝐾𝑠𝐴16 [[𝐺𝜃𝑦

𝑇 ] [𝐶][𝐴(1)][𝐺𝜃𝑧] − [𝐺𝜃𝑧
𝑇 ][𝐶][𝐴(1)] [𝐺𝜃𝑦]] 

[𝐾𝑧𝑣] = −𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝑣
𝑇][𝐶][𝐴(1)][𝐺𝜃𝑧] 

[𝐾𝑧𝑤] = −
1

2
𝐾𝑠𝐴16[𝐺𝑤

𝑇][𝐴(1)
𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑧] 

[𝐾𝑧𝑦] = 
1

2
𝐾𝑠𝐴16 [[𝐺𝜃𝑦

𝑇 ] [𝐶][𝐴(1)][𝐺𝜃𝑧] − [𝐺𝜃𝑧
𝑇 ][𝐶][𝐴(1)] [𝐺𝜃𝑦]] 

[𝐾𝑧] = 𝐵11[𝐺𝜃𝑧
𝑇 ][𝐴(1)

𝑇
][𝐶][𝐴(1)][𝐺𝜃𝑧]+𝐾𝑠(𝐴55 + 𝐴66)[𝐺𝜃𝑧

𝑇 ][𝐶][𝐺𝜃𝑧] 

 

[𝑀]{𝑞̈} + [G]{𝑞̇} + [K]{𝑞} = {0}

[𝑀]

[𝐺] :  

[𝐾] : 

−[𝑀]{𝑞̇} + [𝑀]{𝑞̇} = 0 

[
−[𝑀] [0]

[𝐺] [𝑀]
] {
{𝑞̇}

{𝑞̈}
} + [

[0] [𝑀]

[𝐾] [0]
] {
{𝑞}

{𝑞̇}
} = {0}



[𝐴] = [
−[𝑀] [0]

[𝐺] [𝑀]
]

[𝐵] = [
[0] [𝑀]

[𝐾] [0]
]

{𝑄𝑡𝑟} = {
{𝑞}

{𝑞̇}
} 

[𝐴]{𝑄̇𝑡𝑟} + [𝐵]{𝑄𝑡𝑟} = {0} 

{𝑄̇𝑡𝑟} = −[𝐴]
−1[𝐵]{𝑄𝑡𝑟} = [𝑇𝑟]{𝑄𝑡𝑟} 

[𝑇𝑟] = −[𝐴]−1[𝐵] = − [
−[𝑀]−1 [0]

[𝑀]−2[𝐺] [𝑀]−1
] [
[0] [𝑀]

[𝐾] [0]
]

[𝑇𝑟] = [
[0] [𝐼]

−[𝑀]−1[𝐾] −[𝑀]−1[𝐺]
]

[𝐼] (2𝑝 ∗ 𝑛𝑒𝑙 − 4(𝑛𝑒𝑙 − 1)) × (2𝑝 ∗ 𝑛𝑒𝑙 −

4(𝑛𝑒𝑙 − 1)) {𝑄𝑡𝑟} (2𝑝 ∗ 𝑛𝑒𝑙 −

4(𝑛𝑒𝑙 − 1))

{𝑄𝑡𝑟} = {𝑄𝑡𝑟
𝑎 }𝑒𝜆𝑡𝑟𝑡

{𝑄𝑡𝑟} = 𝜆𝑡𝑟{𝑄𝑡𝑟
𝑎 }𝑒𝜆𝑡𝑟𝑡

𝜆𝑡𝑟{𝑄𝑡𝑟
𝑎 } = [𝑇𝑟]{𝑄𝑡𝑟

𝑎 }

𝜆𝑡𝑟𝑒𝑡 {𝑄𝑡𝑟
𝑎 }



[𝑇𝑟] 𝑝 ∗ 𝑛𝑒𝑙 𝑛𝑒𝑙 𝑝 ∗ 𝑛𝑒𝑙 𝑛𝑒𝑙

𝑝 ∗ 𝑛𝑒𝑙 𝑛𝑒𝑙 valeurs propres 𝜆𝑡𝑟
𝑖
et vecteurs propres {𝑄𝑡𝑟

𝑎.𝑖} qui 

𝜆𝑡𝑟
𝑖
 𝜔𝑟𝑡 

Ω

𝑓𝑟 = 𝜔𝑟/2𝜋

.



Chapitre IV : Résultats et interprétations 

  

  

  

  

  

  

  

  

  

 



 

Données Géométriques du rotor
(Arbre)

Données nécessaires pour DQHFEM

Calcul des Matrices élémentaires

𝑀𝑒 𝐺𝑒 𝐾𝑒

Assemblage, formation des matrices globales, et Conditions aux limites

𝑀 ሷ𝑞 + 𝐺 ሶ𝑞 + 𝐾 𝑞 = 0

Analyse dynamique linéaire

Fréquences naturelles

Calcul de la Matrice [Ttr]

Valeurs propres 𝜆𝑟 vecteurs propres 𝑄𝑟
𝑎

Diagramme de Campbell
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𝜂 (°) = [90 45 −

45 0 0 0 0 0 0 90]
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