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Résumé

Cette these est divisé en deux parties différentes. La premiere est consacrée
pour I'étude des surfaces de la sphere de dimension cing, qui a la structure nearly
Sasakienne, et aussi la structure nearly cosymplectique. La seconde partie donne
la classification des hypersurfaces affines de dimension quatre, localement fortement
convexes, dans le cas ou l'opérateur de forme a deux valeurs propres distinctes, en
considérant qu’ils ont la méme multiplicité 2.

Partie I :

Nous étudions les surfaces dans la sphére S° nearly Sasakienne dans le champ
vectoriel de la structure £ est normal a la surface et anti-invariant qui respecte la
structure nearly sasakienne. Ainsi nous allons démontrés le théoreme suivant :
Théoreme : La surface totalement réelle de la sphere nearly Sasakienne de dimen-
sion 5 est toujours minimale.

Nous allons montrés également que ce résultat est valable pour les surfaces dans
la sphere nearly co-symplectique de dimension 5.

Comme conséquence de cette minimalité, on peut avoir aussi une correspondance
local entre les surfaces de la sphere S® avec la structure nearly Sasakienne, oubien la
structure nearly cosymplectique, et les surfaces Lagrangiennes minimales de 1'espace
projective complexe CP2.

Part II :

Nous étudions les hypersurfaces affine de dimension quatre localement fortement
convexe, ou l'opérateur de forme a deux valeurs propres distinctes. Dans le cas ou
une des valeurs propre a la dimension 1 ces hypersurfaces ont étés étudies aupara-
vant par Dillem, Vrancken, Hu, Li and Zhang, ou ils ont classifiés les hypersurfaces
de dimension 4 et 5 avec ’hypothese supplémentaire que la multiplicité de 1'une
des valeurs propres est 1. Nous complétons la classification de la dimension 4 en
considérant le cas ou la multiplication des deux valeurs propres est égal a 2, voici
son théoreme :

Théoréme : Soit I’hypersurface affine, localement fortement convexe, M* de RP.
Nous supposons que M a deux distinctes valeurs propre, de méme multiplicité 2.
Alors M est équivalente a la partie convere d’une des hypersurfaces suivantes :

3 3
(a:l — xZ) (xg — :cg) 73 =1,
22\°
s (xl — (23 +2]) — —5) =1,
20903T4 — xi —x (x§ — 2x5) — 2x§x5 =1,

ou (1, T2, T3, Ty, T5) sont les coordonnées de R>.



abstract

This thesis is divided into two different parts. The first is about the study of
the surface in the sphere of dimension five, with the nearly Sasakian structure or
the cosymplectic structure. The second part is the classification of 4-dimensional
locally strongly convex homogeneous affine hypersurfaces, in the case how the shape
operator have two distinct eigenvalues, by considering that the multiplicity of both
eigenvalues is 2.

Part I:

We investigate surfaces in the nearly Sasakian 5-sphere for which the structure
vector field € is normal to the surface and which are anti-invariant with respect to
the nearly Sasakian structure. We show the flowing theorem :

Theorem : A totally real surface of the nearly Sasakian S° is always minimal.

We show also that this result is also valid for the surfaces in nearly cosymplectic
5-sphere.

As a consequence of the minimality, we can also obtain a local correspondence
between totally real surfaces of the S® with nearly Sasakian structure, or nearly
cosymplectic structure, and minimal Lagrangian surfaces of the complex projective
space CP?.

Part II :

We study 4 dimensional locally strongly convex, locally homogeneous, hypersur-
faces whose affine shape operator has two distinct principal curvatures. In case that
one of the eigenvalues has dimension 1 these hypersurfaces have been previously
studied by Dillem, Vrancken, Hu, Li and Zhang, in which a classification of such
submanifolds was obtained in dimension 4 and 5 under the additional assumption
that the multiplicity of one of the eigenvalues is 1. We complete the classification
in dimension 4 by considering the case that the multiplicity of both eigenvalues is
2, this is the theorem :

Theorem : Let M* be a locally strongly convez, locally homogeneous, affine hy-
persurface in R®. Assume that M has two distinct eigenvalues, both of multiplicity
2. Then M is equivalent to the convex part of one of the following hypersurfaces:

3 3
(a:l — xi) (xg — :cg) 73 =1,
22\°
s (ml — (23 +27) — —5) =1,
20903T4 — xi —x (x§ — 2x5) — 2x§x5 =1,

where (1, T2, T3, T4, T5) are the coordinates of RP.
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Introduction

This thesis is divided into two different parts. The first is about the study of the
surface in the sphere of dimension five, with the nearly Sasakian structure or the
cosymplectic structure, completed with the paper of Belkhelfa and Chikh Salah
[BS16].

The second part is the classification of 4-dimensional locally strongly convex homo-
geneous affine hypersurfaces, in the case how the shape operator have two distinct
eigenvalues, by considering that the multiplicity of both eigenvalues is 2.

Part I

The notion of a nearly Sasakian structure on an almost contact metric manifold
has been introduced by Blair, Showers and Yano in [BSY76]. The basic properties
of such a manifold will be recalled in Section 2. They also give necessary and
sufficient condition for when a hypersurface of a nearly Kaehler manifold inherits
a nearly Sasakian structure. An example of such hypersurface is the 5-dimensional
sphere S%, with radius \% umbilically embedded at an angle of 7. As on this sphere
all sectional curvatures are equal to 2, it immediately follows that its inherited
structure is not a Sasakian structure.

The notion of nearly cosymplectic structure on an almost contact metric mani-
fold was introduced and studied by Blair and Showers some years earlier in [Bla71]
and [BS74]. They show also that the totally geodesic 5-sphere in the nearly Kachler
6-sphere, has a nearly cosymplectic structure.

Submanifolds of the nearly Kaehler sphere S® have been investigated by many
authors leading to many classification results. The existence of such a structure for
the 6-sphere was proved by Fukami and Ishihara [FI55] by using the properties of
the Cayley algebra. The study of the surfaces in nearly Keahlerian 6-dimensional
sphere were already realized by Bolton, Dillen, Opozda, Verstraelen, Vrancken and
Woodward (see [BVW97], [DOVSS]).

In contrast to previous submanifolds of the nearly Kaehler sphere S¢, we have
few results about nearly Sasakian manifolds. For example, Cappelletti-Montano
and Dileo focused on the 5-dimensional case and proved that there exists a one-
to-one correspondence between nearly Sasakian structures and some special class

VI



CONTENTS VII

of SU(2)-structures, (see [CMD15]). Moreover, almost nothing is known about
submanifolds of the nearly Sasakian S°. This despite the fact that it is by far the
easiest example of a non trivial nearly Sasakian manifold.

In this thesis we will focus on surfaces of the nearly Sasakian S° and the nearly
cosymplectic S® for which the structure vector field £ is normal to the surface. In
the Sasakian case, submanifolds of dimension n of a (2n+ 1)-dimensional Sasakian
sphere for which £ is normal are called, depending on the literature, C-totally real
or horizontal submanifolds. In that case, it is known that such submanifolds are
always anti invariant, i.e. the structure ¢ maps tangent vectors to normal vectors.
In this thesis we first show that this is no longer the case in the nearly Sasakian
5-sphere or the nearly cosymplectic 5-sphere.

In view of this, we suggest to call a surface of the 5-sphere with nearly Sasakian
structure, or nearly cosymplectic structure, totally real if and only if the structure
vector field ¢ is normal to the surface and ¢ maps tangent vectors to normal vec-
tors. Note that in the Sasakian case the second condition is redundant. The main
result we will prove about such surfaces is the following;:

Theorem 2.2.1 : A totally real surface of the nearly Sasakian S° is always mini-
mal.

Note that this result is also valid for the surfaces in nearly cosymplectic 5-
sphere, (see theorem 3.2.1). This result is neither true for C-totally real surfaces
in Sasakian manifolds or for totally real surfaces of the nearly Kaehler 6-sphere.

As a consequence of the minimality, we can also obtain a local correspondence
between totally real surfaces of the S® with nearly Sasakian structure, or nearly
cosymplectic structure, and minimal Lagrangian surfaces of the complex projec-
tive space CP? (see theorem 2.2.2 and theorem 3.2.2).

Part 11

In this thesis we study locally strongly convex, locally homogeneous, hyper-
surfaces in the affine space R"™!. In case that the dimension is 2 these hyper-
surface were first studied in the book of Guggenheimer [Gug77]. Their result
was completed in the paper of Nomizu and Sasaki [NS91] thus giving a complete
classification in dimension 2.

Starting from dimension 2 only partial results exist so far. Apart from the
results of [Oogl3] and [MV95] most of these results deal with the case that the
affine hypersurface is locally strongly convex, i.e. the induced affine metric is a
positive definite metric. In that case such hypersurfaces have been studied in the
paper of Sasaki [Sas80] in the case that the hypersurface is an affine sphere and in
a series of papers by Dillen and Vrancken [DV93a] giving a complete classification
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in dimension 3.

The only other results are those of [DV93b], [HLZ14] which give a classification
in dimension 5, provided that the affine hypersurface is locally strongly convex and
quasi umbilical. This means that the affine shape operator has only two distinct
eigenvalues and that the multiplicity of one of those two eigenvalues is 1. In
dimension 4 this result state

Theorem 0.0.1 ( [DV94b] ) Let M* be a locally strongly convez, locally homoge-
neous, proper quasiumbilical affine hypersurface in R>. Then M is equivalent to
the convex part of one of the following hypersurfaces:

1 5
(y—§(x2+22+u2)> w? =1,
1 ! 1L\’
(y - §(x2 —|—u2)) (z - §w2> =1,
1 \3
(y — 53:2) 2utw? = 1,
Lo 1,5 2 " 4
y——x°—-(w/z+u/z) ) 2" =1,
2 2
1 1 !
(y—§x2—§w2/z) 2u? =1,
IAWR 2 2
y— 3% (2% — (w* +u?)) =1,

where (z,vy, 2, w,u) are the coordinates of R®

Here, we investigate locally strongly convex affine hypersurface of dimension 4
whose affine shape operator has two distinct eigenvalues. In view of the previous
result, in order to obtain a complete classification it is sufficient to deal with the
case that the multiplicity of both eigenvalues is two. By combining the theorems
7.3.1, 7.3.2 and 8.2.1, we show that there exist just three such hypersurfaces and
we prove the following theorem:

Theorem A :
Let M* be a locally strongly convex, locally homogeneous, affine hypersurface
in R®. Assume that M has two distinct eigenvalues, both of multiplicity 2. Then
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M is equivalent to the convex part of one of the following hypersurfaces:

3 3
(1 —23)" (w2 —22) 23 =1, (0.1)
22\’
o (- @ rat) - ) =1, 02
2
209T3T4 — T3 — T1 (x§ — 2x5) —2x5x5 = 1, (0.3)

where (1, T2, T3, T4, T5) are the coordinates of R°.

Note in [DV94a] several constructions were introduced which permitted to in-
troduce several classes of affine homegeneous locally homogeneous hypersurfaces.
For example all the examples of [DV93b] and [HLZ14] can be recovered using
these constructions. The same is true for the first two examples in our main the-
orem. However the final example introduces a new class of affine homogeneous
hypersurfaces which is not obtained as one of the Calabi constructions.

Finally note that there is a conjecture of Dillen-Vrancken, together with an
additional version of Niebergall-Ryan (for isoparametric hypersurfaces, [NR94)),
see [LMSS96], stating that for an positive definite affine homogeneous affine hy-
persurface or a positive definite isoparametric affine hypersurface the affine shape
operator S has at most one non zero eigenvalue.



Part 1

Surfaces in the nearly Sasakian
5-sphere



Chapter 1

Preliminaries

We begin by recalling some fundamental definitions and proprieties of manifolds.

1.1 Basic differential geometry

we can find more details for this section in many books we quote as example:
Yano, Kon [YK84], Do Carmo [DC92], Kobayashi, Nomizu [KN69], Gallot, Hulin,
Lafontaine [GHLS0].

1.1.1 Differentiable manifolds

Definition 1.1.1 A differential manifold of dimension n is a set M and fam-
ily of injective mappings xo, : Uy, C R™ — M of open sets U, of R™ into M such
that :

1. Upza(Uy) = M.

2. for any pair o, B, with £,(Uy) Nag(Ug) = W # &, the sets x,* (W) and x;l(W)
are open sets in R"™, and mappings :1:51 ox, are differentiable.

3. the family {(Un,x4)} is mazimal relative to the conditions 1. and 2.

The pair (Uy, xo) (or the mapping x, ), withp € x4(Uy), is called de parametriza-
tion (or system of coordinates) of M at p. And we note M™ to say that M is
of dimension n.
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Definition 1.1.2 Let M7 and M3 be differential manifolds, A mapping ¢ : My, —
M, is differentiable at p € My, if given parametrizationy : V C R™ — My at ¢(p)
there exists a parametrization x : U C R™ — My at p such that o(z(U)) C y(V)
and the mapping y~' o p oz : R® — R™ is differentiable at x~*(p).
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Definition 1.1.3 Let M be the differentiable manifold. A differential function
a:(—€e) CR — M is called a differentiable curve in M, if a(t) € M for all
te(—€e).

Suppose that «(0) = p € M, and let D be the set of functions on M that are
differentiable at p.

The tangent vector to the curve a at t =0 is the function o/(0) : D — R given

by
d(foa
o) =D fep
A tangent vector at p € M 1is the tangent vector att = 0 of some curve « :
(—e€,€) = M with «(0) = p.
The set of all tangent vectors to M at p is the tangent space of M at p, will be
indicated by T,M .

Remark : The set T,M with the usual operations of functions, form a vector
space of dimension n, and that the choice of a parametrization x : U — M

determines an associated basis {8%1\0, oy 5o} in T, M.

It is immediate that the linear structure in 7,,M defined above does not depend
on the parametrization x.

™M

foi
x(g) & \)

Proposition 1.1.1 Let M and M3" be differentiable manifolds and let p : My —
Ms be a differential mapping. For every p € My and for each v € T,M,, choose a
differentiable curve o : (—e,€) — My with «(0) = p, &/(0) = v. Take f = p o a.
The mapping dy, : T,My — T,y M given by de,(v) = 5'(0) is linear mapping
that does not depend on the choice of a.

The linear mapping dy, is called the differential of ¢ at p.

M, ° ]
g ‘,’/ - L doy
it . B —
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Definition 1.1.4 Let My and M be differentiable manifold. A mapping ¢ : My —
M, is a diffeomorphism if it is differentiable, bijective, and its inverse @' is
differentiable.

@ 1s said to be a local diffeomorphism at p € M, if there exist neighborhoods U of
p and V of p(p) such that o : U — V is a diffeomorphism.

The notion of diffeomorphism is the natural idea of equivalence between differ-
ential manifolds.
It is immediate consequence of the chain rule that if ¢ : M; — M is a diffeo-
morphism, then dy, : T,M; — T,y M, is an isomorphism for all p € M;. In
particular, the dimensions of M; and M, are equal.
A local converse to this is the following theorem.

Theorem 1.1.1 Let ¢ : M — M3 be a differential mapping and let p € M, be
such that dp, : T,M; — T, M, is an isomorphism. then ¢ is a local diffeomor-
phism at p.

1.1.2 Immersions, submersion

Definition 1.1.5 Let M and M3" be differentiable manifolds. Let mapping ¢ :
Ml — Mg.

1. ¢ is said to be an tmmersion if

(a) ¢ differentiable,
(b) deoy, : TyMy — T My is injective for all p € M.
We note the immersion ¢ : My — Ms.

2. 1If, in addition, ¢ is homeomorphism onto @(M;) C My, where p(My) has
the subspace topology induced from M, we say that ¢ is an embedding.

3. If My C My and the inclusion i : My — My is an embedding, we say that M,
15 a submanafold of M.

4. It can be seen that if ¢ : M7 — MJ" is an immersion, then n < m, the
difference m — n 1s called the codimension of the immersion .

5.  is said to be an submersion if

(a) ¢ differentiable,
(b) deop, : TyMy — Ty My is subjective for all p € M.
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Proposition 1.1.2 Let ¢ : M{* — M3", n < m, be an immersion of the differen-
tial manifold My in the differential manifold Ms. For every point p € M, there
exists a a neighborhood V- C My of p such that the restriction |y : V. — My is an
embedding.

1.1.3 The tangent bundle and orientation

This can be an example of differentiable manifolds construction.
Let M™ be a differentiable manifold and let TM = {(p,v); p € M,v € T,M}.

Proposition 1.1.3 Let M" be a differentiable manifold. The set T M have dif-
ferentiable structure, it is a manifold of dimension 2n.
TM will be called the tangent bundle of M.

Let {(U,, X,)} be the maximal differential structure in M. Let some U € {U,},
denoted by (zi,...x,) the coordinates of U and by {6%1, s %ﬂ} the associated
bases to the tangent space of z(U), we define

y:UxR"—TM, by

- 0
Y(T1, ey Ty U, - ty) = (2(27, '"’x">’zui8x-)’ (uy,..up) € R™
i=1 v

Geometrically this means that we are taking as coordinates of a point (p,v) € T'M
the coordinates xi,...,x, of p together with the coordinates of v in the bases
{8%1, 91 and {(U, x R", y,)} is the differentiable structure of TM.

ceey 8In

Definition 1.1.6 Let M be a differentiable manifold. We say that M 1is ori-
entable if M admits a differential structure {(U,, x4)} such that:

1. For every pair o, 3, with x,(Uy) Nx5(Us) = W # &, the differential of the
change coordinates :pgl o x, has positive determinant.

Now let M; and M, be differentiable manifolds and let ¢ : M} — M, be a
diffeomorphism. Then M, is orientable if and only of M, is orientable. If addi-
tionally, M; and M, are connected and are oriented, ¢ induces an orientation on
M, which may or may not coincide with the initial of Ms. In the first case, we say
that ¢ preserves the orientation and in the second case, that ¢ reverses the
orientation.

Example
Let the unit sphere of dimension n defined by:

n+1
Qn = {(.Z'l,. .. ,ZL’n_;,_l) € Rn—i_l,zxf = 1} C Rn+1
i=1
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is orientable. Indeed, Let N = (0,...,0, 1) be the north pole and S = (0,...,0,—1)
the south pole of $". Define a mapping m : $" — {N} — R" (called Stere-
ographic projection from the north pole) that takes p = (z1,...,2,11) €
$" —{N} into the intersection of the hyperplane x,; = 0 with de lane that passes
through p and N.

X;
| N=(0,0,1)
e P
y P >
X
/', \.
2 S
./, \-\
AT \ps |0 2%
// PN r -~ 3
y x \
x,
\
N ’/'
\\ \\ ’//
g \ J
i \ g
—
S§=(0,0,-1)

Stereographic projection from de north and south poles in the hyperplane x, = 0

It verify that
T L,

).

The mapping 7 is differentiable, and injective maps from $" — { N} into the
hyperplane z,.1 = 0. The stereographic projection my : $" — {S} — R" from the
south pole onto the hyperplane z,,; = 0 has the same properties.

W1($1,...,xn+1):<1_x+17"'71_m+1
n n

Therefore, the family {(R",7; "), (R",7;")} is the differentiable structure on
$". Observe that intersection 7y '(R™) N7y '(R™) = $" — {N, S} is connected,
thus 5" is orientable and the family given determines an orientation of $".

1.1.4 Vector fields, brackets

Definition 1.1.7 A vector field X on a differentiable manifold M is a correspon-
dence that associates to each point p € M a vector X(p) € T,M. In terms of
mappings, X is a mapping of M into tangent bundle TM. The field is differen-
tiable if X : M — T'M s differentiable.

We denotes by X(M) the set of all vector fields of class C*.

Considering a parametrization z : U C R™ — M we can write

X() = Y alp)s-

=1
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where each a; : U — R is a functions on U and {%} is the basis associated to x.

Lemma 1.1.1 Let X andY be differentiable vector fields on a differentiable man-
ifold M. Then there ezist a unique vector field Z such that, for all f € D(M),

Zf = (XY - YX)J,

where D(M) is the set of all differentiable functions on M.

The vector field Z given by this lemma is called the bracket of X and Y noted
(X,Y]=XY -YX.

The bracket operation has the following properties :

Proposition 1.1.4 If XY and Z are differentiable vector fields on M, a,b are
real numbers, and f,qg differentiable functions, then :

a) [X,)Y]=—[Y,X] (anti-commutativity),
b) [aX +bY,Z] =a[X, Z] +b]Y,Y]| (linearity),
c) [[X,Y],Z]+ (Y, Z], X]+[[Z,X],Y] =0 (Jacobi identity),
d) [fX,gY] = fglX. Y]+ fX(9)Y — gV (f)X.
Definition 1.1.8 Let M differentiable manifold,

1. Hausdorff axiom : Given two points of M there exist neighborhoods of
these two points that do not intersect.

2. Countable basis axiom : M can be covered by a countable number of
coordinate neighborhoods (we say then that M has a countable basis).

1.2 Riemannian manifolds

For the remainder of this section, the differentiable manifolds considered will be
assumed to be Hausdorff spaces with countable bases. ”Differentiable” will signify
"of class C*”, and when M™ = M denotes a differentiable manifold, n denoted
the dimension of M (for more details of this section see [DC92, GHL80))
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1.2.1 Riemannian metric and isometry

A Riemannian metric on an open set U of R" is a family positive definite quadric
forms on R"” , depending smoothly on m € U. The general definition is not
fundamentally different.

Definition 1.2.1 A Riemannian metric (or Riemannian structure) on a
differential manifold M s a smooth and positive-definite section g of the bundle
S2T*M of the symmetric bilinear 2-forms on M.

Let x : U C R® — M is a system of coordinates in a local chart around a point
p € M, with x(z1, 29, -+ ,2,) = q € z(U).

And ( ai)( : be the coordinate vector fields. Let u,v € T, M with
i/ (1<i<n

= 0 = 0
u = ;“"axiq and v = ;viaxilq.

Then g,(u,v) =3, ; gij(q)u;v;, where

P
gl] q _g ax”q’&l’”q .

We will denoted g =}, ; g;j dv; ® dx;, or shortly

.3

Theorem 1.2.1 There exists at least one Riemannian metric on any manifold M.

Remark 1.2.1 1. This definition does not depend on the choice of coordinate
system.

2. Another way to express the differentiability or the Riemannian metric is to
say that for any pair of vector fields X and Y, which are differentiable in a
neighborhood V' of M, the function g(X,Y') is differentiable on V.

3. We note sometime < ., . >, a Riemannian metric at p.

Definition 1.2.2 A differentiable manifold with a given Riemannian metric will
be called a Riemannian manifold, noted (M, g).
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After introducing any type of mathematical structure, we must introduce a notion
of when two objects are the same.

Definition 1.2.3 Let M and N be Riemannian manifolds. A diffeomorphism
f:M — N (that is, f is a differentiable bijection with a differentiable inverse) is
called an isometry if :

(u,v) = {dfy(u), dfp(v)) sy, Jor allp € M, u,v € T,M. (1.1)

Definition 1.2.4 Let M and N be Riemannian manifolds. A differentiable map-
ping f: M — N is a local isometry at p € M if there is a neighborhood U C M
of p such that f : U — f(U) is a diffeomorphism satisfying (1.1).

It is common to say that a Riemannian manifold M 1is locally isometric to
a Riemannian manifold N if for every p € M there exists a neighborhood U of p
in M and a local isometry f: U — f(U) C N.

Definition 1.2.5 Let (M,g) be a Riemannian manifold. (N,h) is a Rieman-
nian submanifold of (M, g) if :

1. N s a submanifold of M.

2. for any p € M, h, is the restriction of g, to T,N.

Proposition 1.2.1 Let M"™ and N™™™ differentiable manifolds and f : M™ —
N™™ 4s an immersion. If N has a Riemannian structure < . , . > , then f
induces a Riemannian structure on M by defining

(u,v),, = (dfy(u), dfp(V) (), for allp e M, u,v € T,M.

This metric on M is then called the metric induced by f, and f is an isometric
immersion.

1.2.2 Affine connection and Riemannian connection

A vector field Y on R” can be seen as a smooth map from R"™ to itself. the deriva-
tive of Y at p € R" in the direction v € T,R™ is the vector D,Y.v = d,Y.v. If X is
another vector field, the derivative of Y at p in the direction X, will be D,Y.X,,.
This yields, when p goes through R", the vector field dY (X).

It is clear that for any f € C*(R"), dY(fX) = fdY(X), and d(fY)X =
df (X)Y + fdY(X). Furthermore, an explicit computation (using coordinates)
shows that dY'(X) —dX(Y) = [X,Y].

On the manifold, there is no natural way to define the directional derivative of a
vector field. the job is done by connections.
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Definition 1.2.6 An affine connection V on a differentiable manifold M is a

mapping :
YV X(M) x X(M) — X(M)

which is denoted by (X,Y) Y VxY and which satisfies the following properties :
1. VixsgrZ = fVxZ + gVyZ,
2. V(Y + Z) = VxY + VxZ,
3. Vi (fY) = X())Y + fVyY,

in which X,Y,7Z € X(M) and f,g € D(M).

This definition is not as transparent as the Riemannian structure. the following
proposition, nevertheless,

Proposition 1.2.2 Let M de a differentiable manifold with affine connection V.
There exists a unique correspondence which associates to a vector field V along the
differential curve ¢ : I — M another vector field 2Y G V. along ¢, such that :

a) 2(V+ W) =LY 4 D

b) B(fV) =4V + [
where W is a vector field along ¢ and f a differentiable function on I.

c) If V is induced by a vector field Y € X(M),i.e.,V(t) =Y (c(t)), then
DV

dt

t

vdc

dt
Remark 1.2.2 The last line ¢) of the proposition, make sense, since VxY (p)
depends on the value of X (p) and the value Y along a curve, tangent to X at p.

In effect, part 3) of the definition 1.2.6 allows us to show that the notion of affine
connection is actually a local notion. Choosing a system of coordinates (xy,- -+ ,x,)

about p € M and writing
i J

where X; = 32, Setting
Vx, X, = ZF Xy, (1.2)

we conclude that the I’fj are dzﬁerentmble functzons and that

ViV = Z (Z zy T+ X (y )) Xz,
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Definition 1.2.7 Let M de the differentiable manifold with an affine connection
V. A vector field V along a curve ¢ : I — M 1is called parallel when % =0, for
allt e 1.

Proposition 1.2.3 Let M be the differentiable manifold with an affine connection
V. Let ¢ : I — M be the differentiable curve in M and let Vi be a vector tangent
to M at c(to), to € I (i.e. Vo € TopgM). Then there exist a unique parallel vector
field V' along ¢, such that V(ty) = Vo, (V(t) is called the transport parallel of
V(to) along c).

Definition 1.2.8 A connection V on a differentiable manifold M is torsion-free
(sometimes called symmetry), if for all X,Y € X(M)

VxY — VyX — [X,Y] =0.

Remark 1.2.3 For any connection V on a differentiable manifold M, it can be
easily checked that the map

T:(X,)Y)—= VxY —-VyX —[X,Y]
defines a tensor. This tensor is called the torsion of the connection V.

Theorem 1.2.2 (Levi-Ciita). Given a Riemannian manifold (M, g), there exist
a unique affine connection V on M satisfying the conditions :

1. V 1is with torsion-free :

VxY — VyX — [X,Y] =0.

2. V is compatible with the Riemannian metric g i.e. :

Xg(Y,Z) = g(VxY,Z) + g(y, Vx Z),

where X, Y, Z are vector fields on M.

Definition 1.2.9 The connection given by the theorem will be referred to, from
now on, as the Levi-Civita (or Riemannian) connection of the metric g on
M.

Locally in a coordinate system (U, z), it is customary to call the functions Ffj
defined on U in (1.2), the coefficients of the connection V on U or the the
Christoffel symbols of the connection.

If we put g;; = g(X;, X;). Since the matrix (g;;)1<i j<n admits an inverse (¢)1<; j<n,
we obtain that

1 o 0 0 0
m—=- o i — —— i km
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1.2.3 Induced connection ans second fundamental form

Let M™ an n-dimensional isometrically immersed in an m-dimensional Riemannian
manifold M™. We put m = n + p, p > 0. Since the discussion is local, we may
assume, if we want, that M is embedded in M.

We denoted by ¢ the Riemannian metric tensor field of M. Then the sub-
manifold M is also a Riemannian manifold with the Riemannian metric h given
by

MX,Y)=g(X,Y), for any vector feilds X,Y in M.
The Riemannian metric h on M is called the induced metric on M.

Throughout this, the induced metric h will be denoted by the same g as that
of the ambient manifold M to simplify the notation because it may cause no
confusion.

Definition 1.2.10 If a vector V of M at a point x of M satisfies g(X, V)=20
for any vector X of M in x, then V' is called a normal vector of M in M at x.
A unit normal vector field of M in M is sometimes called a normal section on
M.

NM denote the vector bundle of all normal vectors of M in M.

Remark 1.2.4 The tangent bundle of M, restricted to M, is the direct sum of
the tangent bundle TM of M and the normal bundle NM of M in M

TM =TM ® NM.

We denote by V the operator of covariant differentiation on M.

Lemma 1.2.1 Let X andY be vector fields on M and let X and Y be extension
of X and Y, respectively. Then [X,Y]|r is independent of the extensions and

(X, Y]|m = [X, Y],
and (VY )|y is also independent of the extension.
We denote (VY )|y by VxY. We put
VxY =VxY +h(X,Y), (1.3)

where VxY and h(X,Y) are, respectively, the tangential and normal components
of ? XY.

Proposition 1.2.4 From the previous equation, we have

1. V is the operator of covariant differentiation with respect to the metric on
M and define an affine connection on M.
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2. h is bilinear symmetric in X and Y .

3. V has no torsion and Vg = 0. Since V has no torsion

VxY —VyX — [X,Y] =0, VxY -VyX - [X,Y]=0

Definition 1.2.11 We call the Riemannian connection V the induced connec-
tion and h the second fundamental form of M (or the immersion ().
For each point x € M, h(X,Y) at x depends only X, and Y.

Proposition 1.2.5 Let V' be a normal vector field on M and X,Y wector fields
on M. we put B
VxV =—-Ay X + DxV, (1.4)

where —Ay X, DxV are, respectively, the tangential component and the normal
component of VxV, then

1. —Ay X and DxV are differentiable vector fields on M.

2. Ay X is bilinear in V and X and Ay X at x € M depends only on V, and
X,.

3. g(h(X,Y),V) = g(Av X, Y).

A is called the associated second fundamental form to h or the Weingarten
operator.

Definition 1.2.12 We have the first set of basic formulas for submanifolds, namely,

VxY =VxY +h(X,Y), (1.5)
VxV = -Ay X + DxV. (1.6)

The first formula is called the Gauss formula,
the second formula is called the Weingarten formula.

We give now some fundamental definitions relative to the Gauss formula and the
Weingarten formula.

Definition 1.2.13 Let V a normal vector field on M and X,Y wvector fields on
M

)

1. 'V is said to be parallel in NM, or simply parallel, if

DxV =0 foral X € X(M).
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2. A submanifold M 1is said to be totally geodesic if the second fundamental
form vanishes identically,that is h = 0 or equivalently A = 0.

3. If Ay is everywhere proportional to the identity transformation I, that is,
Ay = al for some function a, then V is called an umbilical section on
M, or M is said to be umbilical with respect to V.

4. If the submanifold M is umbilical with respect to every local normal section
of M, then M 1is said to be totally umbilical.

Let {ey, -+ ,e,} be an orthogonal basis in T,M in each point x € M.

5. The mean curvature vector i of M is defined by

1 n
— Trh here Trh =Y (e, e;),
p=_Trh, where Tr (e:,€;)

i=1
with is independent of the choice of a basis.

6. If p =0, then M is said to be minimal,
LS e =0
= - €i,€;) = U.
" i=1

Proposition 1.2.6 Any submanifold M which is minimal and totally umbilical is
totally geodesic.

1.2.4 Geodesic, curvature

In what follows, M will be a Riemannian manifold, together with its Riemannian
connection.

Definition 1.2.14 A parametrized curve v : I — M is a geodesic at tg € I if
% (fl—Z) =0 at the point ty;

If v is a geodesic at t for all t € I, we say that v is a geodesic.

If l[a,b) C I and v : I — M is a geodesic, the restriction of gamma to |a,b] is

called a geodesic segment joining v(a) to v(b).

Theorem 1.2.3 If X is a vector field on the open set V' in the Riemannian man-
ifold M and p € M then there exist an open set Vo C V, p € Vi, a number § > 0,
and a C™ mapping ¢ : (—0,0)xVy — V such that the curvet — (t,q), t € (—0,9),
1s the unique trajectory of X which at the instant t = 0 passes through the point
q, for every q € Vj.
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The mapping ¢, : Vo — V given by ¢.(q) = ¢(t, q) is called the flow of X on V.

Lemma 1.2.2 There exist a unique vector field Y on T M whose trajectories are
of the form t — (y(t),~'(t)), where ~y is a geodesic on M.

Definition 1.2.15 The curvature R of a Riemannian manifold M is a cor-
respondence that associates to every pair X,Y € X(M) a mapping R(X,Y) :
X(M) — X(M) given by

R(X,Y)Z:VXVYZ—V}/V)(Z—V[XA/]Z, A Gf(M),
where V is the Riemannian connection of M.
Observe that if M = R"™, then R(X,Y)Z =0 for all X,Y,Z € x(R").

Proposition 1.2.7 The curvature R of a Riemannian manifold M has the fol-
lowing properties :

1. R is bilinear in X(M) x X(M), that is,

R(fX1 +gX2,Y) = FR(X = 1Y) + gR(X,,Y)
R(X, fYi + gY2) = FROX, Y1) + gR(X, Ya),

where f?gED(M)7 XquaXQaYa}/hYQE%(M)'

2. For any X,Y € X(M), the curvature R(X,Y) : X(M) — X(M) is linear,
that is,
RX.Y)(fZ+gW) = fR(X,Y)Z + gR(X, Y)W,

where f,g € D(M), Z,W € X(M).
3. (Bianchi identity)
R(X,Y)Z+R(Y,Z)X +R(Z,X)Y =0, foral X,Y,Z € X(M).
For now on, we shall write g(R(X,Y)Z,T) = R(X,Y,Z,T), for all X,Y,Z, T €

Proposition 1.2.8 The curvature R of a Riemannian manifold M has the fol-
lowing properties :

a. R(X,Y,Z,T)+R(Y,ZX,T)+R(Z,X,Y,T)=0,
b. R(X,Y,Z2,T)=-R(Y,X,2,T),
c. R(X,Y,2,T)=- R(X,Y,T,Z),
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d. R(X,Y,Z,T)= R(Z,T.X,Y),
for all X,Y,Z. T € X(M).

It is convenient to express what was seen above in a coordinate system (U, z) based
at the point p € M. Let us indicate, as usual, == = X;. We put

R(X;, X;) Z R X1

Thus Rﬁjk are the components of the curvature R in (U,z). Which by a direct
calculation yields

S S S a S
= Zrl rs, Zr Lt 5 sz 3o, T
If we write the vector fields in the local coordinate
X=>uX;, Y= vX;, Z=> wX,,
i j k
we obtain, from the linearity of R,

R(X,Y)Z =) Rlyuvw*X,.

i,5,k,l

1.2.5 Tensors on Riemannian manifolds

The notion of curvature is a particular case of of the idea of a tensor, which
is a useful object in differential geometry. we present here a rapid introduction
to the study of tensors on a Riemannian manifolds. The idea of a tensor is a
natural generalization of the idea of a vector field, an important point being that
analogously to vector fields, tensors can differentiated covariantly.

For what follows it is useful to observe that X(M) is a module over D(M), that
is, X(M) has a linear structure when we take as ”scalars” the elements of D(M).

Definition 1.2.16 A tensor T of order r on a Riemannian manifold M is a
D(M)-multilinear mapping

T:X(M)x---xX(M)—D(M)
rfa\crtors
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A tensor T is a pointwise object in a sense that we now explain. Fix a point
p € M and let U be a neighborhood of p in M on which it is possible to define
vector fields Ey,--- , E, € X(M), in such a fashion that at each point ¢ € M, the
vectors {E;}, i =1,--- ,n, form a basis of T,M. We say, in this case, that {E;} is
a moving frame on U. Let

Yi=Y yiEi, Y, => y, By, foriy- i, =1--n,
i1=1 ir=1
be the restrictions to U of the vector fields Y;,--- Y}, expressed in the moving
frame {E;}.By linearity
T(}/la T 73/7’) - Z yil yer(E’LU e 7Eir)
Examples :
1. The curvature tensor
R:X(M)xX(M)xX(M)xX(M)— D(M)
(X,Y, Z,T)— R(X,Y,Z.T)=g(R(X,Y)Z,T).
It is easy to verify that R is a tensor of order 4.

2. The metric tensor
g:X(M)xX(M)— D(M)
(X,Y) — g(X,Y) = g(X,Y).

g is a tensor of order 2 and its components in the frame {X;} are the coeffi-
cients g;; of the Riemannian metric in the given system of coordinates.

3. The Riemannian connection
V:X(M)xX(M)xX(M)— D(M)
(X.Y, Z) — V(X,Y, Z) = g(VxY, Z),
is not a tensor, because V is not linear with respect to the argument Y.

Definition 1.2.17 Let T be a tensor of order r. The covartant differential
VT of T is a tensor of order (r + 1) given by

VT(YL ’Y;,Z> :Z(T(Yi, ,Y'T))
—T(VYh, V) = = T(Ya, o, V),

For each Z € X(M), the covariant derivative V zT of T relative to Z is a tensor
of order r given by

VZT(Ka 73/7") :VT(Yia 7}/;"72)
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We give now a abstract definition of a Killing vector field in a Riemannian manifold
and a theorem to use it. (for detail of this definition see [YK84] pages 40-42)

Definition 1.2.18 Let M a Riemannian manifold, a vector field X on M is called
a Killing vector field if a local 1-parameter group of local transformations generated
by X in a neighborhood of each point of M consists of local isometries.

Theorem 1.2.4 Let (M, g) a Riemannian manifold and X a vector field on M,
then X is Killing vector field if and only if

(Lx) (Y, Z) = g(Vy X, 2Z)+ g(VzX,Y) =0,  foralY,Z e X(M)

where Lx is a Lie differentiation with respect to X.

1.3 Contact manifolds and almost contact man-
ifolds

In this chapter we give the basic definitions and properties concerning contact
and almost contact manifolds given by a contact structure and the almost contact
structure, (for more details see Books : D.E.Blair [Bla76], S.Kobayashi-K.Nomizu
[KN69] and K.Yano-M.Kon [YK84]).

1.3.1 Contact manifolds

Definition 1.3.1 Let M?"*! be a smooth manifold of dimension 2n+1. A smooth
1-form n in M is called a contact form if

nA (dn)" #0, everywhere on M,

where (dn)" = dn A --- A dn, n-factors.
A smooth manifold M?*"*1 together with the 1-form n is called a contact man-
ifold and we noted it (M*"1 n).

Proposition 1.3.1 Let M?"*! a contact manifold with contact form n
1. nA(dn)™ is a volume element of M, so that a contact manifold is orientable.
2. dn has rank 2n on the Grassmann algebra \ TyM at each point p € M.
3. there exist a vector field & satisfying
dn(¢, X) =0, n(&) =1, for all X € X(M).

€ is called the characteristic vector field (or Reeb vector field) of the
contact structure 7.
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Figure 1.1: The standard contact structure in R?.

1.3.2 Almost contact manifolds

Definition 1.3.2 Let M be a 2n-+1-dimensional manifold and @, &, n be a tensor
field of type (1.1), a vector field, a 1-form on M respectively. If @, & and n satisfy

the conditions

n) =1,
P’ X = —X +n(X)¢

for any vector field X in M, then M said to have an almost contact structure

(p,&,m) and is called an almost contact manifold.
Theorem 1.3.1 Suppose M*"*! has a (p, €, n)-structure. Then

pE=0, mow=0, ranky=_2n,

Proposition 1.3.2 Every almost contact manifold M***' admits a Riemannian

metric tensor field g such that

n(X) = g(X, ),
9(pX,pY) = g(X,Y) = n(X)n(Y),

for all X, Y € X(M).

We say that M?"*! has an almost contact metric structure (¢, &, 7, g) and
M is called almost contact metric manifold. ¢ is called a compatible metric.

Proposition 1.3.3 FEvery almost contact manifold is orientable.



1.3. ALMOST CONTACT MANIFOLDS 21

Remark 1.3.1 For a manifold M?***' with an almost contact metric structure
(p,&,m,9) we can also construct a useful local orthonormal basis. Let U be a
coordinate neighborhood on M and X, any unit vector field on U orthogonal to
&, Then Xy 1s a unit vector field orthogonal to both X, and &. Now choose a
unit vector field Xy orthogonal to &, X1 and ¢ X1. Then X5 is also a unit vector
field orthogonal to &, X1, X1 and Xs. Proceeding in this way we obtain a local
orthonormal basis {X;, X, &}, called a p-basts.

Definition 1.3.3 For an almost contact metric structure (¢,&,n,g) on a manifold
M2+ we put

O(X,Y) =g(X,pY), for all X,Y € X(M).
We call ® the fundamental 2-form of the almost contact metric structure.

Theorem 1.3.2 Let M be a 2n + 1-dimensional manifold with contact structure
n. Then there exists an almost contact metric structure (v,&,n,9) on M such that

g(X, YY) =dn(X.,Y), for all X, Y € X(M).

This structure is called a contact metric structure associated to n and a
manifold with a structure is called a contact metric manifold.

Proposition 1.3.4 An almost metric structure with ® = dn is a contact metric
structure.

1.3.3 Torsion tensor of almost contact manifolds

Let M be a (2n + 1)-dimensional almost contact manifold with almost contact
structure (¢,&,n). We consider a product manifold M x R, where R denotes a
real line. Then a vector field on M x R is given by (X, f(%)), where X is a vector
field in M, t the coordinate of R and f a function on M x R. We define a linear
map J on the tangent space of M x R by

J (X,f%) = (s@X—ff,n(X)%) :

Then we have J? = —I and hence J is an almost complex structure on M x R.
(for definition and properties of almost complex structure see [Bla76, YK84]).
The almost complex structure J is said to be integrable if its Nijenhuis tensor
[J, J]| vanishes, where a Nijenhuis torsion is defined by :

(L J)(X,Y) = X, Y]+ [JX,JY] - J[JX,Y] - J[X, JY].

We can see the other notation for Nijenhuis tensor in the literature, exp: N; in
the book of Yano-Kon [YK84].
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Definition 1.3.4 If the almost complex structure J on M x R is integrable, we
say that the almost contact structure (p,&,n) is normal.
And wee define the Nienhuis torsion [, @] of ¢ by

[0, )(X,Y) = @[ X, Y] + [0X, 0Y] — p[pX, Y] — [ X, ¢Y].

Proposition 1.3.5 The almost contact structure (¢,&,n) of M is normal if and

only if
[p, ] +2dn® &§ = 0.

1.3.4 Sasakian manifolds and cosymplectic manifolds

Definition 1.3.5 Let M be a (2n + 1)-dimensional contact metric manifold with
contact metric structure (p,&,m,g). If the normal metric structure of M is normal,
then M is said to have a Sasakian structure (or normal contact metric
structure) and M is called a Sasakian manifold (or normal contact metric

manifold).

We denote by V the operator of covariant differentiation with respect to g. then
we have

Theorem 1.3.3 An almost contact metric structure (v, &,n, g) on M is a Sasakian
structure if and only if

(Vxp)V = g(X,Y)E —n(Y)X,
where X, Y are vector fields on M.
Proposition 1.3.6 Let M a Sasakian manifold, then
1. R(X,Y)§ =n(Y)X —n(X)Y,
2. R(X, Y = —g(X,Y){+n(Y)X,
where R denotes the Riemannian curvature of M and X,Y € X(M).

Theorem 1.3.4 Let M?"*! be a Riemannian manifold admit a unit Killing vector
field &. Then M is a Sasakian manifold if and only if

R(X,§Y = —g(X,Y)§ +n(Y)X.

For the notion of cosymplectic structure there are at least three definitions in
the literature, we give here just one, (for the other definitions see [Bla76]).
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Definition 1.3.6 Let M be a (2n+1)-dimensional manifold with a normal almost
contact metric structure (¢,&,n,g), then M have a cosymplectic structure if n
and ® are closed.

M with cosymplectic structure is called a cosymplectic manifold.

Theorem 1.3.5 An almost contact metric structure (v,&,n,9) is cosymplectic if
and only if ¢ is parallel. i.e. :

Vxp=0, forall X eX(M).

1.3.5 Hypersurface of almost Hermitian manifolds

For the notions of Hermitian, almost Hermitian, complex, almost complex, Kaehler
and nearly Kaehler structures there are a lot of literature, we direct a readers to
see [Bla76, YK84, Hub05] and others.

Let M?"*2 be an almost Hermitian manifold with structure (J,G) and Rie-
mannian connection V. Let ¢ : M1 — M?"+2 be a C™ orientable hypersurface
and C' a unit normal. The induced metric g is given by

9(X,Y) =G(1.X,uY), for all X, Y € X(M),
And its Riemannian connection V is governed by the Gauss-Weingarten equations

V.xt:Y =.VxY +h(X,Y)C,

VL*XO = —L*HX,

for all X,Y vector fields in M?"*1 where h denotes the second fundamental form
and H the corresponding Weingarten map.

Y .Tashiro [Tas63] showed that the almost Hermitian structure (J, G) on M?"+2
induces an almost contact metric structure (¢, &,n,g) on a hypersurface A"
given by

Ju. X = 1,0X +1n(X)C,
JC = —1,&,

where X is a vector field on M?"*! and ¢ the induced metric.

1.3.6 Nearly Sasakian manifolds

The notion of nearly Sasakian was be used for the first time by Blair, Showers
and Yano, in 1975 into their paper [BSY76]. There is very few literature on this
subject, we can see some propriety in the book of Blair [Blal0).

All the proofs of this subsection are in the previous paper.
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Definition 1.3.7 Let M?"*! be an almost contact metric manifold with the struc-
ture (p,&,1,9), this structure is said to be nearly Sasakian structure if

(Vx@)Y +(Vyp)X = —29(X,Y)§ +n(X)Y +n(Y)X, (1.7)

or, s equivalently,
(Vxe)X = —g(X, X)§ +n(X)X, (1.8)

for all vector fields X,Y .
An almost Contact metric manifold with a nearly Sasakian structure is called
nearly Sasakian manifold.

Proposition 1.3.7 On a nearly Sasakian manifold the vector field & is Killing.
It follows from [BSY76] and [YK84] that
(Vep)§ =0, ¢Vel=0, V=0, Ven=0. (1.9)

Theorem 1.3.6 For a nearly Sasakian structure normality is equivalent to contact
metric. In particular a normal nearly Sasakian structure is Sasakian.

In [BSY76] the authors prove the following theorem, in which, they give the condi-
tion so that the hypersuface of the nearly Kahler manifold has an nearly Sasakian
structure :

Theorem 1.3.7 Let M be a hypersurface of a nearly Kaehler manifold M2,
Then the induced structure on M is nearly Sasakian if and only if

WX, Y) = g(X,Y) + (h(£,§) = Dn(X)n(Y), (1.10)

for all X,Y wectors fields in M*"*1, where h denotes the second fundamental form.

1.3.7 Nearly cosymplectic manifolds

The notion of nearly cosymplectic was be used for the first time by Davis E. Blair
in 1971 into his paper [Bla71].

Definition 1.3.8 Let M?"*! be an almost contact metric manifold with the struc-
ture (¢,€,m,9), this structure is said to be mearly cosymplectic structure if
whose tensors are Killing field and :

(Vxp)X =0, or (Vxp)Y + (Vyp)X =0, (1.11)

for all vector fields X,Y, and V denotes covariant differentiation with respect to
the Levi Chwita connection of g.
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Theorem 1.3.8 Let M?" a nearly Kaehler manifold and M?"~' a C* orientable
hypersurface. Let (¢,&,n,g) denoted the induced almost contact metric structure
on M*=1. Then ¢ is Killing if and only if the second fundamental form h is
proportional to n & 1.

On a nearly cosymplectic manifold we know that the vector field ¢ is Killing. In
[Bla71] the author proved the theorem:

Theorem 1.3.9 Let M*" a nearly Kaehler manifold and M**~' a C* orientable
hypersurface. Letn denote the induced almost contact form and suppose the second
fundamental form h is proportional to n @ n. Then n is Killing and in particular,
on M=t it is nearly cosymplectic.

1.4 Cayley algebra on R’

We give a brief exposition of the multiplication on the Cayley number, we refer
the reader to [DV96] for more details.

The multiplication on the Cayley numbers may be used to define a vector cross
product on the purely imaginary Cayley numbers R” using the formula

uxv=1/2(uv —vu), (1.12)
while the standard inner product on R is given by
(u,v) = —=1/2(uv + vu). (1.13)

It is easy to check that

u X (uxv)=—(u,u)v+ (u,v)u,

<U’ XU, u X ’lU> = (u,u><v,w> - <u,v>(u,w>.
An ordered orthonormal basis, ey, e, ..., e7 is called a Go-frame if

€3 =€1 X €y, €e5=¢€1 Xeq, €g==~e€ Xe, e7=e3Xey. (]_]_4)
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Using the previously mentioned properties, it follows that the multiplication table
of a Gy frame is given by

(X[ er | ea [ e[ ea|es [ e | er |

€1 0 €3 —€9 €5 —€4 | —€7 €g

€9 || —€3 0 €1 €6 €7 —€4 | —€5

€3 €9 —€1 0 €7 —€g €5 —€4 (115)
€4 || —€5 | —€g | —€7 0 €1 €9 €3

es || es | —er| eg | —e1| 0O | —e3| €3

eg || er es | —e5 | —ey | es 0 | —e

€7 || —€g €5 €4 —€3 | —€2 €1 0

1.5 Complex projective space

In this section we give very short overview of the Complex projective space and
the Lagrangian submanifold. (see [KN69], Vol.II, P133-134 and [BG88], P102).

Definition 1.5.1

e The complex Grassmann manifold G, ,(C) of p-planes in C**? is the
set of p-dimensional complex subspace in CPTP with the structure of a complex
manifold.

e The group GL(p+q; C) acting in CP'P sends every p-dimensional subspace
into a p-dimensional subspace and hence can be considered as a transforma-
tion group acting on Gp,(C). The action is holomorphic and transitive.

Remark 1.5.1 The action of Gl(p + ¢; C) in CPTP is given by:
If Sy denoted the p-dimensional subspace spanned by the first p elements of the
natural basis of CP*P, then the isotropy subgroup at Sy is given by

H={(y ) ectwrany).

where 0 denoted the zero matriz with p columns and q rows. Thus G, 4(C) is the
quotient space GL(p+q; C)/H of the complex Lie group GL(p+q; C) by the closed
Lie subgroup H and the natural projection GL(p 4+ q; C) — G, 4(C)

Definition 1.5.2 The Grassmann manifold G, 1(C) is called an n-dimensional
complex projective space, denoted P, (C) or CP™.

We have a equivalent definition :
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Definition 1.5.3 We consider A = C"" /{0rigin)}- Two elements z and w in
A are equivalent if
Z~w S 2= w,

where A € C, It is straightforward to check that this is indeed an equivalence
relation.
We call the quotient space the complex projective space, denoted CIP".

The one-dimensional complex projective space,
i.e. the complex projective line.

1.5.1 Lagrangian submanifolds

The fact that CP" is an symplectic space, we use the definition of the Lagrangian
as a submanifold of the symplectic manifold, [Aud05]:

Definition 1.5.4 A Lagrangian submanifold of a symplectic manifold is a sub-
manifold the tangent space of which is, at any point, a maximal totally isotropic
subspace. If the symplectic form on the manifold W is denoted w and the inclusion
of the submanifold is

j:L—=W,

to say that L is a Lagrangian is to say that 7*w =0 and L = %dim W.



Chapter 2

Surfaces in the nearly Sasakian
5-sphere

2.1 Nearly Sasakian structure on S°

In [BSY76] the authors show how to induce a nearly Sasakian structure on S°. In
order to do so, they look at S® as a hypersurface in S% equipped with its nearly
Kaehler structure. We have

5% s 8% RT, (2.1)
where S° is the unit sphere in R” with its cross product x induced by the Cayley
algebra. We denote by P the unit outer normal. It is well known that S° has a
nearly Kaehler structure with respect to the induced metric, we now consider S°
umbilically embedded in S® at a latitude of 45°, and with normal unit N such that
the second fundamental form A(X,Y) = g(X,Y). Then we see that the induced
structure on S° from the nearly Kaehler structure is nearly Sasakian. In this case
we have: for P € S°, V tangent vector to S° and N the normal vector of S° in S¢

1
P = _2(1‘171271‘3’1’{235,.@6,1'7),
1
N = _E(QZ'I,IQ,LU&—17$5,x6,x7)7

1
V= E(Ula Vg, U3, 07 Vs, Vg, U7)7

and £ and ¢ from the nearly Sasakian structure are respectively given by

¢=—PxN,
e(V) =P xV —n(V)N,
n(V)=«(V).

28
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With the cross product, we obtain that £ is given by

6 = (335,1‘6,1'7,0, —371,—.172,—553)- (22)

2.1.1 Totally real surfaces

Definition 2.1.1 Let M a surface of S° with nearly Sasakian structure, we say
that M is totally real submanifold of S® if for all P € M we have

Ee N,M o and  o(T,M) C N,M, (2.3)

where NpM and Tp M denote respectively the normal space and the tangent space
to M at the point P.

Let D be the standard Riemannian connection in R”. We denote the induced
connections in S6. 8% and M by the previously mentioned immersions, respectively
by V, V and V. Using the Gauss formula, we have

DxY =VxY — (X,Y)P,

VxY = VxY +h(X,Y)N,

VxY =VxY + h(X,Y),
where P denotes the position vector of the immersion of M into R7, and h, h are
the second fundamental forms of M and S° respectively, and X,Y are tangent

vectors fields on M.

It then follows that

DxY =VxY +h(X,Y)+h(X,Y)N — (X, Y)P. (2.4)
Ty M Np,M N, S5 NpS6
T, 55
7,55
T,R7

Remarks : As we have previously mentioned, a n-dimensional manifold of a
Sasakian manifold, for which ¢ is normal, is always anti-invariant, i.e. (TpM) C
NpM. In the following subsection we show that this result is no longer true in the
5-sphere with nearly Sasakian structure.
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2.1.2 2-sphere in the nearly Sasakian 5-sphere

[BS16]
We look at S?, which we parametrize in the usual way by

(cosB cos 1, sin O cos 1, sin).

We define a 1-parameter family of immersions in the nearly Sasakian
S5 C S%(1) C RT by

P = \%(cosacos@cosw, cosasinfcos, cosasiny, 1,

sina cos 0 cos 1, sinasinf cos, sinasiny),
where a is an arbitrary constant. We also get that

N = \%(COSQCOSQCOS@D, cos asinf cos, cosasiny, —1,

sina cosf cos ), sinasinf cosvy, sinasiny),
£ = (—sinacosfcosy, —sinasinfcost, —sinasiny, 0,

cos a cos 0 cos 1, cosasinf cos, cosasin).
In the case that £ is normal, we get that for all V- € TpM
n(V)=(¢,V)=0 and ¢(V)=PxW.

The tangent vectors of S? are

— cosasinf cos — cosacos fsin
cos a cos 6 cos Y — cosasin fsin

oP 1 8 oP 1 cosaocos¢
90 V2| _ sin a sin 6 cos Y o V2| sin a cos 6 sin ¢
sin a cos 0 cos Y —sinasinfsiny

0 sin a cos

With the cross product computations, we get that :

—v/2sinasinf cosy — %cos2acos€sin2w
cos 1 (\/§ sin a cos 6 — cos 2a sin 6 sin zb)

cos 2a cos? 1

oP P oP

1
o0y =Px S =2 0
09 09 2 COS @ COS 1) (\/ﬁsiHQ 4 2 sin a cos 6 sin w)

COS a Cos Y (2 sin asin @ sin 1) — v/2 cos 9)
—2cosacos?ysina
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cos2asin 6 — ﬁsinacos@sinzﬁ
— cos 2a cos ) — ﬂsinasin@sin@b

op orP 1 V2 sin a cos
w(%):PX%:§ 0
cosa (ﬁCOSQSinw — QSinasiné’)
cosa (2 sina cos + \/isinesinw)
—+v/2cosacosy

from which it follows that

oP oP opr oP

(p(55):6) =0, (e(57),8) =0, (o(57),0(57)) =0,

oy oy
oP. 0P oP_ 0P
<¢(g—§), g—f;) = —% cos 3a cos Y,

oP. OP 1
—),—) = —=cosa(l —2cos2a)cos.
G0 55 = 375 sl )cos v
So we see that for all of these examples £ is a normal vector to the immersion.
However p(T,M) ¢ N,M, unless a = +&+km,ora= 75+ km, where k € Z.

Therefore, in the nearly Sasakian case we define the notion of a totally real
submanifold by demanding that £ is normal and ¢(TpM) C NpM. So for the
immersions in our family which are totally real, i.e. when a = +% + k7 , or
a = 5 + km, we will now compute the second fundamental form. Note that in
this case, {¢(%), go(%), ¢} is a frame of normal space consisting of the mutually
orthogonal vectors.

Proposition 2.1.1 A totally real 2-sphere in an nearly Sasakian 5-sphere is al-
ways totally geodesic.

Proof
Therefore the second fundamental form of the immersion is given by

oP oP.  (ZE o)) ap  (ZE.e(8D) ap 2P

G ) = g+ ) + g€
oY

or op. (5E.e(%) op. (3E.e(%) op. &P

(%7 %) = W(ﬁ(%) + T‘P(%) + <6_w2’€>€’
oY
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oP oP_ (Za.e(%0) oP.  (ga.e(3D) op. P

(Sg @) = W@(%) ‘3—{; 5 @(%) + (m,

33

Before fixing a, straightforward computations, show that

0*’P 0P 0*P
<82_P (8_P)>_ *’P  OP o*pP
802 "\ 90

o?pP oP 0?P

<a_w2790(%)> <8_w27£> =0,

(m»@(%» = (W,Q =0,
and
0*P 0P 1 _
<W’S@(%)> =3 cosa(l — 2cos2a) cos” 1 sin ),
o*P 0P 1

= ———cosa(l —2cos2a)sin.

Then, if M is totally real we find

OP OP OP OP oP OP

h(%7%)_ (%7%)2 (%7%)

= 0.

Therefore we obtain our totally real surfaces S? which are totally geodesic in the
nearly Sasakian S°. U

2.2 Surfaces in the nearly Sasakian 5-sphere

[BS16]

In this subsection, M will always denote a totally real surface of the 5-dimension
nearly Sasakian sphere S° which we consider as a subset of R”. The structure of
M is, as previously, built with the immersions :

M < S° — S% < R". (2.5)
We now will give the important theorem of this section and his proof.

Theorem 2.2.1 A totally real surface of the nearly Sasakian S° is always mini-
mal.
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To prove this theorem, we divide it into three lemmas.

Lemma 2.2.1 Let M be a totally real surface of the 5-dimensional nearly Sasakian
sphere and let {u,v} be a local orthonormal basis of tangent vector fields on M.
Then {&, pu, v} is an orthonormal basis of the normal space N,M. Moreover a
basis of R7 is given by

u, U U v —N P
{ 9 9 5 ) Spv ) SO 4’ \ RN /} )
Ty M Ny M N, S5 N, 56

where we denote V' = @(V).

Proof :  We have £ = =P x N and pu = P x u—n(u)N. As n(u) = (u, &) =0, it
follows
E=—PxN, pou=Pxu, ov=PXxw.

Using the properties of the cross product we get :
<§7()0u> :<_P X N7P X U)Z— <P,P><N,U> + <P7N><P7u>7
(€, pv) =(=P x N, P xwv)=—(P,P)(N,v) + (P, N){P,v),
<(,0U, ()OU>:<P X u, P x U> :<P7 P><U,U> - <P7 u><P7 U>’

or u,v € TpM and N € NpM in S° then (N,u) =0 and (N,v) =0,
with the same reasoning we get (P,u) = (P,v) = 0. Then

(€, pu) =0,
(€, pv) =0,
(pu, pv) = 0.

thus £ Lou, €Lpv and pulpv and {& u, v} is an orthonormal basis of the
normal space N,M.

In order to be able to use the multiplication table for the cross product in R”
(1.15), we first remark that ¢ = —P X N = u X v and therefore

{u=ey, v=1e4, PXu=e3, Pxv=es5, E=e5, —N=e;,, P=e}

is a (G5 basis along the surface. 0

Lemma 2.2.2 On the surface M, for any tangent vector fields X,Y we have
h(X,Y)LE.
Moreover, we get in each point P in M:

(h(u,v), pv) = (h(v,v), pu),
<h(uv U)’ <pu> = <h(uv u)7 QOU>.
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Proof We know that £ is in the normal space of M in S°, from the lemma2.2.1,

we have that {u,v, &, pu, pv, —N, P} is an orthonormal basis of R”, then (u, &) =
(v,€) = 0 and we have

Dy(u, &) =0
— (Dyu, P x NY + {u, DyP x N+ {u, P x D,N) =0
= (V,u, P x N) + (h(u,v), P x N) + (u,v x N) + (u, P x v) =0
= (h(u,v),P x N) + (u,v x N) =0
= (h(u,0),P x N) + {ux v,N) =0

J/

-~ -~

Symmetric antisymmetric
=(h(u,v),P x Ny =0 and {(uxuv,N)=0,
=h(u,v) L.

Dy(u, &) =0
— (Do, P x N) + (t, DyP x N) + (u, P x D,N) =0
= (Vyu+ h(u,u) = N — P,P X N) + (u,u Xx Ny 4+ (u, P x u) =0
= (h(u,u), P x N),
=h(u,u) L&
Dy(v,§) =0 in the same
=h(v,v) LE.

Therefore h(X,Y) L&, for any tangent vector fields X and Y on M. Next using

that the immersion is anti-invariant, i.e. (u,pv) = 0 and (v, pu) = 0, we deduce
that:

Dy (u,pv) =0
(Dyu, P X v) + (u, D,P x v) 4+ (u, P X Dyv) =0
= (Vyu, P x v) + (h(v,u), P X v) + (u,v X v) + (u X P, Dyv) =0
= (h(u,v), P x v) — (h(v,v) = N — P,P x u) =0,
=(h(u,v), P x v) = (h(v,v), P X u).
Dy (v, pu) =0
(Dyv, P x u) + (v, D,P x u) + (v, P X Dyu) =0
= (Vyv, P xu) + (h(v,u), P x u) + (v,u X u) + (v X P, Dyu) =0
= (h(u,v), P x u) — (h(u,u) = N — P,P x v) =0,
=(h(u,v), P x u) = (h(u,u), P x v).

This completes the proof of the lemma. O
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Lemma 2.2.3 We have
Vouu=av, V,u=pv, Vyw=—-Fu V,v=—au,
where a and B are local functions on M.
Proof We have (u,u) = (v,v) =1 and (u,v) = 0. From
D, (u,u) = 2(Dyu,u) =0

we have

(Vuu—i-h(u,u) _N_P7u> =0
e (Vyu,u) = 0. Then

D,(u,u) =0 = V,u=auv, where a € F(M).

In the same way, we get that there exist local functions o/, 5 and ' on M such
that :

Dy(u,u) =0=V,u= v,
Dy{v,v) =0,=V,v=0adu,
D,(v,v) =0,=V,0=7"u.

Finally from D,{u,v) =0
Dy(u,v) =0
= (Vyu + h(u,v),v) + (u, Vo + h(v,v) = N — P) =0
= (Vyu,v) + (u, V,v) =0
= (Bv,v) + (u,a'u) =0,

we obtain that o/ = —f. In same from D, (u,v) =0, we get ' = —
This completes the proof of the lemma. O

Now we give the proof of the theorem 2.2.1.
Proof From lemmas 2.2.2 and 2.2.3, we have that h L £, therefore we get :

h(u,u) = aypu + agpv,  h(u,v) = bypu + bypv, h(v,v) = crpu + copv, (2.6)

where ay, as, by, ba, ¢1, co are local functions on M.
As £ = —P x N = u x v, we can compute the covariant derivative of £ in two
different ways. Indeed, we have that

D =Dy,(—P x N)=D,(u xwv).
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So, we see that

—Dy(PxN)=-D,PxN—-PxD,N=—-uxN-Pxu
=—Pxv—Pxu,

and

Dy,(uxv)=Dyuxv+ux Dy
= (Vyu+ h(u,u) — N — P) X v +u X (Vv + h(u,v))
=(av+aPxu+aPxv—N-—P)xv
+u X (—au+b P xu+byP xwv)
=(—ay —by)N + (—ag +b1)P — P xu— P Xwv.

From these equalities, we get (—a; — by) N + (—ag + b1)P =0, so
bl = Ay,
b2 = —aj.

Dy = Dy(—P x N) = D,(u x v) :>{

In a similar way, we obtain :

C1 = b27

Cy = —bl.

Finally we get

c1 = by = —ay,
Cy — —bl = —Aas.

Therefore we have h(u,u) = —h(v,v) i.e M is a minimal surface.

2.2.1 Minimal surfaces in the nearly Sasakian 5-sphere and

minimal Lagrangian submanifolds

In this section we give the relation of our minimal surface proved before, and
the minimal Lagrangian surface, for this we must go through several changes of

variables [BS16].

As indicated in the following proposition, we can further improve our choice of

basis.
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Proposition 2.2.1 Let M be a totally real surface of the nearly Sasakian sphere
S5. Then if necessary by restricting to an open dense subset there ewists a local
orthonormal frame {u,v} of M at each point P of M such that

Vouu=av, V,u=pv, Vyw=—-Fu, V,w=—au,
h(u,u) = aP X u, h(u,v)=—aP X v,

where a, B are the functions defined before and a is a function on this open dense
subset of M satisfying :

v(a) —u(B) +2a* —a? — 2 -2 =0,
o @)
u(a) = —30a,

First, note that if the immersion is totally geodesic on an open part, then we
can take a; = as = 0 (where a1, as are defined in (2.6)) and it follows from the
Gauss equation that the first equations in (2.7) is satisfied.

Else, by restricting to an open dense subset, we may assume that a? + a3 # 0.

Lemma 2.2.4 Let M be a totally real surface. In a neighborhood of a non totally
geodesic point of M, there exist a local function a such that the second fundamental
form h can be written as

h(u,u) = apu, h(u,v) =—apv, h(v,v) = —apu,
where {u,v} is the frame of M at each point P of the neighborhood.

Proof Using a rotation of the orthonormal frame, we write

U =cosfu—sinfv,
V =sinfu + cos v,

where 0 is a differentiable function. Then we have
h(U,U) :Alp X U+A2P>< V.

We now want to find a function # such that A, vanishes.
First we compute h(U,U) :

h(U,U) = h(cosfu — sinfv,cosfu — sinfv)
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= cos? 0 h(u,u) + sin? @ h(v,v) — 2cos f sin 6 h(u,v)

As
h(u,u) = arpu + azpv,  h(u,v) = agpu — a1pv,  h(v,v) = —a1pu — agpv,
we get :
h(U,U) = (ai(cos® § — sin® §) — 2a4 cos @sin )P x u
+ (az(cos® § — sin?#) + 2a; cos Osin ) P x v.

We have
PxV =sinfP xu+cosfP xuv

and Ay = (L(U,U),P x V) =0, or

Ay ={(a1(cos* @ — sin* @) — 2a, cos fsin )P x u
+ (az(cos® § — sin? 0) + 2a; cos sin§) P x v,sin P x u + cos 0 P x v).
=(a1(cos* @ — sin? @) — 2a, cos O sin H) sin 6
+ (ag(cos® @ — sin® @) + 2a;, cos O sin §) cos 6

=ay sin 0(3 cos® 6 — sin® 0) + a, cos f(cos® @ — 3sin” §),
then
Ay = aysin 30 + ay cos 30 = 0.

As by assumption a; and as do not both vanish, we see that it is sufficient to take
f such that a a

2—12 and sin 360 = 2—22

ay + aj ajy + aj

and take a = A;. O

cos30 = —

Using the previous lemma, we complete the proof of proposition 2.2.1.
Proof Using the frame vectors along our surface, we can compute the curvature
tensor of R7. So, we take X and Y tangent vector fields to the surface and for Z
we take any vector field belonging to our frame of R7. As the connection on R is
flat, we have that

R(X,Y)Z = DxDyZ — DyDxZ — Dixy,Z = 0.

Using lemma 2.2.3 and 2.2.4 and Gauss formula, straightforward computations in
the nearly Sasakian case show that

R(u,v)P = D,D,P — D,D,P — Dy, ,,P
=Dy —Dyu—D_qy_p, P
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V0 b, ) — (Tau+ hu,v)) — (au — Bv)
=—au—aP xXv—pv+aP X +au+ v
= 0.

At the same we get :

R(u,v)u = (u(B) — v(a) — 2a®> + o* + %+ 2)v
+ (Baa —v(a))P x u+ (—3fa —u(a))P x v,
R(u,v)v = (—u(B) +v(a) +2a* — o — 5% — 2)u
+ (=38a — u(a))P x u+ (—3aa +v(a))P X v,
R(u,v)(P x u) = (—3aa +v(a))u + (3Ba + u(a))v
+ (u(B) —v(a) — 2a®> + a* + >+ 2)P x v,
R(u,v)(P xv) = (3fa +u(a))u + (3aa — v(a))v
+ (—u(B) +v(a) + 2a* — a* — B> — 2)P x u,
R(u,v)(P x N) = 0.

We deduce that :
v(a) —u(B) +2a* —a? — 2 —-2=0,

v(a) = 3aa,
u(a) = —3pa.

Note that, as we are working with the Levi Civita connection, we have that

v, u](f) = v(u(f)) = u(v(f)) = (Vou = Vuo)(f),

where f is an arbitrary function. With these two ways of computing the Lie bracket
for the function a, we deduce that

—45v(a) — 4au(a) — 3v(B)a — 3u(a)a = 0.

From this equation, we obtain v(3) + u(a) = 0.
This completes the proof of the proposition. O

In order to relate our surfaces to minimal Lagrangian surfaces in the com-
plex projective space, we will use this proposition in order to introduce suitable
coordinates on the surface.

Theorem 2.2.2 Let M be totally real surface of the 5-dimension sphere S° with
nearly Sasakian structure, then around each non totally geodesic point, M locally

corresponds to a minimal Lagrangian in the complex projective space CP? with the
group SU(3).
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Proof We have the differential system (2.7) :

v(a) —u(f) +2a* —a? - 2 —-2=0,
o(8) +u(a) =0,

v(a) = 3aa,

u(a) = —30a

As we are working on a neighborhood of a non totally geodesic point, we have that
a # 0. We define a function p on M by p = a~3. It then follows that

{u(lnp) =0, u(p) = pp,

or equivalently
v(lnp) = —a, v(p) = —pa.

Computing now V,,pu and V ,,pv, we get :

Vpupu = pVypu

= p(v(p)u+ pVyu)
= puv(p)u+ p*Bu
— —pPau+ B,
vpupv - pu(p)v - p2au
= p*Bv — p*au.
Hence
[ou, pv] = 0.
This implies that there exist local coordinates x and y on M such that
0 d 0
— =pu an — = puv.
or " dy P
It now follows that L9 L 8
u=-— and v=-——, (2.8)
p Oz p Oy
10 10
- _ - “ d = ——(p). 2.9
=y (p) and f p 5 P) (2.9)

We compute v(«) and u(f) :
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Replacing it all in the equation v(a) — u(8) — a® — % + 2a* — 2 = 0,

v(a) — u(B)—a? — B% + 2a% — 2
—% (a%(p))Q - %aa—;(p) + % (8%(,0))2 - %aa—;(p)
— (—%%(p))z - (%(%(p))z —2(p")" -2,

it reduces to the following differential equation :

— pAp + (%(M)z + (%(M)Q +2p7% = 2p" = 0. (2.10)

52 )

where A is the Laplace operator (i.e. A = 6‘9—; + 52

If we write now p = e¥, the differential equation (2.10) become :
o, N . (0,.\
—pA — — 2072 —2p*
p p+(ax(/})) +<ay(p)) +2p p
0 (0 ?
= A (83:(€¢)) i (ay(e¢)) +267 - 25,
using that p = e¥, we get :

{a%(p) = Z()e?, Z(0) = (£W) e
a% 2 )

5 (P) = 5,(W)e”, . o (0) = (ay(¢)>2€

and the differential equation, it reduces to :
2AY — 4™ + 4e* = 0.

In this last equation, applying the change of coordinates 1) = v + d, where d is
constant gives :
2Ny — de e 4 4e2e® = 0.

For d = —1In 2, we get the final equation :
20y — 6de ™ + e =0, (2.11)

with v = —%lna—i-an.
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The differential equations (2.11) is elliptic equations of Titeica type of the form:
2AY + eQ%e M + N = 0.

Using the classification in [LM13] for both cases, we obtain that our surface M is
minimal Lagrangian in CP? with SU(3) group.
This completes the proof of the theorem. O

We give an example of totally real surfaces which are not totally geodesic in
S5, equipped with the nearly Sasakian structure .

Example 3 :
We consider the sphere S° equipped with the nearly Sasakian structure constructed
before, and the surface M defined by the position vector :

P—
cos(\/i(a:—y))Jrcos( 2+4++/3z+ 2—\/§y) +cos<m§x+m§y>

2sin(v2(z—y) ) +(1+v3) sin( 243+ 32 \/§y)+ (v3-1) sm(\/_ac—l-\/r)

62

zcos(\/a(x_y))+(¢§_1)cos(\/ﬁx+ o \/§y) (14v8) cos( V2 VBr4v/24 By )

1S

[\

sin(V2(z—y)) - sm(\/_ J_)+SIn(J_z+W)
_2cos(\/§( ~(14v8) cos(( V213 \/_) (v3-1) cos( V2 Var4v/24 By )
—2sin(V2(z—y))+(V3-1) sm( \/_) (1+\[)sm(\/_m+\/T)

We prove that this surface is totally real in S® but not totally geodesic. In fact, we
find from the construction of this example that a = 1 and the second fundamental
form h is given by

h(u,u) = pu, h(u,v) = —pv, h(v,v) = —pu.
then M is minimal and no totally geodesique.
For all totally real surface M we have that

1 1
P = (CE‘l,IQ,ZE371,$5,I67[E7), N:—ﬁ(xl,xg,x;;,—1,x5,x6,x7),

V2
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then, we can write

1
N = —(x1,29,23,1, 25,26, 27) = K — P,
\/5( 1, T2, T3 5, L6, T7)
where K = \%(0, 0,0,1,0,0,0). For all function f in the surface M we get

= (Vyu + h(u,u) + g(u,u)N — P)(f)
= (apu + (K = P) = P)(f)

= Pxulf)—2P(f) + K

=[x fu-2[+K

with a same computing, we obtain

fuv:_fxf_v7
fvv:_fxfu—€f+K,

and
fuuu:_gfu+ka> fvvv:_va_ka'

By a direct calculation we obtain that our surface satisfies all these equations, then
it is a totally real surface.



Chapter 3

Surfaces in the nearly
cosymplectic 5-sphere

3.1 Nearly cosymplectic structure on S°

In [Bla71] the author show how to induce a nearly cosymplectic structure on S°. In
the same way as last chapter, in order to do so, they look at S® as a hypersurface
in S% equipped with its nearly Kaehler structure. We have

% e SO RT, (3.1)

where S° is the unit sphere in R” with its cross product x induced by the Cayley
algebra. We denote by P the unit outer normal. It is well known that S° has a
nearly Kaehler structure with respect to the induced metric, we now consider S°
as a totally geodesic hypersurface of S® with the above nearly Kaehler structure,
and with normal unit N such that the second fundamental form A is vanished.
Then we see that the induced structure on S° inherited from the nearly Kaehler
structure is the nearly cosymplectic. In this case we have: for P € S°, V tangent
vector to S° and N the normal vector of S° in S¢

P= (3;1’1’2’1'370,1'5,55671'7),
N: <O, 0707170’070)7

V= (Ula V2, U3, 07 Us, Vg, U7)7

and £ and ¢ from the nearly Sasakian structure are respectively given by

¢=—PxN,
p(V) =P xV —=n(V)N,
n(V) = (& V).

44
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With the cross product, we obtain that £ is given by

6 = (_-775,_.736,_.737,0,1'1,1'27333). (32)

3.1.1 Totally real surfaces

Definition 3.1.1 Let M a surface of S° with nearly cosymplectic structure, we
say that M is totally real submanifold of S® if for all P € M we have

§€N,M and @(T,M)C N,M, (3.3)

where NpM and Tp M denote respectively the normal space and the tangent space
to M at the point P.

Let D be the standard Riemannian connection in R”. We denote the induced
connections in S6. 8% and M by the previously mentioned immersions, respectively
by V, V and V. Using the Gauss formula, we have

DxY =VxY — (X, Y)P,
VxY = VyY,
VxY =VxY + h(X,Y),

where P denotes the position vector of the immersion of M into R” and h is the
second fundamental forms of M, and X,Y are tangent vectors fields on M.

Remark 3.1.1 There is not a normal component of S° on S°.

It then follows that

DxY =VxY +h(X,Y)— (X, Y)P. (3.4)
Tp,M NpM N, 86
Tps;:erS6
T,R7

Remarks : As the same as the nearly Sasakian case, if £ is normal then the surface
M is not always anti-invariant, i.e. p(TpM) C NpM. In the following subsection
we show it.
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3.1.2 2-sphere in the nearly cosymplectic 5-sphere

[BS16]
We look at S?, which we parametrize in the usual way by

(cosB cos 1, sin @ cos 1), sin).

We define a 1-parameter family of immersions in the nearly cosymplectic
S5 c S%(1) C RT by

P = (cosacosfcost, cosasinf cost), cosasiniy,0,

sina cos 0 cos 1), sinasinf costp, sinasiny),

where a is an arbitrary constant. We also get that

N =(0,0,0,1,0,0,0),
¢ = (sinacosfcost, sinasinfcosy, sinasiny, 0,

— cosacosfcostp, —cosasinfcost, —cosasiny).
In the case that £ is normal, we get that for all V- € TpM
n(V)=(¢V)=0 and ¢V)=PxV.

The tangent vectors of S? are

— cos asinf cos — cos a cos fsiny
cos a cos fa cos — cos a sin 0 sin Y
op 0 op COS @ cos 1
w | |
—sinasinf cos —sina cos 0 sin ¢
sin a cos 0 cos ¥ —sinasinfsiny
0 sin a cos Y

With the cross product computations, we get that :

—2sin asin # cos Y — cos 2a cos 6 sin 21)
2 cos ¢)(sina cos @ — cos2asin @ sin 1))

op ap 1 2 cos 2a cos? 1)
plog)=Px55=5 0
2 cosacostp(2sinacosfsiny + sinh)
—2cosacos(cosh — 2sinasinfsin )
—4 sin a cos a cos?
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2 cos2asinf — 2sina cos 0 sin ¢
—2cos2acos — 2sinasinfsiny
2sina cos
0
2cosa (cosfsiny — 2sinasin b))
2cosa (2sinacosf + sinfsin )
—2cosacosy

OF L OP
Pow’ =" "oy

N | —

from which it follows that

(P58 =0 (el5.). =0, (ol el =0
(55 ) =0 (e(50). 50) =0
(cp(aa—];), g—i) = %cos a(2cos2a — 1) cosp,

oP., OP

1
(@(%), %) = —5 08 a(2cos2a — 1) cos .

So we see that for all of these examples ¢ is a normal vector to the immersion.
However p(T,M) ¢ N,M, unless a = 5+ km,ora==+%+km, where k € Z.

Therefore, in the nearly cosymplectic case we define the notion of a totally
real submanifold by demanding that ¢ is normal and ¢(TpM) C NpM. So for
the immersions in our family which are totally real, i.e. when a =  + km , or
a = +% + km, we will now compute the second fundamental form. Note that in
this case, {90(%—1;), gp(g—i), ¢} is a frame of normal space consisting of the mutually
orthogonal vectors.

Proposition 3.1.1 A totally real 2-sphere in an nearly cosymplectic 5-sphere is
always totally geodesic.

Proof
Therefore the second fundamental form of the immersion is given by

oP oP.  (ZE (%)) P +<%ﬁm<§—i>> oP. &P

(%, %) = W@(@) g—f: 5 (31/1) (5 502 )6,
oP or. (35.0(%) op. (5E.e(3) op. o°P
h(@7 @) = WSO(%) + ?‘290(%) + <8—¢2,€>€7
orP 0P (Zmse(%5) op.  (Zan.e(9R) op.  o°pP
(%,%)Wﬂ%) T@(aw <808w’5>5'
?
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Before fixing a, straightforward computations, show that

0*’P 0P 0P
PP OP PP 0P PP
802 "\ 90

o?pP oP 0?P

<8—W,s&(%)> = <6_w2’5> =0,

and
0*P 0P 1 _—
<W’ 90(%)) = 5 cos a(2cos2a — 1) cos® ¢ sin,
o0?P oP

= ——cosa(2cos2a — 1)sin.

<M7 90(%» 5
Then, if M is totally real we find

OP 0P, OP 0P, 0P 0P,
00" 00 00" oy’ o o

h(

Therefore we obtain our totally real surfaces S? which are totally geodesic in the
nearly cosymplectic S°. O

3.2 Surfaces in the nearly cosymplectic 5-sphere

[BS16]

In this subsection, M will always denote a totally real surface of the 5-dimension
nearly cosymplectic sphere S® which we consider as a subset of R7. The structure
of M is, as previously, built with the immersions :

M < 8% — S% < R". (3.5)
We now will give the important theorem of this section and his proof.

Theorem 3.2.1 A totally real surface of the nearly cosymplectic S° is always
mainimal.

To prove this theorem, we divide it into three lemmas.

Lemma 3.2.1 Let M be a totally real surface of the 5-dimensional nearly cosym-
plectic sphere and let {u,v} be a local orthonormal basis of tangent vector fields on
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M. Then {&, pu, pv} is an orthonormal basis of the normal space Ny,M. Moreover
a basis of R7 is given by

u, U U v —N P
{u, NESRE RN LA )\ )
Ty M Ny M N, S5 N, 56

where we denote V' = ¢(V).

Proof : We have £ = —P x N and pu = P x u—n(u)N. As n(u) = (u,&) =0, it
follows
E=—PxN, pu=Pxu, ¢v=PXw.

Using the properties of the cross product we get :
<£7(pu> (—PXN,qu):—(P,P><N,u>+<P,N)(P,u>,

(&, pv)y =(—P x N,P xv)y=— (P, P)(N,v) + (P, N)(P,v),
(pu, pv)y=(P x u, P x v) =(P, P){u,v) — (P,u){P,v).

or u,v € TpM and N € NpM in S°, then (N,u) = 0 and (N,v) = 0,
with the same reasoning we get (P, u) = (P,v) = 0. Then

(€, pu) =0,
(€, v) =0,
(pu, pv) = 0.

thus £ Lou, €Lpv and pulpv and {& u, v} is an orthonormal basis of the
normal space N,M.

In order to be able to use the multiplication table for the cross product in R”
(1.15), we first remark that { = —P x N = u X v and therefore

{u=ey, v=1e4, PXu=e3, Pxv=es5, E=e5, —N=e;,, P=e}
is a (G basis along the surface. O
Lemma 3.2.2 On the surface M, for any tangent vector fields X,Y we have

h(X,Y)LE.

Moreover, we get in each point P in M :
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Proof We know that £ is in the normal space of M in S%, from the lemma 3.2.1,

we have that {u,v, &, pu, pv, —N, P} is an orthonormal basis of R”, then (u, &) =
(v,€) = 0 and we have

(Dyu, P x NY + (u, DyP x N) + (u, P x D,N) =0

= (V,u, P x N) + (h(u,v), P x N) + (u,v x N) + (u, P x v) =0
= (h(u,v), P x N)
\

+ (u,v x NYy =0
= (h(u,v), P x N)+ (ux v,N) =0
Symmetric antisymmetric
=(h(u,v),P x Ny =0 and {(uxuv,N)=0,
=h(u,v) L.

Dy(u, &) =0
— (Do, P x N) 4 {1, DyP x N) + (u, P x D,N) =0
= (Vyu+ h(u,u) — PP x N+ (u,u x N) + (u, P x u) =0
= (h(u,u), P x N),
=h(u,u) L&
Dy(v,§) =0 in the same
=h(v,v) LE.

Therefore h(X,Y) L&, for any tangent vector fields X and Y on M. Next using

that the immersion is anti-invariant, i.e. (u,pv) = 0 and (v, pu) = 0, we deduce
that:

Dy (u,pv) =0
(Dyu, P x v) + (u, D,P x v) 4+ (u, P X Dyv) =0
= (Vyu, P x v) + (h(v,u), P X v) + (u,v X v) + (u X P, D,yv) =0
= (h(u,v), P x v) — (h(v,v) — P,P x u) =0,
=(h(u,v), P x v) = (h(v,v), P X u).
Dy (v, pu) =0
(Dyv, P x u) + (v, D,P x u) + (v, P X Dyu) =0
= (Vyuv, P x u) + (h(v,u), P x u) + (v,u X u) + (v X P, D,yu) =0
= (h(u,v), P x u) — (h(u,u) — P, P x v) =0,
=(h(u,v), P x u) = (h(u,u), P x v).

This completes the proof of the lemma. O
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Lemma 3.2.3 We have
Vouu=av, V,u=pv, Vyw=—-Fu V,v=—au,
where a and B are local functions on M.
Proof We have (u,u) = (v,v) =1 and (u,v) = 0. From
D, (u,u) = 2(Dyu,u) =0

we have

<Vuu+h(uau) _P7u> =0
e (Vyu,u) = 0. Then

D,(u,u) =0 = V,u=auv, where a € F(M).

In the same way, we get that there exist local functions o', 5 and ' on M such
that :

Dy(u,u) =0=V,u= v,
Dy{v,v) =0,=V,v=0adu,
D,(v,v) =0,=V,0=7"u.

Finally from D, (u,v) =0
D,(u,v) =0
= (Vyu+ h(u,v),v) + (u, Vyo + h(v,v) = P) =0
= (Vyu,v) + (u,V,u) =0
= (Bv,v) + (u,a’u) =0,

we obtain that o/ = —f. In same from D, (u,v) =0, we get ' = —
This completes the proof of the lemma. O

Now we give the proof of the theorem 3.2.1.
Proof From lemmas 3.2.2 and 3.2.3, we have that h L £, therefore we get :

h(u,u) = aypu + aspv,  h(u,v) = bipu + bapv,  h(v,v) = crpu+ copv, (3.6)

where ay, as, by, ba, ¢1, co are local functions on M.
As £ = —P x N = u x v, we can compute the covariant derivative of £ in two
different ways. Indeed, we have that

D =Dy,(—P x N)=D,(u xwv).
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So, we see that

—Dy(PxN)=-D,PxN=—-uxN
=—P xu,

and

Dy(u xv) = Dyu X v+ux Dyw
= (Vyu+ h(u,u) — P) x v +u x (Vv + h(u,v))
=(aw+ a P xu+aP xv—P)xXv+uxX(—au+b P Xxu+bP Xv)
= (—a; —by)N 4+ (—as + b;)P — P x v.

From these equalities, we get (—a; — by) N + (—ag + b1)P = 0, so
bl = G2,
bg = —aq.

D& = Dy(—P x N) = Dy(u x v) = {

In a similar way, we obtain :
G = b27
Cy = _bl-

Finally we get

c1 = by = —ay,
Cy = —b1 = —as.

Therefore we have h(u,u) = —h(v,v) i.e M is a minimal surface. O

3.2.1 Minimal surfaces in the nearly cosymplectic 5-sphere
and minimal Lagrangian submanifolds

In this section we give the relation of our minimal surface proved before, and
the minimal Lagrangian surface, for this we must go through several changes of
variables [BS16].

As indicated in the following proposition, we can further improve our choice of
basis.

Proposition 3.2.1 Let M be a totally real surface of the mearly cosymplectic
sphere S®. Then if necessary by restricting to an open dense subset there erists a
local orthonormal frame {u,v} of M at each point P of M such that

Vouu=av, V,u=pv, Vyw=-pFu V,v=—au,
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h(u,u) = aP xu, h(u,v)=—aP X v,

where a, B are the functions defined before and a is a function on this open dense
subset of M satisfying :

v(a) —u(B) +2a* —a?— 2 —1=0,
0 e o

First, note that if the immersion is totally geodesic on an open part, then we
can take a; = as = 0 (where ay, as are defined in (3.6)) and it follows from the
Gauss equation that the first equations in (3.7) is satisfied.

Else, by restricting to an open dense subset, we may assume that a? + a2 # 0.

Lemma 3.2.4 Let M be a totally real surface. In a neighborhood of a non totally
geodesic point of M, there exist a local function a such that the second fundamental
form h can be written as

h(u,u) = apu, h(u,v) =—apv, h(v,v) = —apu,
where {u,v} is the frame of M at each point P of the neighborhood.

Proof Using a rotation of the orthonormal frame, we write

{Uzcos@u—sin@u,

V =sinfu+ cosf v,
where 6 is a differentiable function. Then we have
h(U,U) = AP x U+ AP x V.

We now want to find a function # such that A, vanishes.
First we compute h(U,U) :
h(U,U) = h(cosfu — sinf v, cos @ u — sinf v)
= cos® 0 h(u,u) + sin® @ h(v,v) — 2cos 6 sin 6 h(u, v)
As

h(u,u) = ajpu + agpv,  h(u,v) = aspu — ajpv, h(v,v) = —apu — apv,
we get :

h(U,U) = (ay(cos® § — sin® §) — 2ay cos §sin ) P x u
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+ (az(cos® § — sin? ) 4 2a; cos Osin ) P x v.

We have
PxV=sinfPxu+cosfP xuv

and Ay = (L(U,U),P x V) =0, or

Ay ={(a;(cos® @ — sin* @) — 2a, cos fsin )P x u
+ (ag(cos? @ — sin? @) + 2a, cos fsin )P x v,sin P x u + cos P x v).
=(a1(cos? @ — sin? @) — 2a, cos fsin §) sin 6
+ (ag(cos® @ — sin® @) + 2a; cos O sin ) cos 6

=ay sin 0(3 cos® 6 — sin® 0) + a, cos O(cos® § — 3sin” §),
then
Ay = aysin 30 + ay cos 360 = 0.

As by assumption a; and as do not both vanish, we see that it is sufficient to take
f such that a s

5 3 and sin 360 = SO )

ay + aj ajy + aj

and take a = A;. O

cos30 = —

Using the previous lemma, we complete the proof of proposition 3.2.1.
Proof Using the frame vectors along our surface, we can compute the curvature
tensor of R”. So, we take X and Y tangent vector fields to the surface and for Z
we take any vector field belonging to our frame of R7. As the connection on R is
flat, we have that

R(X,Y)Z = DxDyZ — DyDxZ — Dixy|Z = 0.

Using lemma 3.2.3 and 3.2.4 and Gauss formula, straightforward computations in
the nearly Sasakian case show that

R(u,v)P = D,D,P — D,D,P — Dy, ,,P
=Dy — Dyu— D_gy—p, P
= Vv + h(u,v) = (Vyu + h(u,v)) — (au — fv)
=—au—aP X v— v+ aP X +au + (v
= 0.
At the same we get :

R(u,v)u = (u(B) — v(a) — 2a*> + o + B> + 1)v
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+ (Baa —v(a))P x u+ (—=3fa —u(a))P x v,
R(u,v)v = (—u(B) + v(a) +2a* — a® — B* — 1)u
+ (=38a — u(a))P x u+ (—3aa + v(a))P X v,
R(u,v)(P x u) = (—3aa +v(a))u+ (3Ba + u(a))v
+ (u(B) —v(a) —2a*> +* + >+ 1)P x v,
R(u,v)(P xv) = (3fa +u(a))u + (3aa — v(a))v
+ (—u(B) +v(a) + 2a* — a* — B = 1)P x u,
R(u,v)(P x N) =0.
We deduce that :
v(a) —u(f) +2d* —a? -2 —-1=0,
v(a) = 3aa,
u(a) = —3fa.

Note that, as we are working with the Levi Civita connection, we have that

[v, u](f) = v(u(f)) —u(v(f)) = (Vou = Vu0)(f),

where f is an arbitrary function. With these two ways of computing the Lie bracket
for the function a, we deduce that

—45v(a) — 4au(a) — 3v(B)a — 3u(a)a = 0.

From this equation, we obtain v(3) + u(a) = 0.
This completes the proof of the proposition. O

In order to relate our surfaces to minimal Lagrangian surfaces in the complex
projective space, we will use this proposition in order to introduce suitable coor-
dinates on the surface.

Theorem 3.2.2 Let M be totally real surface of the 5-dimension sphere S° with
nearly cosymplectic structure, then around each non totally geodesic point, M lo-

cally corresponds to a minimal Lagrangian in the complex projective space CIP?
with the group SU(3).

Proof As in the nearly Sasakian case, we have the differential system (3.7) :

v(a ()+2a —a?—-p2-1=0,
v(B) + u(e) =

v(a) = 3aa,
(

)
u(a) = —3fa.

) =
)+
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As we are working on a neighborhood of a non totally geodesic point, we have that

a # 0. We define a function p on M by p = a~%. It then follows that

u(p) = pp,

or equivalently { )
v(p) = —pa.

Computing now V,,pu and V ,,pv, we get :

Voupu = pVypu
= p(v(p)u+ pVyu)
= pu(p)u+ p*Bu
— —pPau+ p*B,
Voupv = pu(p)v — p*au
= p*Bv — p*au.
Hence
[pu, pv] = 0.

This implies that there exist local coordinates x and y on M such that

9 aad 2
or " oy P
It now follows that
10
u=-—-— and v=-——,
pOx p Oy
0 0
= ——— d = ——
=55y (p) and  f=—=-(p)

We compute v(a) and u(f) :

=2

v(a) = ——
(@) p Oy p

10 270, \ 18
w8) =220 =22 () + 55z0)
Replacing it all in the equation v(a) — u(8) — a® — %+ 2a* — 1 = 0,

v(a) —u(B)—a? — B +2a* — 1

:% (a%(p))Q - %aa—;(p) + % (a%(p))z - %aa—;(p)
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(E20) - (Aaw) 271

it reduces to the following differential equation :

— pAp+ (a%(p)f + (%(ﬂ))2 +2p72—pt=0. (3.10)

where A is the Laplace operator (i.e. A = 5?—; + 50—;2)~

If we write now p = e¥, we get :

{%(p) — %(wkﬂ aa_;(P) = (%(1@)
a% 9

so=gwe. M Ee=(w)

and the differential equation (3.10) become :

) 2 ) 2
—pAp + (%(p)) + (8—y(p)) +2p7% = 2p"
) 2 ) 2
=—eVA(e?) + (£(6¢)> + (a—y(e”’)> +2e7 — et
it reduces to :

2N — de™ W 4 2% = 0.

In this last equation, applying the change of coordinates 1) = v + d, where d is
constant gives :
2Ny — de M 4 2727 = (.

For d = —% In 2, we get the final equation :
20y — 16 + €% =0, (3.11)
with v = —%lna + %an.
The differential equations (3.11) is elliptic equations of Titeica type of the form

2AY 4 eQ%e W + \e?¥ = 0.
Using the classification in [LM13] for both cases, we obtain that our surface M is
minimal Lagrangian in CP? with SU(3) group.
This completes the proof of the theorem. U
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We give an example of totally real surfaces which are not totally geodesic in
S5, equipped with the nearly cosymplectic structure .

Example 3 :
We consider the sphere S° equipped with the nearly cosymplectic structure con-
structed before, and the surface M defined by the position vector :

% <2 cos (\/§x> coS (%) + cos (ﬂy))
%sin <\/§x> cos <%)

. %\/5 (cos (\/iy) — cgs <\/§x) cos (\%))
% (sin (ﬂy) — 2cos <\/§x> sin (\%))
—\/gsin <\/§a:> sin (\%)
$V/2sin (\%) <cos (\/gx) + 2cos (\%))

We prove that this surface is totally real in S® but not totally geodesic. In fact, we
find from the construction of this example that a = \/Li’ p =26 and the second
fundamental form h is given by

1 1 1

Ecpu, h(u,v) = —Egov, h(v,v) = —Egou.

then M is minimal and no totally geodesique.
For all totally real surface M we have that

h(u,u) =

P = ($1,I2,[E370,CE’5,$6,$7)7 N = (070707]-’07070)7
For all function f in the surface M we have
= (Vuu + h(u,u) = P)(f)
= (apy — P)(f)

1
= EP xu(f) = P(f)

1
Efxfu_f‘

with a same computing, we obtain

1
fuv = _Ef X fva
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1
fvv:_ﬁfxfu_f7

and

3

fuuu = 3

1 1
2fu7 fvvv:__fuva_ifv‘

V2

By a direct calculation we obtain that our surface satisfies all these equations, then
it is a totally real surface.
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Chapter 4

Preliminaries

We begin by recalling some fundamental definitions and proprieties of affine ge-
ometry, and affine hypersurface. We cant refer the reader for this chapter to the
Nomizu-Sasaki books [NS94], and Li, Simon, Zhao, Hu books [LSZH15].

Most of the materiel here can be recalled in the first chapter - part I of this
thesis, or from the standard references on geometry and on differential geom-
etry; basically we shall suppose that the reader is familiar whit the terminol-
ogy in manifold theory, and also the affine geometry in the euclidean spaces.
[Bla76, GHL80, KN69, YK&4].

4.1 Affine space

Definition 4.1.1 Let V be a real n-dimension vector space. A non-empty set ()
it said to be an affine space associated to V if there exist a mapping

OQxQ—=V

denoted by
(p,q) €EAXQ =Dl eV

satisfying the following axioms :
1. for any p,q,r € ), we have pr = + qf;

2. for any p € Q and for any x € V there is one and only one q € Q) such that
z = pq.

Example 4.1.1 Let V' be a real vector space of dimension n. Consider V as a set
and, for (p,q) € V x V, define x = P to be the vector ¢ — p € V.. In this way, V
becomes an n-dimensional affine space.

61
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Example 4.1.2 In particular, let V' be the standard real n- dimensional vector
space R™. Then regard it as an affine space in the manner of the last example.
We call it the standard n-dimensional affine space.

Definition 4.1.2 An affine coordinate system with origin o € Q can be defined as
follows. Let {ey,...,e,} be the basis of V.. For any point p € 2 we write

@ = Z xi(p>€i7

where (x'(p), ..., 2" (p)) is the uniquely determined n-tuple real numbers, called the
coordinates of p.
The set of functions {x',... 2"} is called an affine coordinate system.

If we have two affine coordinate systems {z!,..., 2"} and {y*,...,y"}, then they
are related by

where A = [a?] is a non-singular n x n and ¢ = [¢] is a vector.

This relation may be expressed by the equation
y = Ax + ¢,

or in its expanded matrix form

(1)=(5 ) (1)

We now define the notion of affine transformation. Let f : {2 — Q be a one-to-one
mapping of 2 onto itself. Foe each p € Q we deffine a mapping £, : V — V as
follows. for each z € V| let r € 2 be uniquely determined point in €2 such that
17 = x. Then we set

Definition 4.1.3 We say that [ is an affine transformation if, for certain
p € Q, the map F, is a linear transformation of V' onto itself (and it is non-
singular, since it is one-to-one together with f).

In this case, if follows that for any point q € 2 the map Fy coincides with F),.

We can therefore call this map the associated linear transformation and de-
note it simply by F.
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Let {z',..., 2"} be an affine coordinate system with origin o and based on a basis
{61, ceey en}.

Let {y',...,y"} be the affine coordinate system with origin f(0) and based on the
basis {F(e1), ..., F(e,)}. Then we have :

yi(f(p)) = x5(p) for peq.

We can write the relationship between the coordinate system {z!, ... 2"} and
{y',...,y"} in the form :

mi:Zbéyqudi, 1<i<n.
j=1

Definition 4.1.4 A non-empty subset Q' of Q is called an affine subspace if,
for a certain point p € ', the set of vector {]ﬁ , q € QY of Q form a vector subset
W of V.. In this case, p in the condition can be replaced by any point of Q' with
same vector subspace W resulting.

The dimension of an affine subspace is, by definition, the dimension of the associ-
ated vector space.

4.2 Affine differential geometry

In this subsection we give the foundation of the study of the affine geometry, we
begin by this example in the euclidean space (see[NS94])

Example 4.2.1 Let an affine space §2, with corresponding vector space V.
Given two points p,q € €2, the line pq in a 1-dimensional affine subspace

{rEQ:ﬁ:t@, fort € R}

We now consider the standard real affine space 2 = R™ as an n-dimensional
differential manifold. For each point p € R™ we may identify the tangent space
1,00 = T,R"™ with a vector space V =R".

This means that we consider each x € V' as a geometric vector placed at p, that is,
@ interpreted as the pair of initial point p and end point q.

Furthermore, we consider x € V as a vector field that assigns to each p € 0 a
tangent vector P4 determined by x.

Geometrically, all these vectors determined by x are parallel. From the construction
of an affine coordinate system {x',... x"}it follows that 0/0z' as a vector field
corresponds to e;, where {ey, ... ey} is a basis of V' on which the affine coordinate
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system 1s based.

We now consider the notion of parallel volume element in €2 = R™. First we fix
the volume element w in the vector space V= R"™. This is nothing but a non-zero
alternating n-form; once an orientation of V' is fized, it is determined up to positive
constant factor.that is, for avry oriented basis {ey,...,e,}, the value w(ey, ..., e,)
can be assigned to be an arbitrary positive number c, with determines w uniquely.
A volume element w in V' determines a volume element on the manifold ), that
18, a non-vanishing differential n-form denoted by the same letter w, such that :

P P R
Ozt Qam ) 7

where the vector fields %, cee é?xi” correspond to eq,...,e, as explained above.

It obvious that w(Xy,...,X,) = w(Y1,...,Y,) if each Y; € T,R™! is parallel to
X; € T,R™. Hence w is said to be parallel.

Definition 4.2.1 Once a parallel volume element s fixed in affine space €2, an
affine transformation f is said to be equiaffine (or unimodular) if it preserves
the volume element, that is the associated linear transformation F preserves the
corresponding volume element in V.

The geometry of submanifolds of an affine space is called affine differen-
tial geometry. We study the properties that is invariant under the group of
affine transformations, just as Kuclidean differential geometry is the geometry of
submanifolds of Euclidean space in which we study de properties invariant under
Euclidean isometries.

In affine differential geometry, particularly important in the study of properties
invariant under equiaffine transformations.

4.2.1 Affine connections

In this section, we summarize the basic notions concerning affine connections (see
[NS94)).

Let M be a differentiable manifold of class C'*°. When we want to emphasize its
dimension, we write M™. the mast convenient to define the notion of an affine (or
linear) connection is through covariant differentiation of a vector field with respect
to another.

We shell denoted by F (M) the set of all differentiable functions and by X(M) the
set of all smooth vector fields on M.

Definition 4.2.2 By a rule of covariant differentiation on M we mean a
mapping
V:iX(M)xX(M)— X(M)
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(X,Y) = VxY:=V(X,Y)

satisfying the following conditions :

VxiixY =V, Y +VyY, (4.1)
VexY = ¢VxY, (4.2)
Vx(Y1+Y) = VxY; + VxYs, (4.3)
Vx(9Y) = (X9)Y + ¢VxY, (4.4)

where X, X1, X2, Y, Y1,Ys € X(M) and ¢ € F(M). An affine connection on M
1s nothing but a rule of covariant differentiation on M and we denoted it by V.

An affine connection on M induces an affine connection on any open submanifolds
U of M in the natural way. In particular, if U is the coordinate neighborhood with

local coordinates {z!,..., 2"} then we may write
0 ", 0
g~ 2 g 4
k=1
where the system of functions Ffj (i,7,k = 1,...,n) are called Christoffel sym-

bols for the affine connection relative to the local coordinate system at hand.

4.2.2 Differential forms and tensor fields

In this subsection, we will give a brief introduction to the tensor fields, for more
details, we send the reader to Yano-Con books [YK84], Kobayashi-Nomizu books
[KN69] and Nomizu-Sasaki books [NS94]. Let M be a differentiable manifold, and
T,M a tangent space of M at each point p € M.

Definition 4.2.3 Let T;M be the dual space of the tangent space T,M at p.
An element of Ty M is called a covector at p. An assignment of covector at each
point p is called a 1-form or differential form of degree 1 .
For each function f for M, the total differential of f at p (denoted df,) is
defined by :

<dfyp, X >=Xf for X eT,M,
where <, > denotes the value of the first entry on the second entry as a linear
functional on T,M.

Let {z',...,2"} be a local coordinate system at p € M. Then {dx,, ..., dz}} form
a basis for T* M. They form the dual basis od the basis {2 |,, ..., 5% |,} for T,M.
In an neighborhood U of p, every 1-form w can be uniquely written as

w = i fjdxj,
j=1
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where f; are functions in U and are called the components of w with respect to
{a',.. . 2"}

The 1-form w is called differentiable form if all functions f; are differentiable.
This condition in independent of the choice of a local coordinate system. We shall
only consider differentiable 1-forms.

A 1-form w can be also as an F(M)-linear mapping of F (M )-module (we can
take the example of set of the vector field) X(M) into F(M). The two definitions
are related by

w(X)p =< wy, X, >, X e X(M)

If p is a point in M, we define 77 (p) as a set of all R-multilinear mappings of

T:T;Mx...xT;]\{x\Tpr...pr]\{%R

N~ h
r—times s—times

An element T of T7(p) is said a tensor field on M at p of type (r,s), this
tensor field K is said to be contravariant of degree r and covariant of degree s.
In particular, the tensor fields of type (0,0), (1,0) and (0,1) on M are just the
differentiable functions, the vector fields and the 1-forms on M, respectively. A
tensor fields are alternate.

The set of all tensor fields is denoted Q(M) :

QM)= > 17 and T(p)= > TI(p)

r=0, s=0 r=0, s=0

Let a tensor field T of type (r,s) and X € X(M). Then VxT is a tensor field
of same type (r,s). We may also regard VT as a tensor field of type (r, s+ 1), i.e
. a linear mapping

X € Xx(M) — VT.

Proposition 4.2.1 Let M differentiable manifold and T a tensor field of M, then
1. If K is an a covariant tensor field of degree s, that is a s-linear map
T:X(M)x...xX(M)— F(M)

then for all X, X1,..., X, € X(M) we have :

s

(VxT)(X1,..., X)) = X(T(X1,..., X,)) = > T(X1,...,VxXi,..., X,).

i=1
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2. If K is a tensor field of type (1,s), that is an s-linear map

T:X(M)x...xX(M)—X(M)
(VxT)(Xi,. .., X,) = Vx(T(X1,..., X)) — ZS:T(Xl, VX X,

Definition 4.2.4 Let a differentiable manifold M. We define a few tensor fields
associated to a given affine connection V. The torsion field T is defined by :

T X(M)xX(M) — X(M)
(X,Y) = T(X,Y):=VxY —VyX — [X,Y],

it 1s a tensor field of type (1,2).

The torsion fields T" induces for each point p € M a skew-symmetric bilinear
mapping 1T,M x T,M — T,M. The components of the torsion tensor 7" in the
local coordinates are :
k_ pk k
T =15 — Ty

We say that V has zero torsion or that V is torsion-free if we have the
torsion tensor of the given connection V is 0.

Definition 4.2.5 The curvature tensor field R, which is of type (1, 3) is defined
by:

R: X(M)xX(M)xX(M) — X(M)
(X,Y,2) = R(X,Y)Z:=VxVyZ -VyVxZ - VixyZ.

Given X,Y € T,M, p € M, R(X,Y) is a linear transformation of 7,M. The
components il local coordinates :

o 9N 0 .. 0

are given by

i 8F§j 8F§fj - myi m i
ikl = (% N + Z(sz o — D10

m=1
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Theorem 4.2.1 Let differentiable manifold M, with an affine connection V, such
that V s torsion-free. Then we have the first ans de second Bianchi identities :

R(X,Y)Z +R(Y,2)X + R(Z,X)Y =0
(VxR)(Y,Z) + (VyR)(Z,X) + (VzR)(X,Y) =0,

for XY, Z € X(M).

Remark 4.2.1 .
1. If R is identically O on M, we say that V is an flat affine connection.
2. Thus an affine connection is flat if T =0 and R = 0.

3. It is know that V s flat if and only if around each point there exists a local
coordinate system such that Ffj =0 foralli,j, k.

4. If T =0 and VR = 0, then we say that V is a symmetric affine con-
nection.

Definition 4.2.6 We define the Ricci tensor Ric of type (0,2), by
Ric(Y,Z) =trace{X — R(X,Y)Z},
where X, Y, Z are a vector fields on M.

The components in local coordinates are given by :

Ry, R@c(a] 8’“) Zka‘

Definition 4.2.7 By an equiaffine connection V on M we mean a torion-free
affine connection that admits a parallel volume element w on M.

If w is an volume element on M such that Vw = 0, we say that (V,w) is an
equiaffine structure on M.

4.2.3 Metrics and inner product

We give a breve about inner products on real vector spaces. (see all books of
differential geometry)
Let V be an n-dimensional real vector space. For a given bilinear function f:

f: VxV = R
(z,y) = flz,y)
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there existe a basis of V' : {e1,...,€p, €pt1,- -, €piqs €pigils- - - €} such that
flei,e;) =0 for all i # j,
flei,e) =1 for all i, 1 <1 <p,
flej e) =—1 forall j, p+1<j<p+g,
flex,ex) =1 forallk, p+q+1<k<n.

Definition 4.2.8 For a given f,

1. the subspace Vo = {x € V : f(z,y) = x for ally € V} is called the null
space or kernel denoted ker . It’s dimension is equal to n — (p + q).

2. We say that f is nondegenerate if the kernel is : ker(f) = {0}, thus f
nondegenerate if and only if p + q = n.

3. A nondegenerate, symmetric bilinear function is called an inner product
onV.

4. The pair (p,q) is called its signature.

5. If p = n, then f(x,z) > 0 for all x, and the equality holds if and only if
x = 0, in this case, f is said to be positive-definite. If ¢ = n, then f is
negative-definite.

If f is positive-definite or negative-definite we say that f is definite. Oth-
erwise, we say [ is indefinite.

Let a n-dimensional differentiable manifold M,

Definition 4.2.9 Let g a symmetric tensor field on M, of type (0,2), called met-

rie on M g X(M)x X(M) - R
(X,Y) = g(X.)Y)

By a nondegenerate metric, say a metric g on M that is : If g(X,Y) = 0
for all Y € X(M), then X = 0. We also call it a pseudo-Riemannian (or
semi-Riemannian) metric.

If g 1s positive-definite, we say that g is a Riemannian metric.

Theorem 4.2.2 Given a nondegenerate metric g on M, there is an affine con-
nection with torsion-free that is : Vg = 0. Such a connection is unique.
It is called the Lewvi-Civita connection for g.
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Now we consider a more general situation. Suppose an n-dimensional manifold
M is provided with a nondegenerate metric, say h, and an affine connection V.
We define a new affine connection V by requiring that the following holds for all
XY, ZeX(M):
XWY,Z)=h(VxY,Z)+ h(Y,VxZ).

This equation determines a unique affine connection V, which we call the conju-
gate connection of V.

We are thus interested in the case where V is not necessarily metric relative to
h. if we consider the conjugate connection of V relative to h, then, obviously, we
get back V. We have

Proposition 4.2.2 The torsion tensor T and T of V and V, respectively, satisfy
for all X,Y, 7 € X(M).

Corollary 4.2.1 Assume that V is torsion-free.
Then ¥ is torsion-free if and only if (V,h) satisfies Codazzi’s equation :

(Vxh)(Y,Z) = (Vyh) (Y, X),  forall X,Y,Z € X(M).
If (V, h) satisfies Codazzi’s equation, then the function defined by :

C: x(M)xX(M)x X(M) —» R
(X,Y, 2) — C(X,Y,Z) = (Vxh)(Y, Z)

is a symmetric 3-linear function. Wi call it the cubic form for (V,h).
In this case we shell also say that (V,h) is compatible.

Corollary 4.2.2 [fV is torsion-free and (V, h) is compatible, then
1. (V,h) satisfies Codazzi’s equation.

2. V= %(V + V) is the Levi-Civita connection for h.

Proposition 4.2.3 The curvature tensors R and R of V and V, respectively, are
related by B
MR(X,Y)Z,U)=—-h(Z, R(X,Y)U).

forall XY, Z, U € X(M).
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4.3 Affine immersions

We introduce the notion of affine immersion, special cases. The fundamental
concepts and equations are established. (see [NS94]). We shell always assume that
the given affine connection have torsion-free.

Consider two differentiable manifolds with affine connections (M™ V) and
(M™, V). Let k =m —n.

Definition 4.3.1 A differentiable immersion f : M — M is said affine immer-
ston if the following condition is satisfied:

There is a k-dimensional differentiable distribution N along f :p € M — N,, a
subspace of Tf(p)M, such that

TypM = f.(T,M) ® N, direct sum,
and such that for all X,Y € X(M), we have at each point p € M :
(Vxfe(Y))p = (f(VxY))p + (a(X,Y))p,  where a(X,Y), € N,

This distribution N* may be regarded as a bundle of transversal k-subspaces.
In the case where f : M — M is an immersion of a manifold M into a Riemannian
manifold M with positive-definite metric g, we can certainly choose the normal
space at each point, namely

Ny ={£e€TipyM : g(&,X)=0 forall X eT,M}.

In this situation, it is easy to show that the map (X,Y) € X(M) x X(M) —
a(X,Y) acually defines for each point p € M asymmetric bilinear map

T,M x T,M — N,

Definition 4.3.2 In the case where f : M — M is an immersion of a manifold M
into a Riemannian manifold M, this map o is called the second fundamental
form.

Whereas the first fundamental form refers to the induced Riemannian metric
m M.

In the geometry of affine immersions, we shell call o simply the affine funda-
mental form.

For the remainder of this section, we shall concentrate on the case of codimen-
sion k = 1 and also assume that the manifold (M, V) is an affine space R"*! with
its usual flat affine connection D. We shall use a fixed parallel volume element @
on R™™! whenever necessary, but with a word of caution.



4.3. AFFINE IMMERSIONS 72

4.3.1 Affine hypersurfaces

Definition 4.3.3 We consider an n-dimensional differentiable manifold M to-
gether with an immersion f: M — R,

We call M o hypersurface and f a hypersurface immersion. We may also
call M an immersed hypersurface.

For each point p € M we choose a local field of transversal vectors £ : ¢ €
U — &, where U is a neighborhood of p. Transversality means in this case that:

Tf(Q)]RnH = [o(TyM) + Span{&,},
where Span{¢,} means the 1-dimensional subspace spanned by &,.

Proposition 4.3.1 For a hypersurface immersion f : M — R""!, suppose we
have a transversal vector field & on M. then we have a torsion-free induiced con-
nection V satisfying:

Dxf.(Y) = f.(VxY)+ h(X,Y)E, the Gauss formula, (4.6)

where X,Y € X(M) and at each point p € M, h is a symmetric bilinear function
on the tangent space T,M .

The symmetric bilinear function h s called the affine fundamental form
(relative to the transversal vector €).

Definition 4.3.4 Let (M,V) be an n-dimensional manifold with an affine con-
nection V. An immersion f: M — R"*! is called an affine immersion if there
1s an vector field & on M such that the Gauss formula holds.

Thus for an immersed hypersurface f : M — R""! a choice of transversal
vector field ¢ provides an induced connection V in such a way that f becomes an
affine immersion. We also state

Proposition 4.3.2 For all X € X(M) we have
Dx& = —f.(SX) + 7(X)¢, Weingarten formula, (4.7)

where S is a (1,1)-tensor, called the (affine) shape operator,
7 158 a 1-form, called the transversal connection form.

Proposition 4.3.3 Let (M,V) be an n-dimensional manifold equipped with an
affine connection V and Let f : (M,V) = R and f : (M,V) — R"*! be affine
immersions relative to transversal vector fields & and &, respectively. The objects

h,S, and T for € and for & are denoted h,S and 7. Assume that
h = h, S=2S, T =7

Then there is an affine transformation A such that f = A f.
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In these situations we are also interested in equiaffine connections. So we take a
fixed parallel volume element @ in R™*!. For a hypersurface immersion f : M —
R, let ¢ be a transversal vector field. In addition to the induced connection V
and the affine fundamental form h, we consider the following volume element 6 on
M :

0<X1,...,Xn):(IJ<X1,...,XH,£), for Xl,,XnE%<M) (48)

Clearly 6 is a volume element on M, called the induced volume element.

We are interested in the question whether (V, 8) defines an equiaffine structure,
that is, whether V& = 0 holds. This question is answered as follows (for the proof
see [NS94]).

Proposition 4.3.4 We have
Vx0=7(X)0  foral X eT,M, pe M. (4.9)
Consequently, the following two conditions are equivalent:
1. VO = 0;
2. =0, thatis, Dx& tangential for evry X € X(M).
In view of this Proposition, it is convenient to make the following definition.
Definition 4.3.5 .

1. For the hypersurface immersion f : M — R", a transversal vector field &
is said equiaffine if Dx¢ is tangent to M for each X € T,M, p € M.

2. With an equiaffine transversal vector field &, we have an equiaffine struc-
ture (V,0) on M.

3. Thus we may call f: (M,V,0) — R"" an equiaffine immersion.

We give now more fundamental equation for the hypersurface immersion f :
M — R™1. first, we consider the case where the given transversal vector field &
is arbitrary. We have

Theorem 4.3.1 For an arbitrary transversal vector field & the induced connec-
tion V, the affine fundamental form h, the shape operator S, and the transversal
connection form T satisfy the following equations:

Gauss :  R(X,Y)Z =h(Y,Z)SX — h(X,Z)SY;

Codazzi-h :(Vxh)(Y, Z) + 7(X)W(Y, Z) = (Vyh)(X, Z) + T7(Y)h(X, 2);
Codazzi-S :(VxS)(Y) — 7(X)SY = (Vy9)(X) — 7(Y)SKX;

Ricci : MX,SY)—h(SX,Y)=dr(D,Y).
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The reader can see the proof in [NS94].

Corollary 4.3.1 The Ricci tensor of the induced connection is given by
Ric(Y,Z) = h(Y, Z)tr S — h(SY, Z). (4.14)
The equation in Theorem 4.3.1 are not all independent. We have

Proposition 4.3.5 Let M be a differentiable manifold with a torsion-free affine
connection V, a symmetric covariant tensor field h of degree 2, a (1,1)-tensor
field S, and a 1-form T that together satisfy the equation of Gauss (4.10) and the
equation of Codazzi for h (4.11). If rank h > 3, then the equation of Codazzi for
S (4.12) is satisfied.

Remark 4.3.1 .
1. From (4.14) and (4.13) it follows that Ric is symmetric if and only if dT = 0.

2. In the equation of Codazzi (4.11) we see that the left-hand side is symmetric
m X and'Y as well as in'Y and Z. Therefore if we set

C(X,Y, Z) = (Vxh)(Y, Z) + 7(X)(Y, Z), (4.15)

we see that it is symmetric in all three variables. We call C' the cubic form
for the affine immersion.

We shall now consider the change of a transversal vector field for a given immersion
f.

Proposition 4.3.6 Suppose we change a transversal vector field £ to

where Z is a tangent vector field on M and ¢ is a nonvanishing function. Then
the affine fundamental form, the induced connection, the transversal connection
form, and the affine shape operator change as follows:

1

h= 4.16

X (4.16)
VxY =VxY — }bh(X, Y)Z; (4.17)
f:T—l-%h(Z,.)—i-dlogM; (4.18)
S=¢S-VZ+7()Z; (4.19)

hZ,.),N Z and 7(.) are the 1-forms whose on X are h(Z,X),VxZ and 7(X),

respectively.
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Definition 4.3.6 .

The equation (4.16) shows that the rank of the affine fundamental form is
independent of the choice of transversal vector field. We define it as the rank of
the hypersurface or the hypersurface immersion.

In particular, if the rank is n, that is, if h is nondegenerate, then we say that
the hypersurface or the hypersurface immersion is nondegenerate.

4.4 Blaschke immersions

Let f : M — R™"! be a nondegenerate hypersurface immersion. We know that
no matter which transversal field £ we may choose, the affine fundamental form
h has rank n, and can be treated as a nondegenerate metric on M. This is
the basic assumption on which Blaschke developed affine differential geometry of
hypersurfaces. In this section, we shall give a rigorous foundation from a structural
point of view. We pick a fixed volume element on R"*! (given by the determinant
function, say). The reader cas see the book of Nomizu-Sasaki [NS94| for more
details and for also the proves.

If we choose an arbitrary transversal vector field &, then we obtain on M the
affine fundamental form h, the induced connection V, and the induced volume
element #. We want to achieve, by an appropriate choice of &, the following two
goals:

[. (V,0) is an equiaffine structure, that is, V8 = 0;
II. 0 coincides with the volume element wy;, of the nondegenerate metric h;

where wy, (X1, ..., X,,) = |det[h;;]]V/?, and hy; = h(X;, X;) for an unimodular basis
{Xl, e ,Xn} for 9, ie: Q(Xl, e ,Xn) =1.

Theorem 4.4.1 Let f: M — R™ be a nondegenerate hypersurface immersion.
For each point py € M, there is a transversal vector field defined in a neighborhood
of po satisfying the conditions I. and II. above. Such a transversal vector field is
unique up to sign.

We find it convenient to formulate the following concepts:

Suppose # is an arbitrary volume element and h a nondegenerate metric, both
defined in a neighborhood of a point. We define the determinant dety h of a
symmetric covariant tensor h of degree 2 relative to 6 as follows. Let { X, ..., X,},
be a unimodular basis for 0, that is, a basis in T'x M such that 6(X,..., X,,) = 1.
If we set h;; :== h(X;, X;), then the determinant of the matrix [h;;] is independent
of the choice of unimodular basis { X1, ..., X,,}. We denote this number by dety h.
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Definition 4.4.1 A transversal vector field satisfying I. and II. is called the affine
normal field or Blaschke normal field. Locally, it is uniquely determined up
to sign. For each point p € M we take the line through p in the direction of the
affine normal vector §,. This line, which is independent of the choice of sign for
&, is called the affine normal through p.

Definition 4.4.2 By fixzing an affine normal field & we have the induced connec-
tion V, the affine fundamental form h, which is traditionally called the affine
metric, and the affine shape operator S determined by the formulas of Gauss and
Weingarten.

We shall call (V,h,S) the Blaschke structure on the hypersurface M.

The affine immersion f : (M,V) — (R"", D) with affine normal field & is called
a Blaschke immersion.

We shall also speak of M as a Blaschke hypersurface.

The induced connection V is independent of the choice of sign for & and is called
the Blaschke connection.

Remark 4.4.1 From the uniqueness in Theorem 4.4.1 it follows that the Blaschke
structure is itnvariant under every equiaffine transformation of the ambient space
R, If a nondegenerate hypersurface M is orientable, then there is a globally
defined affine normal field, which is unique up to sign. In fact, we may orient £
using an orientation of M.

As a special case of Theorem 4.3.1, we have

Theorem 4.4.2 For a Blaschke hypersurface M , we have the following funda-
mental equations :

Gauss : R(X,Y)Z =h(Y,Z)SX — h(X, Z)SY, (4.20)
Codazzi equation for h:(Vxh)(Y,Z) = (Vyh)(X, Z); (4.21)
Codazzi equation for S :(VxS)(Y) = (VyS)(X); (4.22)
Ricci : h(X,SY)=h(SX,Y); (4.23)
Fquiaffine condition : V0 = 0; (4.24)
Volume condition : 0 = wp; (4.25)
Apolarity condition :  Vw, = 0. (4.26)

Proposition 4.4.1 For a nondegenerate hypersurface (n > 2) with Blaschke struc-
ture, we have :

1. S =0 if and only if R =0.
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2. The Ricci tensor is given by Ric(X,Y) =Tr Sh(X,Y)—h(SY, Z), as before,
And Ric 1s 0 if and only if S = 0.

3. If S = AXI where X\ is a scalar function, then X is constant.

Definition 4.4.3 .

A Blaschke hypersurface M 1is called an improper affine hypersphere if S is
tdentically 0.

If S = X where X\ is a nonzero constant, then M 1is called a proper affine
hypersphere.

Proposition 4.4.2 Let f : M™ — RN*! be a nondegenerate immersion with
Blaschke structure. Then M s an affine hypersphere if and only if every V-
geodesic on M™ lies on a certain 2-plane in R™"1.

We give now a definitions of the locally homogeneous hypersurfaces, and the
locally strongly convex hypersurfaces [DV93b].

Definition 4.4.4 Let f : M — R"™ be a non degenerate hypersurface with
Blaschke structure. We call M locally homogeneous if for all point s p and
q in M, there exists a neighbourhood U, of p in M, and an equiaffine transforma-
tion A of R"™! i.e A€ SL(n+1,R)x R, such that A(p) = q, and A(U,) C M.
If U, =M for all p € M, then M is called homogeneous.

Proposition 4.4.3 .

1. Every equiaffine transformation leaving M locally invariant, preserves the
affine metric h and the induced connection V.

2. if for all points p and q of M, there exist neighbourhoods U, of p and U, of
q in M, and a diffeomorphism f : U, — U,, with f(p) = f(q) such that f

preserves both h and V, then M is locally homogeneous.
3. Let G the pseudogroup defined by
G={AeSL(n+1,R)x R"™ | 3U open in M : A(U) C M}.

then M is homogeneous if and only if G "acts” transitively on M.
If M is homogeneous, then G is a group and every element of G maps the
whole of M into M.

Definition 4.4.5 Let f : M — R"! be a non degenerate hypersurface with
Blaschke structure. If h is positive-definite, then we call M s locally strongly
convex hypersurface.
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Procedure for finding the affine normal field
1. Choose a tentative transversal vector field £. Compute 7.

2. Determine the affine fundamental form A for £ by using the formula of Gauss
: Dx fo(Y) = fu(VxY) + h(X,Y)E. Verify that h is nondegenerate.

3. Determine the induced volume element 6 for £ from

G(Xl, R ,%()n) = det[f*Xl, c. 7f*Xn7€]

4. Choose a unimodular basis { X7, ..., X,} with

O(X1,.... X,) = 1.

Set h;; = h(X;, X;) and compute dety h = det[h;;].
5. Take ¢ = | dety h|/ "2 and set € = @& + Z, where Z is to be determined by

1
T+ 5h<Z") + dlog ¢ = 0.

If tau = 0 this equation is simplify h(Z, X) = —X¢ for every X.

6. Once we get the affine normal field £, it is easy to compute the affine metric
h = h/¢, the affine shape operator S, and the induced connection V.

The reader can fend many examples in the book of Nomizu-Sasaki [NS94].

4.5 Cubic form

We continue with a nondegenerate hypersurface f : M — R™"! with its Blaschke
structure. Our discussions here are mainly based on Theorems 4.4.1 and 4.4.2 in
the preceding section. From the Codazzi equation for h we see that the cubic form

is symmetric in X, Y, and Z.

Definition 4.5.1 Let a nondegenerate hypersurface f : M — R with its
Blaschke structure, with his cubuc form C, addition to the induced connection
V on M, we my consider the Levi-civita connection v for the affine metric h. We
consider the difference tensor of type (1,2) :

K(X,Y)=VxY —VyY. (4.28)
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Since both V and Vhave torsion-free, we have K(X,Y) = K(Y, X). We shall also
write

KxY =K(X,Y) and Ky=Vx—Vyx;

thus for each X € X(M), Kx is a tensor of type (1,1). We can now relate the
cubic form to the difference tensor.

Proposition 4.5.1 We have
C(X,Y,Z) = =2h(KxY, Z). (4.29)

Corollary 4.5.1 The induced connection V and the Levi-Civita connection \Y,
coincide with each other if and only if K = 0, that s, if and only if the cubic form
C' vanishes identically.

Theorem 4.5.1 We have the apolarity condition :
tr Kx =0 forall X € T,M; (4.30)

i wndex notation,

Z KZJJ for each fixed i.
=1

Theorem 4.5.2 The apolarity condition (4.30) is equivalent to each of the follow-
ing conditions :

tri{(Y,Z2) = C(X,Y,Z)} =0 forall X e€T,M; (4.31)
i index notation, szzl h*Ciix = 0 for each i;
tri(Vzh) =0 forall X € T,M; (4.32)

tra KK = 0; (4.33)

in index notation, 3 7, h* Kl =0 for each i;

The following is an important classical theorem due to Blaschke (for analytic
surfaces), Pick (for surfaces) and Berwald (for hypersurfaces).

Theorem 4.5.3 Let f : M — R, n > 2, be a nondegenerate hypersurface
with Blaschke structure. If the cubic form C vanishes identically, then f(M) is a
hyperquadric in R,

Lemma 4.5.1 If the cubic form of a Blaschke hypersurface M 1is identically 0,
then M 1is an affine hypersphere.
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Remark 4.5.1 The basic equations can also be expressed in terms of the Levi
Ciwita connection and the difference tensor. In particular, we have the Codazzi
equation for K which states that

VK(X,Y,Z)-VK(Y,X,Z)
1 1 1 1
= Sh(Y, 2)SX — Sh(X, Z)SY + Sh(SX, Z)Y — Sh(SY, Z)X. (4.34)

For the prove of this Lemma, and two equivalent proves of the Theorem 4.5.3, the
reader can find them in[NS94].

Proposition 4.5.2 Let f: M — R™™, n > 2, be a locally nondegenerate, locally
strongly convex hypersurface with Blaschke structure. Then :

1. It follow from Ricci equation that the affine shape operator is diagonalisable.

2. So M is homogeneous, the eigenvalues of the shape operator are constant it
follow from [Nom68).



Chapter 5

The initial results

Let the immersion f : M — R®, and M is the 4-dimensional differentiable sub-
manifold. For the remainder of this part, M will always denote a locally strongly
convex, locally homogeneous Blaschke hypersurface of R®. And we will omit to
write the immersion f in the equations.

Since M is locally strongly convex, using Proposition 4.5.2, it follows from the
Ricci equation that the affine shape operator is diagonalizable.

In view of the previous results we will restrict ourselves here to the case that
M has tow distinct eigenvalues both of multiplicity 2.

Let a point p € M. We construct a tangent basis {ej, €2, €3, €4} at the point p
and A, A\g by the eigenvalues of the shape operator S, such that

S@l = )\161, 862 = )\162, 863 = )\263, 864 = )\264. (51)

Then, since \; and Ag, are different numbers, and as M is homogeneous the eigen-
values of the shape operator are constant it follows from Proposition 4.5.2, that
we can extend these vectors to local vector fields { Fy, Es, E3, E4}, such that

SEl - )\1E1, SE2 - )\1E2, SEg = )\2E3, SE4 == )\2E4. (52)

We define functions (Christoffel symbols) I'¥; such that the connection V is given
by

4
VeEj=Y TEE,  fori=1,...4, j=1... 4 (5.3)
k=1

Our job is to find all these functions, in this case, the number of Christoffel
symbols is 4 x 4 x 4 = 64.

81
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5.1 First step: Cadazzi and apolarity equations

In this section we give the values of 40 Gammas, using the Codazzi, for h and S
equations, and the apolarity equation.

5.1.1 Codazzi for S equations

In the Theorem 4.4.2 we have the Codazzi for S equation (4.22) si given by : for
all X,Y € X(M) we have

(VxS)(Y) = (VyS)(X).

So in the frame {E}, By, E5, E4}, and the fact that SE; = A\ 2 F; (equations (5.2)),
it follow that

(Ve S)(E;) = Vi, SE; — S(Vi,E;)
_JVeME - ST TEE) =12,
VeE; — SO TEE,)  if j=3,4,
— M Zi=1 T Er — Zi:l IESE, ifj=1,2,
A Zi:l FZEk — Zizl FZSE,C if j = 3,4,

then
4
(VEZS)(EJ) - Z()\El - )‘62)FZE/€’ (5.4)
k=1
1 ifj=1,2 1 ifk=1,2
where ¢, = o , and e = )
2 ifj=3,4 2 ifk=3,4
And the Codazzi equation for S (4.22) in this frame become :
4
D (Mg = A)TH = (Mg = A)TH) B = 0, (5.5)
k=1
lifj=1,2 lifi=1,2 lifk=1,2
where ¢, = 1 J ’ , and €] = 1 l ’ , and €y = 1 ’
2if j=3,4 2if1=3,4 2if k=3,4

Fromalli =1,...,4,75=1,...,4and k = 1,...,4 and the last equation of Codazzi
for S we get

1 2 1 2 1 2 1 2 3 4 3 4 3 4 3 4
F137 F137 F147 F147 F237 F237F247 F247 I‘317 I‘317F327 F327 F417 F417 F427 F42
vanish and that

3 _ 13 4 _ 14 1 _ 1l 2 _ 12
oy =10y, Ty =1, Tp=I5 g=1I%.
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5.1.2 Codazzi for h equations

In the same way of the last subsection, we have the Codazzi for h equation (4.21)
si given by : for all XY, Z € X(M) we have

(Vxh)(Y, Z) = (Vyh)(X, Z).

in the same frame { F1, Fs, E5, E, }, and the fact that SE; = A\ 2 E; (equations (5.2)),
it follow that

(Vgh)(Ej, Ey) = —h(Vg,Ej, Ey) — h(E;, Vi, Ey)

4 4
== Zréjh(Eka E) — ZFikh(E Ey)
=1 =1

And the Codazzi equation for h (4.21) in this frame become :

4
= (Tl = TY)h(Ex, ) + Tiyh(Ej, Ey) — Ty h(E, ) = 0. (5.6)

=1

If we write h(E;, E;) = 6;;, where 0;; = 1 if i = j and §;; = 0 if ¢ # j, then the last
equation become

4
= (Tl = T4 6k + Ty — Thy6a) = 0.

=1

From all i = 1,...,4, 5 = 1,...,4 and &k = 1,...,4 and the last equation of
Codazzi for h we get

F?l - 2P31’ F;ll - 2F41’ Fj2 - 2F327 F;L2 - 2Fj1127
F 33 21ﬂlS? F 33 — 2F23a F 44 — 21_‘147 1—‘44 - 2F247

F?4 = 1ﬂ431 - F%?)Qa F% - Fisz_ F%?éa le32 = F§’2 - F§147 leu = Fil24_ F42114a
Iy, =205, — 17y, Ty =219, - T%,, ngx = QFig — I, [ = 2l = Ty
5.1.3 Apolarity condition
Using the apolarity condition (4.26) of the Theorem 4.3.1
th =0

This condition in same frame {E;, By, B3, E,} give by : for all i = 1,...,4 we
have:

4
Vew,=—-2Y hVgE; Ej)=0.

J=1
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then the apolarity condition in the frame become

4
> Thop=0. (5.7)

jk=1
So we get, :
3l 2 4 3 1l 2 4
Iy = =1 =TT, = Iy, Doy = =Ty =Ty = Iy,
2 _ il 3 4 2 _ _pl 3 4
I3y = =I5y =T33 = Iy, o =Ty —Tis = Ty

5.2 Second step : Gauss equations

Hence the only remaining equations are those obtained from the Gauss equation.
Here, in case the frame is completely defined in an equiaffine invariant way we can
use the fact that M is affine homogeneous implies that all connection coefficients
are constant. This is of course not the case when the frame is not uniquely defined.
Therefore before exploiting the Gauss equations we first look at the remaining
degrees of freedom.

The fact that we have, the eigenvalues have multiplicity two, means that there
are rotations possible in & = span{E1, E2} and & = span{FEj3, F4} which are the
two eigenspaces relative to A\; and A\, respectively. These rotations are given by

El = cost Fy +sint E», J EgzcossE3+sinsE4, (5.8)
- an - .
Ey = —sint E| 4 cost Es, E, = —sins E3 + cos s Fy,
However we see that the vectors Ty, T, defined by
T, = K(Ey, By) + K(E», By) = K(E1, Ey) + K (Es, B»), (5.9
T2 = K(E'Sa EB) + K<E47 E4) = K(E3> ES) + K(E47 E4)a

are independent under such rotations and therefore defined in an equiaffine invari-
ant way. Moreover if we write T; = V; 4+ W,, where V; € & and W; € & fori = 1,2
both components are defined in an affine invariant way. Of course the apolarity
condition gives

W1+W2:O.

If necessary up to interchanging the two eigenspaces, we have to investigate the
following 3 cases.

{m+%=a

Vi #0
Type 1 : 170, (5.10)
W2 7é 07
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Vi #0,
Type 2 : 5.11
yp W, — 0. (5.11)
V=0,
Type 3 : 5.12
yp W = 0. (5.12)

We will study all types, one after the other, in different chapters. Note that in the
first case, the frame is uniquely determined, as we may assume that F; is in the
direction of V; and FEjs is in the direction of Ws. In the second case we can still
choose E; in the direction of Vi and we retain the rotation freedom in the bundle
&5. In the third case we retain the rotation freedom in both bundles. In the next
chapters we will show how to introduce also in those cases a unique frame, in order
to be able to apply the next lemma.
Note that in all the cases, by (5.9) we still have that

F§2 = F217
Fi4 = _F43

We recall that the Gauss equation (4.20) in Theorem 4.4.2 is given by
RX,Y)Z =WY,Z)SX — h(X,Z)SY

Then by evaluating the Gauss equation in our frame, we get by a straightforward
calculation that

Lemma 5.2.1 Let M be a locally strongly convex, affine homogeneous hypersur-
face. Assume that M has two distinct eigenvalues both of multiplicity 2. Suppose
that the frame is chosen in a unique affine invariant way such that all the previ-
ous formulas remain valid. Then all the connection coefficients are constant and
therefore the Gauss equations imply that

G1211 Ty (I3, —Thy) — T7,(2TF, +T'3y) + 375,15, =0,
G1212 (T3,)% —=T7, T3, + T7,(TF; +T31) + A1 =0,
G1213  —T3,(205, + 205, + Tf, — 2T5,) + T15(Tay — T1g) — 2(T34(T3, + T35 + T34)
+ 5 (205, + I3 + Iy) + (Day — [34)T3) = 0,
G1214 TY,T13 — T1,(I}, + 7, — T, — 2T5,) + 2055 (T3, + s + T5,)  +2(I5, — 2I'7)T5, =0,
G1221  — (I}, —8T5,)(I]; — 2T'5) + (2T, — T3,)(T]; — 25, +T3) — A1 =0,
G1222 302 T2, - 373 TZ =o,
G1223  I'3,(207, — 405, + 5y) + Da(Thy — T3y) — 2(Ij; Do + 4T3, — 213,13, — 5,15,
— 51054 + 72 (5055 + 2(I35 + I54)) + (P13 — T34)T30) =0,
G1224  — 055 + T1, (207, — 4T%, — T'3,) + 20313, + 2(—4T7, + I}, +2T'5,)T3, =0,
G1234 (y; + 20, + 5,55 + I15(I3; — T3y — 203,) =0,
G1243  (Iqy +2(T35 + Iy) = I51)(T53 — T3y) — (T3 — Taq + 205,)(I3 — Izy) =0,
G1244 T, (03) = Tq) + (U5; — T35)T5, — [53T5, + Ii3l5, =0,
G1311  —T] T, + 305, T5; — (6T + 5(TT5 + 1y))(D5s + g + T3y) + (D5 + 2T'3,)T3, = 0,

2 4 2 2 4 2 3 4 2 2 3 4 4 2
G1312  (2T75 + Ty + T'51)T5; — 4054(T3p + 33 + T34) — T11 (805 + 2(T33 + T'34)) — [Ty
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G1313
G1314
G1321

G1322
G1323
G1324
G1331
G1332
G1333
G1341
G1342
G1344
G1411

G1412

G1413
G1414
G1422
G1423
G1424
G1431
G1433

G1441
G1442
G1444
G2311

G2312
G2313
G2314
G2322
G2323
G2331
G2332
G2333
G2342
G2343

G2411

G2422
G2424
G2431

G2441

+2r3 g, =0,
205513, + (I3, + IG5 + I54) (203, + 815, + 2I'3,) — I35 (I3 — 2053)) + A2 =0,
2(T15T3; + T55(T35 + T3g + T3y) + (213, + Tg) + 3T5)T55) = 0,
I35 (4T]; + 2T7, +3T7,) — (2T, — 2T7, + Ty + T31)T3; — (0}, — 203;)03,

— (T +030) + 01305, =0,
I35(03) +20%,) — 805,15, + (Df; + Dg)l5s — ToT3, — [1o(I5; + I5y) — Tiplis =0,
203, (203, + T35 + I5y) — T15(203, + 4035 + 8T3,) + 15035 — 2I'3;) = 0,
— T15(T35 +20'%,) + 405, T, — IT,(D55 + 20,) = 0,
—2((T1y +T1; + T1) (3T +2(T3, + T1y) — (T7; — 2T3)T5, + T13T5,) — AL =0,
—2(03, (U1 + Dy + Tla) + (201, + 805, + 207,)T5y + [305,) = 0,
— 54203, + T51) + [3algy + (Df; + 7o + T14) (5035 + 6055 + 5I5,) — 301345 =0,
— 205 (D1 + D3y + 207,) + (471, + 377, + 20'7,)Tg, — (T7; — 20'5,)T3, =0,
—4r{aT3, + (U7 +203,)Th, + (T7; + 2073, =0,
3,051 — T14(T32 + T33) + T1oT5q + (Thy + T30)T5, — T34(T5; + 203,) + 31,045 = 0,
— I}y — (Dl — 8T3,)(T3a + T3 + [34) + 875, T3, — (f; — 50735 =0,
P31 (D5 — Day) + 2054 (D55 + Ts + T3,) + (=T1; + T35 — [y + 1505,

+(4r3, — 3T7,)I5, =0,
2(TY,T3) + I35 (2T55 + D) + I35 (2035 + Tig) + I3, (4T35 + Tg) — [35T45) =0,

2 12 3 12 4 2 2 3 4\
4(T42)” — 203l + 2o +2(T'35 + I3z + I3)ly3 + A2 = 0,

4 2 4 2 4 1 3 2 1.2 2 42
Ty = 205y) + I35 (T3 — Tgq) — Tial34 — 3051y — (P + T'1y)T4p = 0,
2 3 432 3 13 4 4 2 3 4
2(235 + I35 + T34)T41 — T1aTi + T12(Tag — 2(T32 + T'33 +2T34)) =0,
2 2 4,03 2 3 4
4T3 T + T1a(Tyg — 2Tp) — T3 =0
4 1 2 4 1 2 4 .1 2 12
— 2l 3(T'yy + Typ +2Ty) + (407 + 3775 + 204 )Tz — (I — 2T'31)T54 =0,
3 2 4 .3 4 4 2 1 2 432 4 3
[yaT5, + 3(T33 — 2Tg4) — Ty + (T + iy + T T4 — I4Tys
1 2 4 4
+T34(—203, — 8T35 — 203, + Tg3) =0,
1 4 4 2 1 4 4 1\l
2((Tyy = 2T )Ty — (T7y = 202 Tog + (T3 = T34)T34) — A1 =0,
2 4 2 4\ 4 4 12
2(P71T 74 + (T — 207 4)To4 + (P13 — T34)T34) =0,
4 4 4 4 2 4,03 2 1 4 4
33034 + Ty (205 + I'yy) + g (Tgg — 5I5) — I'34(I'34 + Iy3) = 0,
3 1 2 4 2 1 2 \p2 1.2 4 1
12811y +2(I'1g + I'yy) — Igp) — (T — 2079)T3; + 1513 — Tiallay
4 2 3 4 4 2
— T34 (T35 + T35 + I'zy) + Ta3Typ =0,
3 2 4 2 1 42 4 2 2 2 3 4 4 2
P1o(TT1 +2T5y) + (=T7; — 20g; +T9y) 3y — T1pT34 — T3 (T35 + gz + Ty) — T3l =0,
2 2 3 4 3 2 3 4 4 4 3
203, (239 + 33 + T'34) — ['5(2035 + 4053 + 3073,) + I (I3 — 2I73) =0,
—rd 3, +ord) +ar2 r2, i (rd 4 2r2) =0
12(I'33 34 31742 12(I'33 12) =0,
3 2 2 2 2 1 4 2 4 2 |2
P1a(Plp +T31) = 307o03; — (Pgg — 80p4) '3y — (I3 4 2I'34)T2 = 0,
3,2 2 13 2 2 3 2 4 3
2((I'12)7) — P37y + I'32(2T55 — I'sg) + Typ (T3 — 2Ty3)) + A2 =0,

1 2 4\l 1 2 4 2 4 4 1
—2((Tyy + T +T14) 31 + (2(T1y + 2075 +T7y) — 51)T9y + Ty3lgy) =0,

—2(2(T34)? = T3, 054 + (U + Iy + 7005, + T3305) — A1 =0,

— (T}; + ] +T14) (80, — T3;) + T3, (T35 — 5T35) + T33T3, — 3533 = 0,

3,03y — T3 T3y + 205, (D3 — 2033) =0,

— 35Tl — 2034) + T31 (Tl — T3y) + T3, (3T35 — T35 + I'3y) + [34(T55 — 20%3)
+T53(~T3, + I3 — 305, +T4y) =0,

Il (P — 207, = T3,) = T9,T5, — (T35 — T3,)(I3, + g + I34) — (T, — 207,)T5,
+ (D3 +T3,)T5, =0,

Ti5(PTy +T3y) + T3, (T35 — 3T3,) — 87753, — (Tgy + 575,35 =0,

2((115)%) = T3; 15 + T35(205, + Tg) — T3T4s) + A2 = 0,

—2(T1y + Dy + 207055 + [aq Ty + (2(01; + 205, + Ty) — T5)05, =0,

4 1 4 2 2 \nd 1 i 2
2(IM4(Pgy — 205y) + (275 — pp)loy + T34 (o3 — I'zy)) = 0,
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G2442  2(TY, T3, — T3,(T3; +205,) + (D53 — T3,)T54) — A1 =0,

G2444  3T%3T3, + D1y (3T1, — I3)) + I54 (505 + I'yy) — T34 (T4 + Tiy) =0,

G3411 (T}, —T3)T3, + T3 (T3; — T'lp) — (P35 + T35 + I'3,) (T35 — D) + T35 (T, — Tis) =0,

G3431  —2(}; + 7, + 20 )45 + (03, — T3,)T3, + 205, (T, — T3;) — 2(T}; + T3, + T1)T5,
—T34(T3, + 2(I35 + T3y — Ti3)) =0,

G3433 T55(T'55 — ay) — I'5, (205 + Tay) + 3T5,T55 = 0,

G3434  (I4y)® — ThsT4s + T55(T55 + Th5) + X2 =0,

G3441 2034(NY, — 13)) + T34 (03; — Do) + T34(2055 + [y — 4D45) — 207, (N5, + D5 + 505,
—2rf3) — 2(01; +T1,) (205, — Tiy) =0,

G342 2T7,T3) — [3,T3; + D34(205; — Ify — 4T%,) + 205, (D5, — 4T3, +2043) = 0,

4 3 4 3 4 4 3 4 4
G3443 — (T35 — 3T53) (T35 — 2T53) + (2T, — I'y3)(Tag — 2054 + Tys) — A2 = 0.

Note that in the previous lemma G ijkf¢ means the component of Gauss equation
for X = E,,Y = E;, Z = Ej, in the direction of Ej.



Chapter 6

Hypersurfaces of type 1

The only reference to this chapter is the paper of A.Chikh Salah and L. Vrancken
[CSV16].
This chapter is consecrated to the studies of type 1 given by the system (5.10)

Vi #0,
W2 # 07
As mentioned before the frame is completely determined and therefore we can

apply the previous lemma. We will show that this case leads to a contradiction.
As M is of Type 1, we have that

Th+Th #0, T+ T #0. (6.1)
Adding (G1211) and (G1222), we get that
(Fh + F%2)(F%1 - F%1) =0.

Using (6.1) we deduce that
I, =T,
11 = Lo

Similarly we obtain from adding (G3433) and (G3444) that
ng = Fiiﬂ'
Adding (G1221) and (G1212) we see that
Q(Fil - 2F%2)(Fi2 - F%l) =0. (6.2)
Similarly from (G3443) and (G3434) we get that

2(1%3 - 2F§4)(F§4 - Fi:s) =0. (6-3)

88
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So if necessary upto interchanging the vector bundles & and &, there are 3 sub-
cases to consider.

Case I : 2, #£T%, I3, # T4
Case IT: TI?%,=1%, Ti =Ti.
Case III : T2, 412, I, =Tis.

Case I: I'%, #13, and 'y, # I'is.
Hence, from the equations (6.2) and (6.3), we must have that

2 _ 171 4 _ 113

From (6.1), we see that the condition of this chapter is replaced by
I}, #0 and T3, #0.
Moreover (G1211) and (G3433) become, respectively,

3 3
_§F51(F%1 - 2F§1) =0, _§F§13(F§3 - 2Fi3) =0
it follows that T'y, = T3, = 0.
Next we use (G1341) and the difference of (G1441) and (G1331). This gives us

11
2111114(1%4 - 211%3) + Fh(?F?IA - 3114113) =0,
= 0.

—2(I'3,)" + 4T3 T'g, + 4T, (3T + 41,

Therefore it follows from the previous equations that supposing that I'}; # —3T',,
solving the first equations for I'{; and substituting this result in the second equa-
tion, it give
AT, (30, +410,)* + 4(T5.)%)
3T} +4I'f,

leads to a contradiction. Therefore we must have that

=0,

Iy =-3r; and Iy =0.

Similarly from the symmetry of the problem in this case we deduce that also
I}, =0 and T3, =—3T3,.

Using now (G1331) and (G1313) we immediately see that

/\1 = _%(F%I){
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Ay = _%(@3)2-
The equations (G1311) and (G1424) now become

57
Fi‘?,riz - 1_6F11F§3 =0,
- Q(F%Q - 2F4211)F4212 =0,

which implies that
I, #0 and T, =207.

Similarly we get interchanging the two vector bundles that also
I3, #0 and T3, =205
The equations (G4113 and (G2331)) now immediately imply that
Fi?, = %ng, 1%1 = %Fh-
A contradiction now follows from :
G1414 = 4((T5)*+ (I'L)?) =0.
Then, there is no-solutions in the case I.

Case I1 : 12, =T%, I, =Tis.
The Gauss equation (G3422) is given by

F%ngl - F?QF?M =0;

If we suppose that '3, and I'3; are nonzero concurrently, than, there exist 6; such
that :

So & and & are symmetric, we get the same result in second subspace :
G1244 : —T50%, + T3, = 0;

If I'}; and I'3; are nonzero concurrently, than, there exist ¥; such that
I3, =v,I5; and T3, =907,

We have the Guass equations G3412 and G1234

=203 T3, + T3, (215, + T3 + Tg) = 0,
(Fil + 2114114 + F%l)rng, - 211%3114214 = 0.
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With the same conditions, we get that there exist #, and 1), such that :

1
F§2 = 92F§1 - §<P§3 - 1Fi3)7 Fiz - 92Fz211=
1

Fil4 = 79211%3 - §(Fi1 - F§1)» F§4 = 792F33-

See the equations G2342 and G4124, we notice two possible sub-cases, (we give
just the proof of the first case, in the same way we can prove the second)

If ¥4 = 0 than G2341+G1341 give
— 40, ((F%:J,)Q + (F§2)2) =0,

using the conditions before we get : 9 = 0. Let the system

G1331: — A — (T}, +T2) (2T, +T2) =0,
G2332: —TL(TL +1I3)=0,
G1221 : — A —2(0%,)? + (', —T3,)I'3, =0,

solving this system we get complex result to the Gammas, who is a contradiction.

Remark 6.0.1 In the same way, we find the contradiction in the case where

Then, there is no-solutions in the case II.

With similar computations, we can also prove the non-existence of solutions in
the cases 111, which is given by :

1
Case IIL: '}, # I3, Y, = 511%17 3 =Tls

Hence there is not hypersurface in R® of type 1.



Chapter 7

Hypersurfaces of type 2

The only reference to this chapter is the paper of A.Chikh Salah and L. Vrancken
[CSV16].

In this case we have that V; # 0 and W5 = 0. We choose E; in the direction of
V3. This fixes the rotation freedom in &;. As W5 vanishes, we have that 'y, = —I'3,.
In order to determine a frame in & we consider the following subcases:

1. The restriction of the difference tensor K to the space & does not vanish
identically. Applying a rotation we can choose in this case the vector field
Ej3 such that h(K(Es, E3), E;) = 0. So we have that I'}; = 0 and T's; # 0.

2. The restriction of the difference tensor K to the space & vanishes identically.
However K (&1,&1) ¢ &;. In that case we can fix the vector field E5 such that
one of the following holds:

(a) h(K(EhEl),Eg) 7é 0 and h(K(El,E1)7E4> = O,
(b) h(K(E17 2), E3) 7é 0 and

hK(E, Ey), E3) = (K (Ey, Ey), Ey) = (K (Ey, Ey), Ey) =0,
(C) h(K(E27 EQ), Eg) 7é 0 and

h(K(E1, Ev), E3) = h(K(Ey, Er), Eq) = h(K(Er, E), E3) = 0

and h(K(El, Ez) E4) = h(K(EQ, EQ), E4) = 0,
which leads to an immediate contradiction as W; = 0.

3. We have that h(K(&,&1),&) = h(K(&,&2),E) = 0. In this case we can
consider the following subcases:

(a) the symmetric operator Kpg, restricted to & has two distinct eigen-
values. In this case we can pick F3 and FE, in the direction of the
corresponding eigenspaces,

92
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(b) the symmetric operator Kpg, restricted to & is a multiple of the iden-
tity, but the symmetric operator Kpg, restricted to £ has two distinct
eigenvalues. In this case we can again pick F3 and Fj in the direction
of the corresponding eigenspaces,

(¢) both the symmetric operators K, and K, restricted to & are a mul-
tiple of the identity,

So we see that except in the last case, the frame is uniquely determined and we
can apply the Lemma 5.2.1.

7.1 Hypersurfaces of type 2.1
We have that I'}; = 0 and as a conditions of this case :
[3,#0 and Ty, +T3, #0. (7.1)
From the Gauss equation
G3433 1 3753, =0,
it immediately follows that T's; = 0. Adding now (G3443) and (G3434) we get
_6P§3(F§3 + Fis) =0,
which implies that I'}; = —T'3;. Now (G1424) becomes
Fi’Qrgg + 2114111(?112 - 2F4211) =0.
So there exist a constant (3, such that

lelz = ﬁngza + 2F4211>
F?z = —251F4111'

Moreover from the equation
G3434 : Ag +2(I'3,)% =0,
we deduce that Ay = —2(T'3;)?. And from
G1423 I3 (51(2Fé1 +T33) + QF?M) =0,
we get that %, = —2L(2I'}; + I'3;). Seeing the equation

G1413  2(1+ S7)(20g, + T35)T), =0,
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we have two small subcases to consider
1. if T}, = 0 then from solving

G1313  2(T%, —I'3,) (215, 4+ T55) =0,
G2323  2(2Ty, — i) (Dy, +T55) =0,

we have that I'}; = 0 and I'3; = 0, which is a contradiction with condition of this
case.
2. if '}, # 0 then I'}; = —1I'3;. From the equation

G2423 —4 (B} +1)T3,Iy =0,

we again find that I'3; = 0, which is a contradiction with our assumptions.
Then there is not hypersurfaces of type 2.1 in R®.

7.2 Hypersurfaces of type 2.2
Type 2.2.a We have that I'}; = I's; = I'j; = 0 and as condition of this case

I3, #0 and T, +T3, #0. (7.2)
By adding G1211 and G1222, we have

G12114+G1222 . (Ty, +T5,)(T5, —Ty) =0,

it follows that I'3; = I'},. From G1423 we get that

F%2(2F:12,1 + Fis) - 4F:12,1F4211 = 0.
As T}, # 0 (condition (7.2)), there exists a constant 3; such that

Fjll?, = (451 - 2)1_%17
F?u = 511#112‘

Similarly it follows from (G1323 that we can write

F?2 = 521—‘?513 + 2F§17
Fil2 = =26y,

The equations (G1314) and (G1414) are given by

_2F§1(2ﬁ2r?ﬂ + Ff%ls) =0 and Ay +4(1+28:(-1+ ﬁ@)(rél)Q =0,
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now immediately imply respectively that
T35 = —203,15,, Xy = —4(14261(—=1+ 33))T5,.

Now the equations (G1313) and (G2424) reduces to

—4(B3 - 1) (2B8:(T'8,)% + (T%)%) = 0,
—8(—1+281) (82 — 1) (T};)? = 0.

Hence 33 = 1. Note that if necessary by replacing F3 with —FE3 we may assume
that fy = —1. The equation (G2322) then become

(Tyy — 5F%4)Fé1 — 30,05 = 0.
So there exists a constant 3 such that
D3 = B3T3, Ty = 38300 + 505,

The equation of (G1433) becomes

—261T3; (T34 — 2T'g3) = 0.

If T3, # 2T}5, then B; = 0, and the equation

G3421 : —2B33(T5,)* =0,

gives 3 = 0. The equations (G3442) and (G2311)
—10I5,T3, =0 and — 203,209, + %) =0

now immediately imply that '3, = I'}; = 0 which is a contradiction.

Therefore we always have I'y, = 2T'L,.
The equations ((G1444), (G1344), (G2444), (G2333), (G1322) and (G1441)) are given
by

G1444 10Ty T3, =0,

G1344 T3, (T], +2T3,) =0,
G2444  —10T3 ', =0,
G2333  fB3(Ty, + %) = 0,
G1322 Tl =0,

G1441  — )\ =0,
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immediately imply respectively
i, =0 TIj,=-2I% T3=0 p#=0 TI;=0 X=0
As T}, = 0 we must have that I'%, # 0. A contradiction now follows from
G1331 :  —4(I'3,)* = 0.

Type 2.2.b We have that I'}; =3, =T}, =T}, = 0.
The conditions in this case now imply that

%, #0 and T, =0.

Using
G1414 : A\ =0,

we get that A\ = 0. And we have

G1313 :  2I%,I3, =0,
G2323 ;. 2I%,(I%, —T%) =0,

Adding this equations, we get (I'3;)? = 0, which is again a contradiction.

Then there is not hypersurfaces of type 2.2 in R®.

7.3 Hypersurfaces of type 2.3

Type 2.3.a We have that I'3; =3, =T}, =T}, =%, =}, = 0. By the choice
of E5 and E, we also have that

Fé4 = 07
2Ty + T + T #0, (7.3)
I +1%, #0.

The equations (G1313) and (G3434) become
Ao =0 and (I3)*+(Ty)° =0,
we immediately see that
Ag=0, I3=0 Tj;=0.
Adding (G2322) and (G2311), we get that

_(Fil + F?2)F§1 = 0.
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So we deduce from the condition (7.3) that '3, = 0.
Similarly we obtain from adding (G2422) and (G2411)

—(T'1; +T%,)0F, =0, then I'f; = 0.
Similarly from adding (G1211) and (G1222) we obtain
(P} +Ti)(T —Ty) =0, then I, =Ty,
From (G1212) we obtain that
A= _Q(Fél)Q + (F%l - Fgl)rgl'
From the equation (G1211)
3F%1(_F§2 + F;l) =0,
we obtain two cases,

Case 1: We assume that I'3, # I'%, then I'}; = 0.
Moreover, adidding (G1212) and (G1221), it reduce to

Q(F%l - 2F%2)(F%2 - F%l) =0,

we deduce that '}, = iT};.

Using the condition (7.3), the equation (G1341) is
_211%3(11%1 + F%z + 2114114) =0,

we immediately see that T'{; = 0. The equation (G1342) is

2F11F1213 =0,
it yields I'5; = 0. Using

G2431 :  —(3T}, + 41,3, = 0,

we obtain I's; = 0. By subtracting equations (G1332) and (G1442) we get

_8F%1F1214 =0,

then I'y, = 0. We are now left with the equations (G1331), (G1441), (G2332) and
(G2442) which state that

(Fh - 2114114 - F%l)(QFiL - F§1) =0,
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(_4F%1 - 21—‘41L4 + F%1)(3F]1L1 + 2F%4 + Fg1) =0,
Fgl(_‘lﬂl - 2114114 + F%l) =0,
Igl(_rh + 2F114 + Fgl) =0.

Solving the above system we get a contradiction with

Case 2: We have that '3, = T%,.
The equation (G1234) is given by

(Fil + F%z + 2F4114)F£213 - 2F113F§4 =0.

1. We assume that {I'35,T'3,} are not both vanishing. Then there exist a constant
a such that

1
Iy = al'ss, Iy =aly, — 5(11%1 +TI7y).

The condition (7.3) becomes 2al'3, # 0.
The equation (G'1243) is
—2al'5, I3, =0

then I'%; = 0. In the same (G1431) is given by
—4a’Tyl5, = 0,
yield that '3, = 0. Subtracting (G2332) and (G2442) we see that
4T5,(T3; — al'y) = 0.

Using (7.3) we deduce that I'}; = «a;I'3,. Similarly subtracting (G2331) and
(G2441) we see that
—4r3, ((0® +2) T}, + 1) = 0.

We obtain I'{; = —(2 + a?)['%,. The equations (G1442) and (G2332) now become

o (0 + 1)) — 4(T%,)?) =0,
“ M (0?4 1) (T)? — 4(T8)? = 0,

Such that A\; # 0, than o = 0, which leads to a contradiction.

Seeing the equation

G1441 © =\ +2(T}, — 2131, =0,
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the fact that \; # 0, implies that I'{, # 0. So
G2441 . 2T}, =0,

immediately implies that '}, = 0. The equations (G1243) and (G1341) are given
by

- (Fh + F%z + 2F4114)F1213 =0

- 2FZ113(F%1 + F%2 + 21#114) =0,

using (7.3), we deduce that I'3; = 0 and T'{; = 0 respectively.
The equations ((G2442), (G1441), (G1331), (G2332)) now reduce to

— (3T + I, + 2I'y,) (21, + 317, + 2I',) =0,
- (Fil - F%2 - 2F114)(F%2 - 2FZ114) =0,
- 1?2(311%1 + F%2 + 2FZ114) =0,
F%2<_P%1 + F%z + 2F4114) =0.
We immediately see that the above system admits no solution which satisfies the

condition (7.3).
Then there is not hypersurfaces of type 2.2.a in R.

Type 2.3.b We have that '3, = T3, = T3, =T} =T1% =11, =T} =0
and '}, = —3(I';; + T'Y,). By the choice of E3 and E; we also have that
I, 40 (7.4)
Iy + T # 0.

In exactly the same way as in the previous case, the equations

G1313 : M\ =0,
G3434 © A+ (T33)° + (I'3)* =0,

G1333 : I3, =0,
G1433 : I3, =0,
G1432 . —4TLI5, =0,
G2432 :  —4T3.T5, =0,

we get \p = I'jy = T3 = '3y = [y =T5, =T, = 0.
Adding (G'1332) and (G'1442), we get

_QF%I(Fil + F%z) =0,
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it follows from the condition (7.4) that ['}; = 0. The equation (G1332) is
_Q(F%l + QF%Q)F;Z =0,

implies that I'%, = %Fh.
The equations (G1212) and (G'1222) are given by

AL+ F%l(_r%l + I‘31) =0,
- 3P%1P§1 =0,
so A; # 0, then T'3; = 0. From (G2331) we get
(Fh + 21“31)1“214 =0,
then T3, = —%Fh.
The equations (G1221) and (G2332) are
3T =0,
— A+ 1/4(1—%1)2 - 4(F§4)2 =0,

from the first equation, we now see that A\ is negative and if necessary by replacing
E; buy —FE; we see that T'l, = \%\/—)\1. Similarly from the second, we get that

I3, = —\/Lg\/—)\l. Therefore we have shown the following lemma.

Lemma 7.3.1 Let M be an affine homogeneous hypersurface which is of type
2.3.b. Then A\ is negative and Ao = 0. Moreover, we can choose a local frame
{El, EQ, .Eg7 E4} such that

2 1 1
Fh:_\/_)‘lv F%zz—%\/—)\l, ?3: 2\/5\/
1 1
Iy = - VvV =A1, I3, = —ﬁv —A1, Ty =

1 *
\/_
1 1
Fg:& = —=V A, F%4 = _ﬁ V = A1, F}as \/
\/_

2 1 2
[ =—=V—M, Ty = Y —A1, I =
and all the other connection coefficients vanish.

From this we can now show the following.

Theorem 7.3.1 [CSV16] Let M* be a locally strongly convex, locally homoge-
neous, affine hypersurface in R®. Assume the affine shape operator of M has two
distinct real eigenvalues, both multiplicity 2 and that M is of Type 2.3.b. Then M
18 locally affine congruent to an open part of the hypersurface

(21 — xi)é (22 — x?)d z; = 1. (7.5)
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proof Using the local frame of the previous Lemma 7.3.1, we have that the Lie
brackets are given by

[Eq, E5) =0,

(B, Es] = ——\/—_/\1E37
(B, Es] = ——\/_E47
By, Bs] = \/—_AlEg,

[E2, By = __\/_)‘IE47

[Es, E4] = 0.
So if we now take a new frame in M :
EY =FE, FEy,=F, FE3=pkEs; LEj=pkE,,

where pq, po are functions in M. We see that with respect to the new frame the
Lie brackets become

[ET, B3] =0,

[E7, B3] = (Ei(p1) — Pl%\/ —A1) B3,

[E7, Ef] = (Ei(p2) — P2%\/ —A1) By,

[E5, B3] = (Ex(p1) + /)1%\/ —A1)Es,

1
=V _)\1)E47

(£, Ef] = (E2(p2) — Pl\/g

(B3, Ef] = 0.

Now a straightforward computations shows that the one forms w; and wy respec-
tively defined by
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are closed one forms. Hence there exist local functions such that w; = dln p; and
wy = dIn py. Using these functions we now see that with respect to the new frame
all connection coefficients vanish. Hence there exist local coordinates (u,v,z,y)
such that

0 0 0 0

— =F, —=Fy,, —pE;, — = pyFE,. 7.8
Ju 15 90 2, 8.Tp1 3, ay P2liyg ( )

By integrating (7.6) and (7.7), and (7.8), we get the functions p; and py

I _ oy eV 2 (7.9)

P1 3 P2

where a; and as are positive constants. Of course by translating the coordinates
u and v we may assume that a; = ap = 1.

We now note the immersion ' : M < R™"!. From the definition of the affine
shape operator and Lemma 7.3.1 we get that

fu = _)\IFua gv = _)\1Fv7 5:10 = gy =0,

and

2
Fuu:_\/_)\Fu_l_ s
V3 ' ¢

1
Fuv:__ _)\Fva

\/g 1
Fux:()a
F,, =0,

1
Fvv:__\/_A Fu+ y

gV hfre (7.10)
sz:Oa
Fvy:Ou

1 2
Facx: 2(—— _)\Fu+_\/_)\avFv+ 5
pl( \/g 1 \/g 1 5)

F, =0,

1 2
F,, = pg(—% —MF, — ﬁ\/—/\le +£).

Taking the derivative of the first equation of (7.10) we get

2
Fuuu_%\/ _>\1Fuu+/\1Fu:0
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Its solutions are given by

F(u,v,z,y) = Aj(v,x,y) + As(v, x, y)et™ + Az(v, z, y)et?™, (7.11)
where 1, = — “\;gl, Mo = SV\/%’\I and Aq, Ay, A3 are functions in M. It immediately

follows from (7.10) that Ay depends only on v, A; dpends only on = and y and Aj
is a constant vector. Therefore

F(u,v,z,y) = Ai(x,y) + Az(v)e™ + Ase!?". (7.12)

It now follows that
2
V3

It now follows that for Ay we get the following differential equation:

5 = Fuu — —/\1Fu = —)\1(142(1})6“1“ + A3€“2u>.

A’Q’(v) = —§A2>\1.

Its solution are
Ay(v) = cp.e7 0 4 ¢y @Y,

where ¢y, ¢ are constant vectors. The remaining differential equations now become

8

(A1>zz = —501/\17
(A1>zy = 07
8
(A1)yy = —ge2A.
Therefore 4 4
Ai(z,y) = c3 + cqy — 501)\1952 — 502A1y2 =+ Cs.
and
4 o 4 2 (u—2v) (u+2v)
Fu,v,z,y) = —501/\1I —502)\134 Fegxtcgy+er . T ey e U TEY) 4 Ag eF 2 e,

We can write it

4
F(U,U7ZL', y) = Cl<__)\1$2 + 6#1(u—2v))

3

4
“+Co (—g)\lyz + eM (u+2v))
_|_A3€u2u

“+c3T
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+cqy
+C5.

Of course by a translation, we may now suppose that c; vanishes and by an affine
transformation we may assume that ci, ¢, c3, ca, A3 is the canonical basis of RS,
This completes the proof of the theorem. O

Type 2.3.c We have that
Fi3 = Fg:a = Fil’)l = len = F?2 = lelz = F£154 = F§4 =0,

lel4 = _%(1—%1 + F%2) and F§4 =0.

The difference tensor is given by

K(E\, E)) =T1,E, +T1},E,,

K(E,, Ey) =13, B +T%,E,,

K(Ey, Ey) = T3, B +1'2,Es,

K(Ey, E3) = (T, +T7,)Es,

K(By, Ey) = 5 (I1y + ) By,

K (B, B3) = (T}, + %) By,

K(Ey, By) = 5T, + 17, En,

K(E,y, FEs) = K(Ey, E,) = K(Fs3, E;) = 0.

Note that as FE, F» are determined canonically in a unique way, the Christoffel
symbols appearing in the above difference tensor are constant.
For this type of hypersurface we want to prove the following theorem.

Theorem 7.3.2 Let M* be a locally strongly convex, locally homogeneous, affine
hypersurface in R® whose affine shape operator has two distinct real eigenvalues
with multiplicity two. Assume that M is of Type 2.3.c. Then \i is negative and
A2 vanishes. Moreover M is affine equivalent with an open part of

2\ o
s (:z:l — (23 +29) — ﬁ) = 1. (7.13)
)
Before starting the proof of this theorem we first need the following lemma.
Lemma 7.3.2 We can choose the frame {Ey, Es, E3, Ey} such that

2 1 1 /3
F%1:—\/—1—5v—)\1, F?zz—\/—1—5v—>\1, Fig:i VAL
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1 /3 5 3
F%4:§\/;V _/\17 Fglz_\/;V_Ah F%2: 5\/ _>‘17
3 3
1%3 = \/;V _)‘17 le14 - \/g\/ _>‘17
and all the other connection coefficients vanish.

Proof We will use some of the Codazzi equations for the difference tensor K, such
that this equation is in first chapter (4.34) is given by

VK(X,Y,Z)—VK(Y,X,Z)
= %h(Y, Z)SX — %h(X, Z2)SY + %h(SX, 2)Y — %h(SY, Z)X.

A straightforward computation yield that
Glcl332  — %r?l(ril +1%2,) =0,
Glc2331  — %(r}l +T2,)T3, =0,
Glc3432 %(F}l +T2,)I'3, =0,
Gle3442  — %(F}l +T3,)'3, =0,

where we denote Glcijkl the (-th component of the Codazzi equations (4.34) with

X=FE, Y=L, Z=E.

Note that of course there are other non vanishing components. These however will
not be used in the proof of the lemma.

From the equations ((Glc2331), (Glc1332), (Glc3432), (Glc3442)), and the fact
that M is of Type 2.3.c, we get that

F%l = F%l - F?u = Fgl = 0.

In view of the Type of M we also have that T'l; # 0. See now the following
equations

Glel221 3@%1 - F;1>F%1 + (Fh - 21?2)@%2 - F%1) =0,
1
Glel331 5(_@%1 + F%2)(2Fi1 + F%Q) — A+ X)) =0,

1
G1c2442 5(—(r}1 + 2,05, — A+ Xg) = 0.
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Solving this equations we get after if necessary changing the sign of F; that

9 /— /=
V-t 2 VoMt A r2, = @‘/_A1+A2_

\/1—5 ) 12 — \/ﬁ ) 21 — T

The remaining unknown connection coefficients are {I'{3, '35, a3, ['13}. Note how-
ever that these connection coefficients are not necessary constants.
The remaining Gauss equations become

L
Fll__

G1221 N\ =0,

ATV =M+ A
V15

1 /3
G'1343 5\/;/—& + Mol + DT + E5(T43) — E1(T35) =0,
G2343  Th,Ih 4 Bs(T) — Ex(TL) =0,

G1234 Ey(T1) + Ei(T53) =0,

G2443  —TDLTh + EjTL) — Ey(Th) =0,
G3443  — (Thy)? — (04)? — Ay + E4(Dhy) — Es(TL,) =0,
1 /3
G1434 — 5\/2 -\ + )\2F33 + F%3F§3 - E4(F4113) =+ El(FiS) =0.

The equation (G1221) now immediately implies that Ay = 0. The other equations
are correspond precisely to the conditions that the one form w defined by

W(El) - _F11137 W(EQ) - _Fg?ﬂ W(E3) = _F§37 W(E4) = _Fjl137 (714)

is a closed one form. Hence there exists a function ¢ such that w = dyp. We now
consider the following change of frame

(EY,E, E5, E)) = (Ey, Ey, cos p Es +sing By, —sin g E5 + cos ¢ Ey),

This frame still satisfies all of the previous conditions. However we moreover have
that

Vi Ej = (Ei(p) +T1;) Ef =0,
Vi By = (Ea(p) +Ts) Ef =0,

- . 1 /3 . ) .
Vs big = 5\/;\/ —AMET + ((Es(QO) + F§3) cosp + (Ey(p) + Fis) Sin 90) Ey
1 /3 —

Vi Es = — (Bs(p) + Thy) sing — (Ea(p) + Tky) cos ) Ej = 0.
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The conclusion of Lemma 7.3.2 follows from these and the expression of K. O

proof Proof of Theorem 7.3.2. We use the local frame constructed in Lemma 7.3.2.
The Lie brackets of the last frame are given by

By, By = \/—AlEg, Ey, By = \f V=MEs,
[Ey, Ey] = \/7\/—)\1E47 [Ey, B3] = [Es, E4] = [E5, E4] = 0.

Therefore we immediately see that the one forms w; and wy defined by

wi(Ey) = 4\/ w2(E1)——1\/§\/—A1,

V15 2

are closed one forms. Hence there exist positive functions p; such that w; = d1n p;.
If we now look at the frame given by Ey, py Es, po E3, po Ey we have that all the Lie
brackets vanish. So there exist local coordinates (u,v,z,y), such that

0o 0 0 0

— ., —.,— ) = (F E E Ey).
(3u’8v’6’x’8y) ( 1, P1L22, P2Lu3, P2 4)

Choosing the initial conditions for the functions p; appropriately we get that
p1 = 67\/%\/77)‘1'“’ P2 = @_%\/gmu

In the same way as in the previous theorem we now determine the system
of differential equations for the position vector F' and the affine normal of the
immersion. We get that

gu = _)\1Fu7 gv = _)\1F’U7 £$ = gy =0
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and

2
Fuu:__v_)\Fu+ )
\/1—5 1 é

)
Fuv = ——=V—A Fw
Vis ¥
Fux = 07
F.,, =0,
3
Fvv :P% (\/g\/ _)‘1Fu+§) )
(7.15)
sz = 07
Fyy =0,
3
wa - ,03 (\/g\/ _)\lFu+§) )
Fy =0,
3
Fyy = p3 (\/gv—)\lFu‘f‘f) :
Deriving the first equation with respect to u, we get
Fowu + 2 MFEuw+MF, =0
uuUY \/1—5 14 uu 14y — Y.
Its solutions are given by
F(u,v,z,y) = Aj(v,x,y) + As(v, x, y)et™ + As(v, z, y)eH?", (7.16)

where p; = —\/%\/—)\1 and 1o = —2=+/—X\{, and A, Ay, A3 are functions in M.

V15
The other equations now immediately imply that A3 is a constant vector, A,

depends only on v and A; is the sum of a function depending only on z and a
function depending only on y. The first equations also implies that

5 =-\ (AQ(U’ x, y>eu1u + A3(U7 x, y)elmu)'
The remaining differential equations now reduce to

(Al)acm = _§A3)\17
(Al>yy - _§A3)\17
(AQ)UU - _§A3)\1-
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So there exist constant vectors Az, c1, ca, €3, ¢4, ¢5 such that

4
F(u,v,z,y) = —gAgAl(xQ + y2) + o+ ey +cy
4
+ (—g)\lAg'UQ + c3v + )t + Agett.

As )\ is negative, by a homothetic transformation we may of course assume that
—%)\1 = 1. Next by applying an affine transformation we may that c5 vanishes and
c1,Ca, C3, 4, A5 are mapped to the standard basis. So we can write

F(“a v, T, y) = ((xZ + y2) + UQQMIU + €u2u7 eulua z,Y, veulu)‘

which is contained in

5
;s (xl — (23 +29) — ﬁ) =1



Chapter 8

Hypersurfaces of type 3

reference to all this chapter is always the paper of A.Chikh Salah and L. Vrancken
[CSV16].

In this case we have that both V; = 0 and W5 = 0 than

‘/1 - O S h(K(eh 61)’ 61) + h(K(627 62)7 61) = 07 — Fil = _F§2a
h(K(e1,e1),e2) + h(K (€2, e2),e2) =0, [5=—-Ts.
Wy =0 <= h(K (e, e3), €3) + h(K (€4, €4), €3) = 0, N F% = —F§3,
h(K (e3,e3),e4) + h(K (€4, €4),e4) =0, [y = —Tis.

We again will use properties of the difference tensor K in order to determine
a unique frame. Note that by the classical Berwald theorem, we know that if
K vanishes identically, M is congruent with a quadric (and therefore an affine
sphere). So we may assume that K does not vanish identically. This leaves the
following possibilities.

1. Suppose that the restriction of K to either & or & does not vanish identi-
cally. If necessary by interchanging both distributions we may assume that
h(K(&1),&1),&1) does not vanish identically. In that case we can pick Fj
such that h(K(Ey, Ey), E2) =0 and h(K(E1, Ev), Ey) # 0).

(a) the symmetric operator Kp, restricted to & has two distinct eigen-
values. In this case we can pick F3 and FE, in the direction of the
corresponding eigenspaces,

(b) the symmetric operator K g, restricted to & is a multiple of the identity.
Note that because V; = 0 this implies that K, restricted to & vanishes.
However the symmetric operator K, restricted to & has two distinct
eigenvalues. In this case we can again pick F3 and Fj in the direction
of the corresponding eigenspaces,

110
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(c) both the symmetric operators Kp, and Kpg, restricted to & vanish.
However h(K (&, &), ) does not vanish. In that case we can pick Ej
such that h(K(Eg, Eg), E4) =0 and h(K(Eg, Eg), Eg) # 0)

(d) We have K(Ey, Ey) =1 E) = —K(FEsy, Ey), K(Ey, Ey) = —11 Ey and all
other components of the difference tensor vanish. In this case we still
have a rotation freedom in & and the frame is not determined uniquely.

2. Suppose that the restriction of K to both &£ and &; vanishes identically. We
can now look at the restriction of K to & and &,. This gives us two maps

KlzK\gl:Slx&%&, K2:K|52282X(92—>51.

By the apolarity and the symmetry of K we now that K (Es, Ey) = —K(FE1, Ey)
and K (FEy4, Ey) = —K(FE3, E5). Hence the maps map the unit circle in re-
spectively & and & to an ellipse (or a line), a circle or a point. Using
the fact that K can not vanish identically this leaves us with the following
possibilities:

(a) The image of K is an ellipse (or line). We can choose F3 and E, as
the axes of the ellipse and we can choose F; such that K(FE;, E) is in
the direction of Es.

(b) The image of both K! and K? are circles. We can pick F3 and E, such
that

b3 = —K(Ey, Ey), K(Ei, Ey) =ukEy,
= V1E1 + V2E3 - €V3E4,
VlEQ — €V3E3 — I/QE4,

where e = £1. Making now the following change of basis Ef = cos ¢.E;+
sin. By, 5 = —sinp. ) + cos p.Ey, E5 = cos2p.Es + sin 2¢. 1/, and
E} = —sin2¢p.F3 + cos 2p.Ey, we see that v = 14 and

5 = Ln((1+€) cos(3p) + (e — 1) cos(5¢))

+v3(—(1+€)sin(3¢) + (1 — €) sin(5y)),
Vi = Joal(1 + ) sin(3g) + (1 - o) sin(59))

+ v3((1 + €) cos(3p) — (1 — €) cos(5¢p)).
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Hence by assuming that v; has to vanish we can fix the frame com-
pletely.

(¢) The image of K is a circle and h(K (&, &), E1) = 0. Given E; and Es,
we can choose F5; and E, such that

K(E17E1> =uv b3 = —K(E27 E2), K<E17E2) =1 By,
K(E17E3) :V1E17 K(E17E4) :VlEQa
K(E,, E3) = —1n Ey, K(Ey, Ey) =11 Ey.

Note that in this case making the following change of basis preserves
the difference tensor

E} = cosp.Ey + sin . Ey,

E5 = —sinp.E; 4 cos ¢. Ey,
E3 = cos2¢.E3 +sin2p.Ey,
E; = —sin2p.E3 + cos 2. Ey.

As M is homogeneous and v, is determined by h(K, K), v; must be constant.
So we see that except in case 3.1.d and case 3.2.c, the frame is uniquely determined
and we can apply the Lemma 5.2.1.

8.1 Hypersurfaces of type 3.1

8.1.1 Type 3.1 : Case a, Case b and Case c

These cases can be treated simultaneously.
Such that V; = 0 and W5 = 0, as given before :

F%l = _F%w ng = _Félv Pizx = _P?137 F§4 - _ng‘
Note that the condition of the case 1. are given by
I%,#0 and Ty =0.
And the symmetry of K¢, |¢, follow that
I3, =0.

From
G1211 : =3T3,
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we first get that I3, = 0. The equation (G1341) now implies that

Let us first assume that '}, = 0.
Then (G1441) implies that A\; = 0. Then (G1212) and (G1221) respectively imply
that

F%l(ri + F§1) =0,
- (QF%2 - F§1>(3F%2 - Fgl) =0.

This leads to FfQ = 0 which is a contradiction.
Therefore we must have that
', #0 and T{;=0.
The equation (G1221) and (G1212) are given by

—A1 — 6(I'7y)% + 57,15, — (I3,)° =0,
AL+ F%l(rfz + F%l) =0,

adding this equations, we get that I'3; = I'%,. So that
G1212 : A\ +2(I'3,)* =0,
implies that \; = —2(T'%,)?. From the equations

G1234 : T{,Ii; =0,
G1243 : T9,(I3; —2T3%,) =0,

we then deduce that I'y; = '3, = 0. Whereas

G1434 : 2I'}, 5 =0,
G1343 : 2I'}, (T3 — T3,) =0,
imply that T'j; = 0 and I'3; = 2I'3;. The equations (G1331) and (G1441) now
reduce to
2@%2 - F%4)(F%2 + 2ril4) =0,
2@%2 - 21“114)(1?2 + Fi;) =0,

which again lead to the contradiction that '}, = 0. Hence these cases are not
possible, and there is not hypersurfaces of type.
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8.1.2 Type 3.1 : Case d

Due to the form of the difference tensor we have that
Fél = F§4 - F:Iﬂ = leu = Fil)’Z - IV112 = Fil - F34 = F§4 - F§3 = Fis = 0.

This implies that
hVe,E,E1) =0,

and in view of the form of K also
h(Ve,E2, &) = 0.
So by a direct computation we get that
(VK)(FE,, Es, E3) — (VK)(Es, Ey, E3) = h(E\Vg,Es) = 0.
On the other hand, from the Codazzi equation for K, (4.34) we deduce that
(VK)(Ey, Es, Es) — (VK)(Es, Ey, Es) = (M — A) 1.

Hence this case also leads to a contradiction.

8.2 Hypersurfaces of type 3.2

8.2.1 Type 3.2 : Case a or Case b

These cases can be again treated simultaneously as we have again the possibility
to define an affine invariant frame. From the choice of the frame we have that

Fél = F%z = FZ?) = ng = F}u = F?z =0.
Note also that in both Case a and Case b, we have the condition
T3, # 0.

Case a can be recognised by
[y # £2T5;.

Whereas Case b can be recognised by
I, #0, T3, =0 and TIj,==+2l},.
From the equations

G1313 : M\ +4(I%)* =0,
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G1311 : 507,08 =0,

it immediately follows that T'{; = 0 (and therefore Case b can not occur) as well
as that Ay = —4(T'},)?. Similarly from

G2322 . —5T5,% ),
we deduce that I3, = 0. From (G1212) we get that
AL = _(Fil)Q - (1%1)2-

The equation (G3443)
4(1%1)2 = (F§3)2 + (Fi:a)za

implies that T'3; and I'}; can not cancel simultaneously. Therefore from

G1333 : T35, =0,
G1444 :  —T3,T4 =0,

it follows that T's, = 0. Similarly from

G2333 © I35, =0,
G2444 ©  —T3,T4, =0,

we get that ['2, = 0. The equations (G1213) and (G1224) become

_F?QF?S + 41—‘%11%1 =0,
211?1114112 - 2F313F§1 = 0.
As we are necessary in Case (a), we have that (I'}y)? — 4(T'};)? # 0 and therefore
the previous system of equations implies that I'l; = I'?, = 0. Similarly from
G1214 :  2I'},I5, — 25,13, = 0,
G1223 : T{,T3, — 405,15, =0,
we get that I's; = I's; = 0. Repeating the same argument respectively for (G1314)

and (G1323) and (G1423) and (G1414) we have that ['3; = T4, = 0 and '}, = 0
and I'}; = —2I'},. A contradiction now follows from (G2424) which becomes

2((1,)* — 4(T'3,)%) = 0.
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8.2.2 Type 3.2 : Case c
For this type of hypersurfaces, we want to show the following theorem

Theorem 8.2.1 Let M* be a locally strongly conves, locally homogeneous, affine
hypersurface in R® whose affine shape operator has two distinct real eigenvalues
both of multiplicity 2. Assume that M is of Type 3.2.c. Then Ay = 0 and Xy is neg-
ative. Moreover M is affine congruent with an open part of the affine hypersurface
given by

20903T4 — mi —x (x§ — 2x5) — 2x§x5 =1.

Before starting the proof of the theorem, we need the following lemma.
Lemma 8.2.1 We can choose the frame {E, Eo, E5, E4} such that

F?l = \/__)\27 F?LLQ = \/__)‘27 F%l = \/__)‘27
v —=A vV=A
F%z =V — A, Fél = —27 F%Q = - 2

2 2

Fil =V =g F?L?) =V =g F§14 = —V A,

and all the other Gammas are vanished.

Proof : From the choice of the frame we have that

F%l = 1?2 = Fi:a = F§3 = len = F?2 =0.
We also have that, if necessary after changing the sign of Ey that I'{, = 2T'}; # 0.
Moreover, we have also I'f, = T3, =T}, =T%, = 0.

Using the Codazzi equation for K we now find by a straightforward computa-
tion that

Glc1231  (2T%, —T{,)%, =0,
Glel241 (213, — I'y,)%, =0,

1
Glel33l (4(31)% = M+ X2) =0,

Glcl1341 T3 (23, —T'3,) =0,
Glc2431 T3 (20, —2T% +T'3;) = 0.
Therefore we get that
lels = 21—‘%17 ng = 2F§1, Fg:a = 2F§17 Fi3 = _2F§1 + QFZr
Moreover, we have that
VAL — A

Iy =——
31 2
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The remaining unknown coefficients coefficients are I'};,T'3,,T3,,'%,. As the
frame is not unique these are not necessarily constants.
Now the Gauss equation (G1331) is given by

A1 =0.
The final Gauss equations now reduce to
G1212  (T})* + ()" — By (Fi) + B1(T3)),
G1312 T2 —2r% 1% 42 r Ve — By(T3) + Ei(T%) = 0,

G1334 2F31F:231 - 4F%1Fz211 + 3I111 V=X —2E;3 F%l) + 2E1(F:231) =0,
G1412 24 T5, + 5,15, — E4<P%1) + E1<Fil> =0,

G2312 — T2 T3 — 25,13, + +5 r VA2 — E3(T3) + By (') =0,
G2412  2I5 T3 — I3 13, + 17 \/—/\2 E, rgl )+ Ey(T3,) =0,
G312 2((M3)2 + (T3)? ~ TV =Xe) — Ea(T) + Bs(T%) =0,

These equations are precisely the existence conditions, see Appendix 2 of
[Lau65|

(i, Ejle = Vi Ei(¢) — Vi, Ei(p) = Ei(E;(¢)) — Ej(Ei(p)), for 1 <i,j < 4.

for the following system of differential equations

El(@) = _F%b

E2(‘P) = _Fglﬂ (8 1)
Es(p) = —T3, — Y522 sin 2y, '
Ea(p) = —T% + Y52 cos 2 + Y32,

Taking therefore a solution of this system and using the freedom in the frame to
define,

E} = —sin2¢p . B3 + cos2¢ . By,

E} =cosp.Ey +siny.Es, E5 = cos2¢p . B3 +sin2¢ .y,
E} = —sinp .E) + cos p . Ey,

we see that the new frame satisfies all previous conditions and that moreover:

- * . * V —A *
VE{El = ((El(S@> + Fi) cos ¢ + (Ea(p) + Fgl) S @) E5 + T2E3
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_V _)‘QE;;,
2

v

VE*E* ( (El( ) + Pn) sin Y+ (EQ(QO) + Fgl) COS 90) E; + 9 EZ
V=X
= S
vV—=A
E*E* 2 ((ES +T%,) cos 2p + <E4(<P> +T7 — TQ) sin 2@) By =0,

vV=A
VE*E* =2 ( (Es(p) +T3,)sin2¢p + <E4(g0) + 1%, — TQ) cos 2@) E;
\/_

2

Therefore we may assume that
3, =0, I3 =0 T3=0 T}=vV-X\.
This completes the proof of the lemma. U

proof Proof of Theorem 8.2.1. We use the local frame constructed in the
previous lemma. By applying a homothety we may assume that A\, = —1. The
Lie brackets of the last frame are given by

vV —=A
[Ey, By =0, [By,Es]=— 22E1, [By, By = —/ =X B,
vV
2

[Es, Es] = Ey, [Es, B4 =0, [Es, Ey =—v/—XEs.

Therefore a straightforward computation shows that the integrabilty conditions,
see Appendix 2 of [Lau65], of the following system of differential equations for the
functions py, po and ps3

—A
Ei(p1) =0, Ex(p) =0, Es(pn) = pr=— > Bi(p) =0,
vV—=A
Ei(p2) =0, Ex(p2) =0, Es(p2) =0, Eu(p2) = P =
1

Ei(ps) = p1v/—X2,  Ex(p3) =0, Ez(ps) =0, Ey(ps) =0,

are satisfied. We now define

Ef = %El — Tp1paEs,
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E; = PlE2;
E; = Ej,
Ey = 3mpsEs + piEy.

We then get that [E}, Ef] = 0. So there exist local coordinates (z,2,u,y), such
that

o 0 0 0
(%a &a %a a_y) = (p%El - %ppoEQ, P1E27 E3a %0193E2 + p%E4)

Choosing the initial conditions for the functions p; appropriately we get that

Ne=g
pr =€ 2 ) P2 =Y, pP3 = .
Note that
( 1
El =P (ax + 5y0z> )
1
E2 - _aza
P1
E3 - auu

1 1
By = — a——xaz).
- p%<y 2

In the same way as in the previous theorems we now determine the system of differ-
ential equations for the position vector F' and the affine normal of the immersion.
We get that

51‘252203 gu:Fua gy:Fy_%sza

and
Fuu = 57
Fu:r: = 07
F,, = F,— zF.,

w
I
=

e (2Fy — zF, + ye*™F, — yeQuf) , (82)
xe' (—F, + &),

8

N N

RGN e
aQ

<

F..= ;Le_“ ((4 — 62“y2) F, —4F, + 2zyF, + (—62“y2 + 4) 5) ,
F,, ie’“ (:E (eZ“yFu +2F, — ezufy) + (26“ — x2) Fz) ,
Fyy ieu(4eu+x2) (—Fu+¢).
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Deriving the first equation with respect to u, we get
Fowu — F, = 0.
Its solutions are given by
F(u,z,y,2) = Ai(z,y,2) + As(z,y, 2)e" + As(x,y, 2)e™, (8.3)

The other differential equations involving the variable u then imply that As is
a constant, As depends only on the variable y and

(A1)y = 32(A1).. (8.4)

From the differential equations F,, we obtain that
§=e" ((Al)zz — Az + A2€2u> )

Substituting this in the differential equation for F), we see that

(A1)z2 = (A2)yy
The differential equations for £ imply also that

(A1), = 24s.
Therefore it follows that we can write
As(y) = Asy® + Chy + Oy,

where (' and (5 are constant vectors. Moreove, using also the differential equation
for F,, we see that we can write

Ay(z,y,2) = A32® + (zyAs + Cix + Bi(y))z + Ba(w,y).
Expressing now (8.4) yields
1245 + (B1)yz + (Ba)y = 245 + 2 (2°yAs + C1a” + By (y)x)).
Therefore B (y) = C3 a constant vector and
By (z,y) = }Lx2y2A3 + %:L’QyC’l + %xng + Bs(z).
The only remaining equation of our system of differential equations now becomes

(B3) e = 2C,.
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So after applying a translation in R% we see that we can write
B3(.CE) = 02332 + 041’.

Mapping now Csy, Cy, Cs, C, 2A3 to the standard basis completes the proof of the
theorem 0O

Note that all of the examples appearing in the theorem are indeed affine homo-
geneous. As the first two already appear as generalised Calabi products in [DV94a]
we only have to consider the final example.

We look at the set of equiaffine matrices given by

b(x,y,z,u) =
e 2e"/ 2y 0 0 O x?
0 e/? 0 0 0 x
0 U2y e /2 0 0 i(zy+22)
ety eV (2 4 z) e 2y 1 0 fa(ey+2z2)
e“y? 1 u/2 ) —u/2 (TY —u 1 2:)2
- sePy(ry 4+ 22) e (Z+2) y e g(zy +22)
0 0 0 0 0 1

b(z,y, z,u)b(x' Y, 2" u')
= b(x + e%m’, y+e "y, —te Ty + %e"/%’y +e V2 4z u+ ),

the set of above matrices forms a group. It is clear that the image of our surface
is the orbit of the point (1,0,0,0,1,1).



Conclusion

In the first part of this thesis, paper 1, we have study 5-dimensional spheres
with nearly Sasakian structure and nearly cosymplectic structure, who are in the
almost contact manifolds case, useful for the quantum physic, especially in the
proofs of the supersymmetry study.

We proved that the surfaces in the 5-sphére with nearly Sasakian structure
or nearly cosymplectic structure are always minimal. This result is false in the
spheres with Sasakian or Khealer structure and in many others. This gives a great
asset to these structures. We also give a direct relation with Lagrangian surfaces.

De-Necola and his collaborators in there paper “On nearly sasakian and nearly
cosymplectic manifolds” [DNDY16] (30 mars 2016, no published), prove that every
nearly Sasakian manifold of dimension greater than five is Sasakian !, which limits
the study of these manifolds to the dimension five. Moreover, they classify nearly
cosymplectic manifolds of dimension greater than five.

For the second part, we have classified a 4-dimensional locally strongly convex,
locally homogeneous, hypersurfaces whose affine shape operator has two distinct
principal curvatures, such that the multiplicity of both eigenvalues is 2. The
hypersurfaces of dimension 4 who S has two eigenvalues of multiplicity 1 and 3,
has bieen classifiend by Dillem-Vrancken in [DV94b]. If we use the Dillem-Vrancken
conjecture,see [LMSS96], stating that for an positive definite affine homogeneous
affine hypersurface or a positive definite isoparametric affine hypersurface the affine
shape operator S has at most one non zero eigenvalue, then we have a global
classification of the dimension four.

For the dimensions greater to four, there are a classification of the quasi-
umbilical in 5-dimensional hypersurfaces see [DV93b] and [HLZ14], bat all the
others cases remains open subjects.
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