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Abstract

The purpose of the present dissertation is to study existence of an optimal control given
by a Forward Backward Stochastic Differential Equation (FBSDE, in short), the notion of
backward stochastic differentail equations (BSDE, in short) and its applications.

In the first chapter some preliminaries, definitions, and theorems are presented.

In the next chapter the notion of existence of an optimal control for a system of fully
coupled FBSDE in the degenerate case is given. The cost functional is defined by the first
component of the solution of the controlled backward stochastic differential equation (BSDE
in short) at the initial time. We study the case of degenerate diffusion coefficient ¢ in the
forward equation. Our control problem is to find an optimal control holds the FBSDE and
the optimization problem. This last is to minimize the cost functional in the set of the
admissible controls. For that, we show first the existence of a relaxed control by constructing
a sequence of approximating controlled system for which we show the existence of a sequence
of feedback controls, and we prove that the approximating value function converges to the
original one, the convergence is got at least along a subsequence , we suppose in addition
some Filippov convexity conditions on the coefficients of the system to prove that the relaxed
optimal control is strict.

Chapter 3 is devoted to another results of the thesis, it present existence of an opti-
mal control whose dynamical system is driven by a coupled forward-backward stochastic
differential equation in the non-degenerate case.

In Chapter 4 the thesis present the notion of the existence of the solution of one dimen-
sional BSDEs with logarithmic growth, its present also some applications to PDEs.

In the last Chapter an application in high dimensional stochastic differential equations
is given with numerical results, a real case of the Los Angeles University hospital is studied,

a numerical analysis of fully coupled FBSDEs is also stated.

vii



Introduction
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The aim of this thesis is to studies some problems of stochastic optimal control analyti-

cally and numerically.
Due to their applications in Physics, mathematical finance and Molecular Dynamics, sto-
chastic optimal control has been subject to extensive research during the last two decades.

Theory of stochastic differential equations has been developed quickly, K. 1td [85] and
[86], L. E. Bertram and P. E. Sarachik [32] R. Z. Hasminskii [§I], D. D. Bainov and V. B.
Kolmanovskii [25], D. Q. Jiang and N. Z. Shi [89], D. Q. Jiang et al. [90] Y. Ouknine et al.
[30].

General nonlinear BSDEs in the framework of Brownian motion were first introduced by
Pardoux and Peng in [122], since then the theory of BSDEs develops very quickly, see El
Karoui, Peng and Quenez [64], Peng [114], [115] , Ouknine et al. [76], and relation between
stochastic optimal control and BSDEs (see for example [98] [117]).

Associated with the BSDEs theory, the field of fully coupled FBSDEs develops also very
quickly, we refer to, Cvitanic and Ma [54], Delarue [59], Hu and Peng [82], Ma, Protter, and
Yong [104] B. Mezerdi et al [106], Ma, Wu, Zhang, and Zhang [103], Ma and Yong [105],
Pardoux and Tang [124], Peng and Wu [125], Yong [139], and Zhang [I41], etc. For more
details on fully coupled FBSDEs, the reader is referred to the book of Ma and Yong [105] ;
also refer to Li and Wei [102] and the references therein. it have important applications in
Mathematical fiance like in the pricing/hedging problem, in the stochastic control and game

theory, we mention some works ( [I11] [45], [125], [135], [134], [137] ), Optimal control ([125]



) and Molecular Dynamic simulations [79],[129] and [12§].

The principal developments in this subject concern the existence of optimal control,
Pontryagin’s maximum principle (or necessary optimality conditions) and Bellman’s principle
(also called dynamic programming principle), etc., see e.g. [17, [40} 42, 4T}, 63}, [72], 80, O3, 10T,
102, 105, [L15), [116].

Closer to our concern here, the existence of an optimal for a system driven by SDE-
BSDE was established in [I7] and [4I] by different methods. In [I7], the approach consists
to directly show the existence of a relaxed control by using a compactness method and the
Jakubowsky S-topology. In [41] the authors work on by the HJB equation associated the
control problem. This allows them to construct a sequence of optimal feedback controls.
After that, they analyse to the limit and use the result of [63] in order to get the existence
of a relaxed optimal control. In both papers [I7] and [41] the Filippov convexity condition
is used in order to get the existence of a strict optimal control. It should be noted that in
[17] and [41] the controlled system is driven by a decoupled system of SDE-BSDE.

The question of the existence of an optimal control in some appropriate sense is one of
the important fields in control theory, and has been subject of large literature. We mention
among them, Peng [116], Touzi [I30] and Bahlali, Gherbal and Mezerdi, [I7], application of
optimal control has been subject of a large literature we mention some of them, [129], [79],
[143], in molecular dynamics, and [36], [I17], [58], in Mathematical finance.

One of the main goal of the thesis is to establish existence result on strict optimal control



4
for the problem ((1.1.1)—(1.1.3)), for this we proceed as follows : we follow the method deve-

loped in [41], because our coefficients are not smooth enough to get strong solution of the
corresponding HJB equation of our SOC we approximate our controlled FBSDE by
a sequence of FBSDEs with smooth data bs, o5, fs and ®5 and consider a new value function
V% which is associated to the FBSDE with these smooth data. This allows us to apply the
result of Krylov [04] (Theorems 6.4.3 and 6.4.4), V° is sufficiently smooth and satisfies a
Hamilton-Jacobi-Bellman equation. Since all admissible controls take their values in a com-
pact set, we then deduce the existence of a feedback control u®. Next, we prove that the
sequence V' converges uniformly to a function V which is the value function of our initial
control problem. Comparing with [41], there are two main difficulties (see the next chapter
for more details). We have to note that when the control enters the diffusion coefficient o,
we arrive to an SDE with measurable diffusion coefficient and, in this case, the uniqueness of
solution fails. It is well known that when the diffusion coefficient is merely measurable then
even the uniqueness in law fails in general for It6’s forward SDE in dimension strictly greater
than 2, see [92] for more details. This explains why we consider the case when the control
does not enter the diffusion coefficient, the idea behind this work (generally speaking) in
the applications, is that we have the dynamics of two processes such that for the first one
(the forward) we know the initial point of depart and the second one must end in a given
position function of the end point of the first, and both are coupled along all the period of

the dynamics, it means that not only they are related in the final time but also the solution
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of the first is in the coefficients of the equation of the second and conversely, the question is
how to control the starting point of the backward dynamics.

The thesis is focused also on the existence and uniqueness of solution of one dimensional
BSDEs with logarithmic growth. The problem is presented as follows : Let f(t,w,y, z) be a
real valued JF,—progressively measurable process defined on [0, T] x Q x R x R%. Let £ be an
Fr—measurable R-valued random variable. The backward stochastic differential equations

(BSDEs) under consideration is :
T T
Vi=¢+ [ (s, Z)ds— [ Zaw,,  te[0,T] (0.0.1)
t t

where the driver hold a lass regularity assumptions, which called logarithmic assumption see
(4.1.2).

The previous equation will be denoted by eq(&, f). The data £ and f are respectively called
the terminal condition and the coefficient or the generator of eq(¢, f). For N € N*, we define

T

on(f)=F sup |f(s,y,2)|ds, (0.0.2)
0 JyllzI<N

The applications in reduction models is subjection of the last chapter, where we present
the bridge between stochastic optimal control and FBSDESs, this end play an essential role
in the model redaction technic of a high dimensional stochastic optimal control. The idea
here is to write Hamilton-Jacobi-Bellman equation and to relate it to a FBSDE, and do

homogenization to this end, finally back to the PDE form, to display the limiting PDE



0.1 Thesis Outline

Within the next chapter of this thesis we give some basic definitions and preliminaries,
also some theorems that we will use in the next chapters, we present also . The next chapter
is devoted to present results on the existence of an optimal control for a system of fully
coupled FBSDE in the degenerate case, chapter 3 is concerned to the non-degenerate case.
Chapter 4 is devoted on the studies of the existence and uniqueness of a one dimensional
BSDEs with logarithmic growth and applications to PDEs. The last chapter is focused on
the analysis of some real examples numerically, the new approach, was the reduction of such
type of high dimensional problems and the difference in the scaling, linear and nonlinear
quadratic optimal control was subject of this studies.

The high dimensionality came from a space desensitization of a time-space PDE or a

molecular dynamic simulation.



Chapitre 1

Preliminaries
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This chapter introduces basic notations and recalls results that will be used throughout
this thesis.

First we present the form of the SOC subject to the first and second chapters

1.1 Controlled fully coupled FBSDE

Let T' > 0 be a finite horizon and ¢ € [0, T]. Let (2, F, P, (F;)) be a filtered probability
space which satisfies the usual conditions. Let W be a d-dimensional Brownian motion with
respect to the (not necessary Brownian) filtration (F;). Let U be a compact metric space.

We define the deterministic functions b, o, f and ® by
b:RYX R x RY x U+ RY,
o: R x R +— R4,
fRIXR xR x Ur— R,
$:RY+— R.

We consider the following controlled system of coupledE] FBDSE define for s € [t, T] by :

dXLP = b(XL Yo Z000 ) ds 4 o (X550 VI ug)dW,,
dYLr = — f(XLon Yo, Z000 ) ds + ZE5 AW, + dME™,
(M, W) =0,

Xyt =, YUt = (X, Mptt =0,

(1.1.1)

1. The FBSDE considered here in coupled but not TOTALY fully coupled, this case is a project of a
future work.
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where, Xh®u Yhou zbru are (Fy)-adapted square integrable processes and M5"* is an
(F:)-adapted square integrable martingale which is orthogonal to W.

Remark 1. Because the weak solution do not hold necessarily on the Brownian filtration, but
on more larger filtration, then the Martingale Representation Theorem (MRT) do not hold,
and hence the appearing of the orthogonal martingale M in the equation is natural by
the Kunuta- Watanabe (KW) representation, and not for other consideration like the reflected
BSDEs which will be presented late in this thesis.

The control variable u is an F; adapted process with values in a given compact metric
space U. It should be noted that the filtered probability space and the Brownian motion may
change with the control u.

On v :=(Q,F,P,F, W), we define the following spaces of processes :

for m € N* and ¢t € [0,7),

— S2(t,T;R™) denote the set of R™-valued, F-adapted, continuous processes (X, s €

[t,T]) which satisfy E[sup,«,p|Xs|*] < 0.

— H2(t, T;R™) is the set of R™-valued, F-predictable processes (Z,s € [t,T]) which

satisfy E[ [ | Z,[2ds] < oc.

— M2(t, T;R™) denotes the set of all R™-valued, square integrable cadlag martingales

M = (M)sep,m with respect to F, with M, = 0.
Now we present the meaning of a solution of a FBSDEs in a non necessary Brownian

filtration in this :

Definition 2. A solution of FBSDE (1.1.1) is a process (Xt®u, Ytou ztou jfheu) g
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S2(t, T;RY) x S2(t, T;R) x H2(t, T;RY) x M2(t,T;R?) which satisfies equation m

Let’s define the following control spaces :

— U, (t) denotes the set of admissible controls, i.e. the set of F-progressively measurable
processes (us,s € [t,T]) with values in U and such that the FBSDE has a
unique solution in S2(¢, T; R?Y) x S%(t, T; R) x HZ(t, T;RY) x M2(t,T;RY) .

— R,(t) denotes the set of admissible relaxed controls.

The cost functionalP, which will be minimized, is defined for u € U, (t) by :
J(t,z,u) =Y (1.1.2)

An Fi-adapted control u is called optimal if it minimizes J, that is :

Yf’a”’a = essinf{Yf’:C’", u € Uy(t)}.

If moreover, @ belongs to U, (t), we then say that @ is an optimal strict control.

The value function V' is defined by :
V(t,x) =Y, = essinf {J(t,z,u), uel(t)}. (1.1.3)

Next we present some definitions and theorems that we need in the our main results in the

next two chapters, afterword we focused on the notion of FBSDEs where we present defini-

tions and existence theorems of a fully coupled FBSDESs in the degenerate and non-degenerate

2. This is the non-linear case the special case is when the generator f is linear in its variables.
3. See Defintion (3| for the definition of essinf.
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cases, the last section is devoted to present stochastic optimal control and Hamilton-Jacobie-

Belman equation

1.1.1 Definitions

In this section we give some definitions that we need in the next chapters
The functional of our optimal control is defined by esssup in the following :

Definition 3. Let f : X — R be a real valued function define on a measure space (X, 3, i),
we suppose that f is measurable[f] A number a is called an essential upper bound of f if the

measurable set f~(a,00) is a set of measure zero, i.c., if f(x) < a for almost all x € X. Let

U = {a € R : p(f(a,00)) = 0}

be the set of essential upper bounds. Then the essential supremum is defined similarly as

€ss

esssup f = inf U}

if U™ # 0, and esssupf = +oo otherwise. we can define the essinf by the same way

essinf f =sup{b e R: u({z: f(xz) < b}) =0}

The notion of esssup and essinf are important tools in the field stochastic optimal control,
when in many cases the supremum of a functional do not hold because it goes to infinity in
a set of a measure zero in these cases the esssup play the role the following simple example
explain more :

Let f : R — R, R endowed with the Lebesgue measure and its corresponding borealian

4. The definition of essential spermium can be in general case where f is not necessary measurable
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s-algebra S. such that :

x, if x
) = { v

arctanz, else

This function has no supremum and no infimum, However, from the point of view of

the Lebesgue measure, the set of rational numbers is of measure zero; It follows that the

us

essential supremum is 7 while the essential infimum is —3

Now we define the molllifier of a function by :
Let § € (0;1] and ¢ : R™— R be a function which satisfies : ¢ is a non-negative smooth
function, supp(¢) C Brm(0, 1) (the unit ball of R™), [pm ¢ (§) dE = 1.

For a uniformly Lipschitz function [ : R™ — R, we define the mollifier of [ by

(€ =0 [ 1(e—€)o (5 ) de’

m

Let K; denote the Lipschitz constant of [. Of course K is independent from §.

Proposition 1.1.1. For any &,& € R™ and 9,6" > 0, we have
1|15 (&) = L(§)| < Kid
2. [ls (&) — Iy ()] < K| — 0",

3 |ls (&) = 1s (§)] < K6 = &',

1.1.2 Fully coupled FBSDESs and stochastic optimal control

Fully coupled FBSDEs

The Markovian case of a BSDE is a decoupled FBSDE (the solution of the forward equa-

tion appear in the backward one as a parameter) solving a decoupled FBSDE is easily done
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by solving the forward equation and then plug the solution of the forward X in the backward.

A fully coupled FBSDE is a forward equation and a backward equation where the solution
of the forward appear in the backward equation and conversely, it studied by several authors
[21], 112, 3], finding the solution by the previous method does not work here, now let give

the formal definition of a FBSDE.

Definition, existence and uniqueness of the solution of a FBSDEs in the degene-

rate and non degenerate cases

Let T > 0 be a finite horizon and ¢ € [0, T]. Let (Q, F, P, (F;)) be a filtered probability
space which satisfies the usual conditions. Let W be a m-dimensional Brownian motion with

respect to the filtration (F;). We define the deterministic functions b, o, f and ® by
b:RY x RP x RP*™ 5 R,
o : REx RP x RPX™ —y RX™
f:R% x RP x RP*™ — RP,
$: R +— RP.

A FBDSE is define for s € [t, T] by :

X0 = D(XUP, V%, Z8)ds 4 0 (X0, Vi, Z)aW.
Xt~

dYH = — f(XE® Y Z8%)ds + Z55dW,

it = o(X7)

(1.1.4)
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where, X"* Y 74" are (F;)-adapted square integrable processes, the notation X%* Y4* Zh*

is to show that the process X starts in z at the initial time .

we note KCPFP™ = S2(¢ T: RY) x S2(t, T; R¥) x H2(t, T ]Rpxm)
Definition 4. A solution of FBSDE is a process (X%, Y0¥ Z6%) € ICHPP™ which
satisfies equation (1.1.4)).

In what follows we suppose that the diffusion o is independent of Z.

Existence and uniqueness in the degenerate case :

For a given 1 x d matrix G (with G be the transpose of G) and X := (z,y, z) we put

~GTf
A(t,\) = Gb (t, N,
Go

Assumption (H). In this chapter, we assume that there exists a 1 x d full rank matrix G

such that the following assumptions are satisfied.

— (H1)
(i) A(t,A) is uniformly Lipschitz in A uniformly on ¢, and for any A, A(-,\) €
220, T;R? x R x RY).
(ii) ®(x) is uniformly Lipschitz with respect to x € R? and for any z € RY, &(z) €
L*(Q, Fr, P;R).
We denote by K the Lipschitz constant of A and .

)

5. For the definitions of the spaces look the introduction
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(i) (At A) = A, N), A = A) < =B GE* — Ba(|GTYI? + |GTZP).

where (1, [, 1 are strictly positive constants.

Now we set an existence and uniqueness result for the fully coupled FBSDE ((1.1.4])

Theorem 5. [12]] Let the condition (H) hold, we suppose that the diffusion o is independent

to Z. Then there exists a unique adapted solution (X,Y,Z) of the FBSDE )
Existence and uniqueness of the solution of a FBSDE in a non-degenerate case :

Let the following hypothesis : There exists two constants K and A > 0, such that the

functions b, o, f and ® satisfy the following assumptions (B) :

— (B1)

1) For any (z,y,2) and (2/,v/,2') € R? x R x R¢

|U(l’,y) - O_(Qfl,y/)|2 S K2(’5E - l’l|2 + |y - y/|2)7
|@(z) — ©(2')] < Kz — 2|,
b(z,y,2) = b2, ¢, )| < K(|z — 2’| + |y — /| + |2 = 2]),

f(z,y,2) = @y ) < K(le = 2| + [y = /| + |2 = 2]).

2) The functions b, o, f and ® are bounded.
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— (B2) For every (t,z,y) € [0,T] x R x R,

VCERT (¢ a(t.a,y)¢) = AlCP,

our conditions (B1) and (B2) are a special case of the result of [59], then the equation (|1.1.4])
has a unique solution (X% Y% Z%%) in the space S2(t,T;R%) x S2(t,T;R) x H2(t, T; RY)

Now let present some results on FBSDEs

1.1.3 Stochastic optimal control driven by a FBSDEs

We present here stochastic optimal control driven by a FBSDE and some results on it, in
the next chapter we present an existence result of an optimal control of such type of SOC :
For some notation, let T > 0 be a finite horizon and t € [0, T]. Let (Q, F, P, (F})) be
a filtered probability space which satisfies the usual conditions. Let W be a d-dimensional
Brownian motion with respect to the (not necessary Brownian) filtration (F;). Let U be a

compact metric space. We define the deterministic functions b, o, f and ® by

b:RYx R x R? x U+ R?

0:REx R x RY x U —s R4,

f RIxRxRxU+— R,

d: R — R.

We consider the following controlled system of coupled FBDSE define for s € [t, T by :
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dX;t,m,u — b(X;’x’u, Y;t,z,u’ Z;f,x,u7 us)ds + ()_(AX'?:Jc,u7 Y;t,x,u’ Z;E,a:,u7 US)dWS,
X{m =

d}/st,x,u — _f(X;S,aau, Y'St7:c,u’ Z;,x,u7 us)ds + Z;,ac,udm/s7

Yj{,x,u _ (I)(X;,a:,u)

(1.1.5)

where, Xt®u ytou 76w are (F;)-adapted square integrable processes The control variable
u is an JF; adapted process with values in a given compact metric space U
The cost functional, which will be minimized, is defined for all admissible control u € U, (t)

as the first component of the solution of the BSDE :

J(t,z,u) =Y (1.1.6)

The objective is to optimize the cost functional by an infrumum, supremum, essential
inf or essential sup[

when is decoupled i.e. when b and ¢ are independent of the solution of the BSDE (Y, Z)
the existence of an optimal control is studied by [41], in their case the BSDE is add to an
orthogonal Martingale to the Brownian mention because the filtration may change with the

control u, for more details see the next chapter.

1.1.4 Hamilton Jacobi Bellman equation

The value function of a stochastic optimal control define in the last section should satisfy
a certain partial differential equation called the Hamilton-Jacobi-Bellman equation (HJB in

short), given in this

6. See Deﬁnitio for the definition of essential sup and if and why is useful in the case of optimal control.



18

Definition

The HJB equations are second-order, possibly degenerate elliptic, fully nonlinear equa-

tions of the following form :

H(z,u, Du, D*u) = 0,z € R".

The solution of the HJB equation is (under some conditions) the value function of an optimal
control which gives the minimum cost for a given dynamical system with an associated cost
function. H called the hamiltonian which supposed that is convex.

The HJB equation corresponding to the deterministic case is a first-order PDE. existence of

solution of HJB equation are well studied by [48], 49, 47, [50, 51, 52}, 53, 83, [84].

Viscosity solutions

Here we present an important type of weak solution of the HJB-equation.
Let where €2 an open subset of R", consider nonlinear parabolic second-order partial diffe-
rential equations :

F(t,z,w, a;:, D,w, D> w) =0, (t,x) €[0,T) x Q (1.1.7)

Definition 6. Let the PDE
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1. F is elliptic if V(t,z,r,p,q) € [0,T) x R x R x R"and, My, My € Snm we have :

Ml S M2 = F(tax77ﬂ7p)Q7 Ml) 2 F(t,l’,?”,p,q,Mg)

2. F is parabolic if V(t,z,r,q, M) € [0,T) X R x S, x R"and, p1,ps € R we have : p; <
P2 = F(ta x,rp1,4, Ml) Z F(t7 x,r p2,dq, M2)

suppose F'is a continuous function of its arguments,elliptic and parabolic, Let a locally

bounded function w € [0, 7] x €2, we set the definition of an upper-semi continuous (USC),

(resp. lower-semi continuous (LSC)) envelope w*, (wy) by :

w*(t,x) = lim sup w(ty, z)w.(t,z) = lim inf w(ty,z;) (1.1.8)

1 <T—t 21— 11 <T—t w1

its clear that
wi(t,z) < w(t,z) < w(t,z)
we have three cases :

— w is USC if w = w*

— w is LSC if w = w,

— w is continuous if w = w* = w,

Now let give the definition of a wiscosity solution

Definition 7. Let w : [0,T] x w be locally bounded and let 11 be a smooth function on

[0,T) x Q. we have the following definitions

1. (viscosity supersolution) w is a viscosity supersolution of on [0, T] x Q dif :

7. The set of symmetric square n. matrices
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0
V(ty,m1) € [0, T)xQ,Vr € CY? : ww(ty, 21) = w(ty, x1) : F(ty, z1, 7, —7T,D3317T,D2 ) >0
1

ot R
(1.1.9)
2. (viscosity subsolution) w is a viscosity subsolution of on [0, T] x Q iif :
1,2 om 2
V(ty,x1) € [0, T)xQ,Vm € C% : w(ty, 1) = w(ty, 1) : F(ty, 1,7, a—h,lew,lexlw) <0

w 1s wviscosity solution if it is supersolution and subsolution.

1.2 Notations and definitions for the third chapter

Here we present some notations that we will use for the chapter on existence and uni-
queness of solution of one dimensional BSDEs with logarithmic growth.
Let (2, F, (Fi)o<i<T, P) be a probability space on which is defined a standard d-dimensional
Brownian motion W = (W;)o<¢<r whose natural filtration is (Fy := 0{Bs, s < t})o<i<r. Let
(Ft)o<t<T be the completed filtration of (F?)o<;<r with the P-null sets of F. Let f(¢,w,y, 2)
be a real valued JF;—progressively measurable process defined on [0, T] x Q2 x R x R?. Let £ be
an Fpr—measurable R—valued random variable. The backward stochastic differential equations

(BSDEs) under consideration is :

T T
Vi=¢+ [ fls.Y0Z)ds— [ Zaw,,  teo,T] (12.1)
t t
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The previous equation will be denoted by eq(¢, f). The data € and f are respectively called

the terminal condition and the coefficient or the generator of eq(¢, f). For N € N*, we define

on()=E [ sup |f(s,9,2)lds. (1.22)

0 JylzI<N

p
loc

For p > 1, we denote by LI (R) the space of (classes) of functions u defined on R which are

p-integrable on bounded set of R. We also define,

C := the space of continuous and F; —adapted processes.
SP := the space of continuous, F; —adapted processes ¢ such that IE( SUDg<t<T ](pt|p) < 00.
MP := the space of F;—adapted processes ¢ satisfying E {(fOT ]@3]2(13)5} < +00.
L? := the space of F, ~adapted processes ¢ satisfying fOT lps|?ds < +o00 P-a.s.
For given real numbers a and b, we set a A b := min(a,b), aV b := max(a,b), a  :=

max(0, —a) and a' :=max(0,a).

Definition 8. A solution to eq(&, f) is a process (Y, Z) which belongs to C x L* such that

(Y, Z) satisfies equation eq(¢, f) for each t € [0,T] and [ |f(s,Ys, Z,)|ds < 0o a.s.

1.3 Notion of stopping time and ergodicity

In the last chapter we study some SOC problems where the FSDE is bilinear, then the
coefficients are not bounded in the entire space, therefor we suppose that the our dynamic
lives in a bounded domain, which is the case in the most applications.

For this let give the notion of stopping time :
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Definition 9. A real value random variable T : Q0 — R is called an F;-stopping time if :

{weQ:7(w) <t} eF forallt in Ry

Examples

1. Playing until the player either runs out of money or has played 100 games is a stopping

rule.

2. If the filtration is complete, then a random time that is almost certainly a constant is

also a stopping time.

3. One of the important examples of stopping time is the first time that the process hits
a set of states define by :

mp =inf{s >0: X, ¢ D},
where X is a stochastic process in R", and D is a subset of R".

The notion of ergodicity is a very important tool in the homogenization technic, a dyna-
mical system is said to be ergodic, if has the same behavior averaged over time as averaged

over the space of all the system’s states in its phase space, the formal definition is

Definition 10. Let (X, X, P) be a probability space, and T : X — X be a measure-
preserving transformation. We say that T is ergodic with respect to P if :

for every E € ¥ with T"Y(E) = E either P(E) =0 or P(E) =1.

Now we give the notion of invariant measure

Definition 11. Let (X, F) be a measurable space and let f be a measurable function from

X to itself. A measure p on (X, F) is said to be invariant under f if, for every measurable

set BinF, u(f~*(B)) = u(B).
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A reasons for some studies to work with an ergodic system is that the collection of ergodic

measures, is a subset of the collection of invariant measures. In the most cases the periodicity
is one hypothesis used for ensure the ergodicity and therefor the existence of an invariant
measure, but in our case, and because the bilinear system that we study in the last chapter

is no periodic, we use the Kalman condition to ensure the ergodicity.



Chapitre 2

Existence of an optimal control for a
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The aim of the present chapter is to extend the results of [17), 41], to a coupled FBSDE.

Comparing with [I7), 41], the first difficulty is related to the fact that the uniform Lipschitz
condition on the coefficients is not sufficient to ensure the existence of a unique solution to
equation for an arbitrary duration. This fact is well explained in [2] where two illus-
trating examples are given. In order to ensure the existence and uniqueness of solutions for
equation , we moreover assume the so-called G-monotony condition on the coefficients
given in [I25]. The second difficulty concerns the gradient estimate of the approximating
value function. It turns out that the G-monotony condition combined with the comparison
theorem of BSDEs play an important role to overcome this second difficulty. To begin, let
us give a precise formulation of our problem.

In the second section, we give the assumptions and the main result. Section 3 is devoted
to the proof. The later consists to construct an approximating sequence of controlled systems
for which we prove the existence of a sequence of feedback controls u’. By passing to the
limit, we show the existence of a feedback control to our initial system.
Consider the following SOC :
the dynamical system is defined for s € [t, T by :

dX Lo = p(XLmu Yhou Z6eu g ds + o( X5 YES ug)dW,
dYlEen = — f(XLou yhow ztew o )ds + ZE54dW, + d MBS,

(Mbe, WY, =0,
Xf,a:,u =z, Y;’Lu — @(X%m,u% Mtt,x,u — O,

(2.0.1)

according to Theorem [5| there exist unique solution to the equation ([2.0.1f), we define the
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value function by :

J(t,z,u) =Y (2.0.2)

We say that @ is called a strict optimal control, if it belongs to U, (t) and satisfies
J(t,z,0) = essinf { J(t,z,u), uwel,(t)} (2.0.3)
The value function of the control problem is given, for each ¢t € [0, T] and x € R?, by

V(t,z) :=essinf { J(t,z,u), uel(t).} (2.0.4)

2.1 Assumptions and the main result

For a given 1 x d matrix G (with G be the transpose of G) and \ := (z,y, z) we put
—-GT f
A(t, A\ u) == Gb (t, \,u),
Go
Assumption (B). Throughout this chapter, we assume that there exists a 1 x d full rank
matrix G such that the following assumptions are satisfied.
— (B1)
(i) A(t, A, u) is uniformly Lipschitz in A uniformly on (¢,u), and for any A, A(:, A, ) €
H2(0,T;R? x R x RY);
(ii) ®(x) is uniformly Lipschitz with respect to x € R?, and for any z € RY, &(z) €

L*(Q, Fr, P;R).
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We denote by K the Lipschitz constant of A and .

— (B2)
(1) (AN, ) = AL, X, ), A = X) < =BG = Bo(|GTg + |GTZP),
(i) (®(z) — ®(2), Gz — 7)) > m|GTP, T=2—-7, F=y—F, =2—2
where 31, [, pq are strictly positive constants.

— (B3) the functions b, o, f and ® are bounded.
— (B4) for all (z,y,2) € R x R x R? the functions b(z,v, 2, .), o(z,y,.) and f(z,y,z2,.)
are continuous in u € U.
Under assumptions (B1)-(B4), our controlled FBSDE has a unique solution. The proof
can be performed as that of [125].
Let S¢ denotes the space of symmetric matrices in R**?. Let H be the hamiltonian define

on [0,7T] x RTx R xR xS x U by

1
H(t,z,y,p, A,v) = itr ((co™)(t,x,y,v)A) + b(t,z,y,p o(t,z,y,v),v)p (2.1.1)
+ f(t’ x? y’p U<t7 $7 y? U)? v)?
Let V.V and V.,V respectively denotes gradient and the Hessian matrix of V.

According to Li and Wei [102] the value function V (¢, x) define by (2.0.4)) is at most of

linear growth and it is a viscosity solution of the following Hamilton-Jacobi-Bellman equation
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and it is deterministic

;V(t,x) + iglf}H(t,x, V(t,z), V.V (t,x), Ve V(t,z),v) =0, (t,2) € [0,T] x R%,
V(T,z) = ®(z), v € RY,
(2.1.2)

We suppose also the following

2.1.1 Filippov’s convexity condition

For all (z,y) € R? x R the following set is convex :

(H) {((oo") (@, y,u), w(oo™)(z,y,u), b(z, y, wo (x,y,uw),u), f(z,y,wo(r,y,u),u))
|(u,w) € U x Be(0)},

where Bo(0) C R? is the closed ball around 0 with radius C.

The following lemma can be proved as Lemma 4 of [41]. For the completeness, we give

its proof.
Lemma 12. For (z,y,w,0,u) € R x R x RY x R x U, we put

o(xr,y,u 0 b(x,y,wo(x,y,u),u
S(2,y,w,0) = o) and Bz, y, w,u) = (o))

wo(z,y,u) 0 —f(z,y, wo (v, y,u),u)

Under assumption (H) we have
co{((2%)(2, y,w,0), Bz, y, w,u))|(u,w) € U x Bo(0)}

c {((ZX) (z,y, w,0), B(x,y, w,u)|(u,w,0) € Ux B(0) x [0, K]}

where, for any set £, co(E) denotes the conver hull of £.
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Proof. Let 1 be a probability measure on the set U x Ba(0). Our goal is to find a triplet

(w,0,u) € R? x [0, K] x U which satisfies :

JoxBe((EE")(@, 3, w,0), (z, y, w)n(du, dw) (2.1.3)
= ((Z=)(2, y,w,6), B, y,w,0,1)) .
Let ®(u,w) = ((o00*)(z,y,u), woo*(z,y,u), b(x,y,u), f(x,y, wo(x,y,u),u)). According to

assumption (H) and the continuity of ®, there exists (u,w) in U x B¢(0) such that

/UXBC(()) (u, w)p(du, dw) = (4, ). (2.1.4)

A simple computation gives,

S LA

woo*(x,y,u) woo*(x,y,u)w* + 62
The expression of (X¥*)(x, y,w,0) shows that, to obtain (2.1.3)), it suffices to find 6 € [0, K]
such that

6? = /  woot(x,y, u)w* pu(du, dw) — woo*(z,y, u)w* = a. (2.1.5)
Ux B (0)

Since oo™ (z,y,u) = fyxp.0) 70 (2, Y, w)p(du, dw), then we can write v as follows

= “(z,y, w)w p(du, d —/, voo*(x,y, du, dw)w* 2.1.6
o B0 woo™(z,y, w)w* u(du, dw) B0 woo™(z,y, u)u(du, dw)w ( )
Ux B (0)

It follows that o > 0. Hence, it suffices now to choose 0 = Va.

Now, from ([2.1.5) we have

[ wote,y,w)Puldu, dw) = [io(z, y, ) + 6.
UXB(;(O)
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Since |o(z,y, u)| is bounded and the support of p is included in U x Bg(0), it follows that @

is bounded, that is : there exists K > 0 such that 6 belongs to [0, K]. u

2.2 The Hamilton-Jacobi-Bellman equation

Let S? denote the space of the symmetric matrices in R?. For a function V, we denote
by V.V the gradient and V.,V the Hessian matrix of V. Let H be the real function define

on R xR x R? x §% x U by :

Hw, 0, A1) i= 50 (007) 0, 0)A) + by wlp + oy poleghu)  (221)

According to Li and Wei [102], the value function V (¢, z), define by ({2.1.2]), solves the follo-

wing Hamilton-Jacobi-Bellman equation in viscosity sense.

ot

gV(t,x) + Helllfj H(x,V(t,2), V.V (t, ), Ve V(tx),u) =0, (t,2) € [0,T] x R,
V(T,z) = ®(z), z € RY,

(2.2.2)

2.3 The main results

Definition 13. (Relaxed control) : Let Q(U) be the space of probability measures on U
equipped with the topology of stable convergence. We denote M(2) the space of all Fy-adapted

processes vi(du) taking values in Q(U). A relaxed control is an M (2)—wvalued process (1),

Theorem 14. Assume that (B) and (H) are satisfied and the uniqueness holds for boun-
ded viscosity solution of equation . Then, there exist a strict optimal control to the
stochastic optimal control problem f in some reference stochastic system v =
(. F, P, (F), W)



31
2.4 Proof of the main results

The proof consists to construct an approximating sequence of controlled systems for
which we prove the existence of a sequence of feedback controls. To this end, we have to
approximate the coefficients of our original control problem by smooth ones. The existence
of an optimal control is then obtained by passing to the limit. More precisely, we approximate
the controlled FBSDE by a sequence of FBSDEs, with smooth data bs, o5, f5 and ®s
and consider a sequence of value functions V?, which is associated to the FBSDE with these
regularized coefficients. According to Krylov [94] (Theorems 6.4.3 and 6.4.4), V? is sufficiently
smooth and satisfies an HJB equation. Since all admissible controls take their values in a
compact set, we then deduce the existence of a feedback control u’. Next, we prove that the
sequence V9 converges uniformly to a function V which is the value function of our initial

control problem.

2.4.1 Construction of an approximating control problem

The functions bs, 05, fs and &4 respectively denotes the mollifier of the functions b, o, f

and @[

Let 6 € (0,1]. Let H° be the approximating Hamiltonian define on R? x R x R? x S x U

1. See Preliminaries for the definition of the mollifier



32
by :

1
H® (z,y,p, A, v) = 5 (tr ((050§) (2,y,v) + 52]Rd) A) + b5 (x,y,p05 (2, y,v) ,v)p  (2.4.1)

+ f(5 (xay7p0-§ (:L‘7yav) 7U) )
and consider the approximating HJB equation

ot

(2.4.2)
VO (T, z) = ®s(x), x € RY,

0
{ 2 VO () + b H (2, (V, V.V, Vo, V) (b 2),v) = 0, (t,2) € 0,T) x RY,

since H° is smooth and ( (os0%) (x,y,v) + 0%Iga) is strictly elliptic, then according to [94]
(Theorems 6.4.3 and 6.4.4) the PDE admits a unique solution which belongs to
Cr2([0,T] x RY).

The compactness of the control set U and the regularity of the solution allow us to prove the
existence of a measurable function v° : [0, 7] x RY — U which minimizes the Hamiltonian

H? for each (t,x) € [0,T] x RY, that is :
H (2,(V2, V.V, Vi VO (t, ), 00t ) ) 1= inf H° (2, (V2 V.V, Vi VO (1, 2),0)

Let B be an R%valued Brownian motion which is independent from W. For (¢,z) € [0,T] x

R?, let X° be a solution of the following SDE :

ng = b5(X§7 V5(57 Xg)’ VIVJ(& X§)05(X§> V6($> Xg), Ué(sv Xf)% U6(£a Xg))ds
+0os5(X2,VO(s, X%),0%(s, X0))dW, + 6dBs, s € [t,T], (2.4.3)
X0 =u.

Since the matrix (o507%) (x, v (s, x)) + 0% ga is uniformly elliptic and the coefficients

bs(x,VO(s,2),V,V°(s,x)os(x,Vo(s,x),v°(s,z)) and o5(z, VO(s, X?),v°(s, 1)) are measurable
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and bounded in (s,z), then according to Theorem 1 of Section 2.6 in [93] we get the

existence of a weak solution. That is, there exists some reference stochastic system 1° =

(0, F°, P2, F2 W? B°) and an F?-adapted continuous process X° which is a solution of
©43).

For s € [t,T], we put :
Y2 =V0(s,X0), 20 =V, Vo(s, X0)os(X2, VO (s, X2),ul), US := 6V, V°(s, X?).

For an arbitrarily given admissible control u € U, (t), we consider the following coupled

FBSDE equation, for s € [t,T],

X0 = by (Xpow ydou, zoou y ) dt 4 o5 (X0o0 Yoo ) dW? + 6dB?

Yo = — fy( X0 Yo 70wy )ds + ZOwdWI + USeudBS + dMO

Ypot = @5(Xp™), Xt =, (2.4.4)
(Yoo gowu [y € 82, (¢ T R) x H2, (8, T3 RY) x H2,(t, T RY),

Mo#w e M2(t,T;RY) is orthogonal to W° and to B°.

According to [125], the previous FBSDE has a unique F?-adapted solution
(Xomu yoru zowu [jozu Loeu) The cost functional associated to the controlled system
(2.4.4]) is then defined by :

Jo(u) = Y25 w e Uys(t).

Proposition 2.4.1. Let assumptions (B) be satisfied. Then,

1. for every § € (0,1], there exists an admissible control u’ := v°(s, X?), s € [0,T), such
that :

J(u’) = VO(t,x) = essinf,oy 5(t)<]6(“)7

2. (i) for allt € [0,T); z,2 € R* and 6,8 € (0,1], there exits a constant C which
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depends from K, T and the bounds of the coefficients such that,

VO (t,2) = Vitz)| < C (|6 =82 + |z —2)), (2.4.5)
(ii) for all (t,z) € [0,T] x R? and § € (0, 1].
Vo(t,z) — V(t,z)| < CVG.

i.e VO converges uniformly to the unique viscosity solution of the HJB equation (2.1.2)).

Proof. 1) We observe that from the uniqueness of the solution of (2.4.4)) with the control

process u?, it follows that X sen’ = X8, Let,
Y2 =Vo(s,X%), 20 = V. V°(s, X2)os(X2, Vo (s, XO),ul), U2 = 6V, V°(s,X?), s € [t,T].

Since V0 € C*([0,T] x R?), Ito’s formula applied to V(s, X?) shows that (Y, Z° U°)
satisfies the backward component of (2.4.4) for u = u®. Hence, from the uniqueness of the

solution of ([2.4.4), we get (Yo@u’ | zowu® [réwuy — (Y0 70 (%) and M*** = (), in particular

)

PO =Y = VOt x).

é

2) Let & > 0 and 2’ € R% Let X% € 8§2(¢,T;R?) denote the unique solution of the

following forward equation :

AXT = by (X0 V' (5, XY, 9,19 (5, X80
0'6/ (X§/7x/7u57 V(s/(37 X;S/’g;/,u(s)7 ug)’ ug)ds + 0-6, (X;S/’gj/,'uﬁ? V6/($7 Xg/’z/’U5)7 ug) dWS(s
+8'dB?, s € [t,T),

/ué

6,7$ )
Xi

=q.
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We extend this solution to the whole interval [0, 7] by putting Xf"x/’“ls =/, for s < t. We

set,

iy YA a ! s
R 249

S

1 ! / ! ! / ! !
= gtr (05 (XT V2 (5, XT0), ) 4 6% ) % ViV (5, X0)

/20

u ,V(SI(S,X;;,’II’U(S),U(S) u&)

s/7r s

)

— by (X2 VO (5, XY WLV (5, X Yoy (X

It6’s formula applied to V' (s, X5 °) shows that

Y'sé/’z/ = V(Sl(su Xg/wl’ug)v
20 = U,V (5, X9 ) gy (X Y (5, X8 g0y,

P S IT XE, MEh sT

is the unique solution of the BSDE :

Ay = — o qg 4 78 qws 4 UddBS s e [t, T,

Y = op (X,

(Yo' z0 U’y e SE(H, T R) x H2,(t, T; RY) x H2,(t, T; RY),
M € M2;(t, T;R?) is orthogonal to both W° and to B°.

(2.4.7)
We consider the BSDE :

d}/:;;/w/’ué _ —fa/ (Xgl’z/’ué’ Y;(;/’m/’uéj Zg/’x/’U‘é’ ug) dS
+28 W qWI 4+ U T AB) + dMY | s € [t T,
& ud &z’ b
Yr = Py (X7 )»
(YOt gzt ot g0y € S(t, T;R) x H2,(t, T3 RY) x H2,(t, T; RY),
MO e MZ(t, T;R?) is orthogonal to W? and to B°.
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From the HJB equation (2.4.2)) with the classical solution V%" we observe that

_ a S5 & ! ud . 5 § 2wl 5 By 5 5 2 b
0 = V" (s XI) i (XS (VT T (5, X))
0

IN

oV (5. XD ) 4 Y (X2 (VO WV V) (s, X, )

IN

& ! ud 8l a6 76" &' ul
f(;/(XS YO 7 ,u5>—fs . s €[t 7).

Therefore, the comparison theorem shows that

8

Vs € [t, T, yoe <yfelwt plas.,

A symmetric argument allows us deduce that :
|V§l(t, .I',) . V5<t, ZE)| _ D/tﬁ’,z' . }/té,ax,u5| < D/t&’,z’,u‘; N thls,.t,u5|7 P‘S—a.s.

Since V% and V9 are deterministic, we have

!l 5,8
b

! ' u z,ul
VO (t,2") = VOt 2)| < BV, = Y5 [FY).

/u5:

Hence, it suffices to estimate F (]Yt(sl’xl’“& —Yt‘s’x’“&] |F9). We assume that for s < ¢, Y2*"
Y;y’x/’ué, Zg’@/»"“ =0and M fl’m/’“é = 0. Using Lemmas [16{ and [17| (in Appendix), it follows
that there exists a constant C' which depends upon K,T and the bounds of the coefficients

such that :
E Yé’,x’,u5 Y&,x,u‘s 2 IF(S < 9E Y-(S’,:I;’,u‘s Yé,:r’,ué 2 YJ,x’,u5 Yé,x,u‘s 2 F(S
(Y = YO |Fy] < 2E[|Y; i (A o D 7S i )
<Oz =22+ 5=,

In particular,

[Vo(t,2') — Vo(t,z)| < Cla — 2|, (2.4.8)
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and

VO (t,z) — Vo(t,z)| < C|6 — &')2. (2.4.9)

We prove assertion (ii).

According to assertion (i), (V9) is a Cauchy sequence with respect to the uniform convergence
norm, in (t,z) € [0,7] x R?. It then converges uniformly to a function V as § — 0. Since V¢
is uniformly bounded in (¢,z,§), then V € Cy([0,T] x RY).

Since H? converges uniformly on compact sets to H, then using the stability of viscosity
solutions, it follows that V is a bounded viscosity solution to equation . the uniqueness
of the viscosity solution, within the class of bounded continuous function, we get that V = V.
This shows that the sequence (V') converges to V, as ¢’ — 0. Using inequality [2.4.9), it

follows that for each d € (0,1] and (¢,x) € [0,T] x R?, |VO(t,2) — V(t,2)| < CV3. n

2.4.2 Auxiliary sequence and the passing to the limits

We will establish the convergence of the approximating control problem to the origi-
nal one. To this end, let (0,),en be a sequence of positive real numbers which are decrea-
sing to 0. We put w? := V, Vo (t, X2), Z% = w"o(X, Y2 ul) and U = §,w". Let
(XOn Yon 7 U 4°) be a sequence of an approximating controlled systems. Since w" is
uniformly bounded (see Proposition , the idea consists to consider the couple (u’", w™)

as a relaxed control. This allows to overcome the difficulties related to the convergence of
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the component Z%. We then show that the system (X% Y Z% [U% 4°) has a subse-

quence which converges in law to some controlled system which solves our initial problem.
Assumption (H) and the result of [63] allow us to prove the existence of a strict optimal

control.

For n € N, (X%, Y?"),c,<r is a solution to the following controlled system :

dX% = bs, (X%, Yo wlos, (X2, Yo udn)ds + o5, (X2, Yo ul)dWor + §,dB%,

dYsén = _f5n (X;Sn’ Ysén’ wgo-% (Xgna Yf”, ugn)’ ug")ds
Fwlay, (X0, Yo udn)dWon + U dBo.

X =, Y =Vo(tz).
(2.4.10)

where w? := V, Vo (s, Xn).

To show that (X2, Y2");<.<r has a subsequence denoted also by (X%, Y?),c,<r which
converges in law to a process (XS, Ys)tSSgT which solves our initial problem, we will construct
a sequence of an auxiliary processes (X", Y/ )<s<r which converges to (X, Ys)i<s<r and
such that the difference between (X Y");c.<p and (X2 YI");c <7 goes to zero as n goes
to infinity.

Let (X7, Y)i<s<r be the unique solution of the following controlled forward system :

dXP = b(X2, Y wio (X2, Y ulr)ds + o (X7, Y, ul ) dWee,

XP=ux, Y =Vo(tux).

We define the processes x", r™ and the Brownian motion W" as follows

n X;L n ( n [ ) d Wn W(Sn
= , Ty = (Wg, U, US" an = .
XS st Bén
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We rewrite the system (2.4.11)) as follows :

dxy = B(X5,rs)ds + E(xg, rg)dWy, s € [¢,T],
. x (2.4.12)
Xt = 5 )
Von(t,x)
where S and X are the functions defined in lemma [12]
According to Proposition [2.4.1, w" = V,V? (s, X°") is uniformly bounded by C'. Hence,
we can interpret (r?, s € [t,T]) as a control with values in the compact set A := B(0ga, C') x
[0, K] x U. Now, as usual, we embed the controls 7 in the set of relaxed controls, i.e.
we consider r™ as random variable with values in the space ¢ of all Borel measures ¢ on
[0,7] x A, whose projection ¢(- x A) coincides with the Lebesgue measure. For this, we

identify the control process r™ with the random measure
q"(w,ds,da) = 6pn((da)ds, (s,a) € [0,T] x A, w € Q.

From the boundedness of {(X(z,vy, z,0,v), 8(z,y, z,0,v)), (x,y,2,0,v) € R? x R x A}
and the compactness of ¥ with respect to the topology induced by the weak convergence of
measures, we get the tightness of the laws of (", ¢"),n > 1, on C([0, T]; R? x R) x 4.
Therefore, we can find a probability measure @ on C([0,T];R? x R) x 9 and extract a
subsequence -still denoted by (x", ¢")- that converges in law to the canonical process (x, ¢) on
the space C([0, T]; R? x R) x ¢ endowed with the measure Q. Thanks to assumption (H) and

the result of [63], it follows that there exists a stochastic reference system v = (Q, F,P,T, W)

enlarging (C([0, T]; R? x R) x ¥; Q) and an F-adapted process © with values in A, such that
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the process x is a solution of

dxs = B(xs, 7s)ds + B(xs, 7s)dWs, s € [t,T],

Xt = ( V(t,x) )7

and has the same law under P as under Q. Replacing ¥ and /3 by their definition and setting

X\ - 1474 o . :
x=1| - |\ W= _ | and 7 = (w, 0, u), this system is equivalent to

dX, = b(X,,Ys, Zs, y)ds + o(Xs, Yy, s )dW,,

dY, :—f(X Y, Z,, )ds+ZSdWS+05dBS, s € [t,T]
Xt—if Yt V(t,x).

To continue our proof, we need the following :

Lemma 15. Let (X% Yo w"g® (X% Y% u')) (resp. X", Y"™) be the solution of the ap-
prozimating FBSDE (2.4.4) for 6, and u’ (resp. the FBSDE (2.4.11])). Then there are two

positive constants K1 and Ko such that for every n € N,

E[sup, g [ X0 — X7[%) < Ky 62,
b P <K ot

E[SUPse[t,T] Yo — Y] < K> 67

Before to give proof of this lemma, we first use it to finish the proof of the main theorem.
Since (X", Y"™),en converges in law to (X, Y ),ey, then Lemma implies that the same holds
true for (X% Y %), cn and the limits of these two sequences have the same law. Further, we
deduce from and Proposition m, that Y, = V (s, X,) for each s € [t,T], P-
a.s. In particular Y7 = ®(X7) P-a.s. Thus, if we set M, = [7 0,dB,, then (M, W), =
[£6.d(B,W), =0 and (X,Y,Z, M) satisfies in the stochastic reference system v =
(Q,F, P,F,W). According to Li and Wei [I02] the unique bounded viscosity solution V' of

the HJB equation (2 satisfies V' (t,x) = essinfuey, vy J (¢, 2, u), P-as. u
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Proof. of Lemma We put

X=X X" and Y.: =YY"

FOY l = b, g, f, A, and l(;n = bgn, 05,5 f(gn, A(gn Let :
Al () = Iy, (5, X0, Yo wlos, (X0, YIm uln ) juln) = U(s, X2, Y2 wlo (X2, V7 ult ) ulh),

Since w™ is uniformly bounded, it follows that there exists a constant K independent

from ¢,, such that :

|Aln(7”>| < |l5n (Tv anv Y;énv wfa(gn (anv Y;&nv ugn)v u5n) - l(S, anv Y;énv w:LUgn (anv Y;&nv ugn)’ u6n

7 7

+ |l(5) Xg”? )/T(Sn’ w;zo-én (anv Yrana u6n>7 uin) - 1(7‘, Xf? )/rn’ w:«lo-(va YT? uﬁn)v uin)|

T

< K (6, + K] + [V])).

Using [t6’s formula and Young’s inequality we can find a constant C'; which depends only

from K, T such that :

E[[X,PIF]) = E[f @X;Ab(r) + |Ac(r)?)dr|F]
< 102+ CE[[ (X7 + |77 P)dr|F]

T =-N XN
< 0162+01E[/t (X2 + [T P)dr|F). (2.4.14)

Using again It6’s formula and Young’s inequality, it yields that there exists a constant C5

2. See Proposition [2.4.1)), then using proposition
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which does not depends from §,, such that for any ¢t < s < T,

T T o
E(VLPF] + B[t Ac(r)PdrFS) + B[ U84 dr(F] + B[(M® 4" ) |F]
2 <12 |Re T2 o 2 e
< Co(0;, + B[ X [7[F] + E[/ [ X7+ 1Y Pdr|F]).
Putting s = T in (2.4.14]) and modifying C} if necessary it follows that
T ~n x-N
E(VIPF)] < G (2+E[[ (X + 7, F)dr|F]). (2.4.15)
t
In the other hand, It6’s formula applied to (GX.,Y) combined with assumption (B2)
shows that :
N ~nN x-N T N x-N
E[(GX?, VIF)) = E(GX G, VIFS] — E[ [ (AAG), (K7,77, wrdo(r)))dr|F]
T ronautn o ms
— R[S, / GU»»a™ | Y]
> E[(GX7, V) IF] + BB [ GXParlF) + B[ 3GV
_ T
+ |GT w Ao, (r)|2dr|F] — K2 62 — 6, E[ / QU™ dr|FY). (2.4.16)
We shall estimate E[{G X7, Y7.)|F?]. We use Young’s inequality to get for any € > 0,
E(GX7, Y7)|F)] = E[G (X3 — X7), Bs, (X7") — @5, (X7))[F)]
— E[{G (X7* — X7), ®(X7) — s, (X7))|F7]

> E[u|G(Xy — X7)P|F] — |G| K E[|X7" — X7 6, Y]

G| K
> (Gl - 1G] K 2L 1Xg - xp? o, 1] - 198 52
€
We choose € = ‘“Tm in the previous inequality to obtain
n —n K?
E[(GX, Vi)F] > - —— &2, (2.4.17)

M1
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Since V, V% (t, ) is uniformly bounded in n,t,z (see Proposition [2.4.1)) and

Untwaut™ — g7 on (p, Xontou'™) we deduce that there exists a constant C(K,T) such
that,

T —
on Ef / QU= |dr|Fy) < C(K, T)d. (2.4.18)

Putting C' = (C(K,T) + K? + C) and combining (2.4.16), ([2.4.17) and ([2.4.18), we get for

t<s<T,

— - T,
Ewmi?bmﬂ+aﬁzmm/|axﬁmmﬂ

E/T T2 |6 T Ty A 2 g [0
+ [S Bo(|GTY, [7|F}] + EJ i Bal G w;! Aay, (r)[*dr|Fy]

>0

T
> Gy EL[ (X2 + (V7 12)dr[F).
Putting s = t, it follows that
T XN
E[/ (1717 + Y7 *)dr|Fy] < Cy (E[GXY, Y7)[F7] + 7).
t

where C} is some constant which depends only from K, T, |G|, 1 and [s.

Since X; = 0 (the two processes start from the same point z), we deduce that
T —n N
B[ (7 + [V )arlF] < Cid?. (2.4.19)
t

Using (2.4.14) and (2.4.19)), one can show that there exists a constant K; which depends
only upon K,T,|G|, 3 and B, such that for any t < s < T, E[| X, |?|F}] < K,02. Finally,
using (2.4.15)) and (2.4.19)), it follows that there exists a constant Ky which depends only

from K, T, |G|, By and S, such that E[|Y |?|F] < K,52. n
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Lemma 16. (Gradient estimate) Let assumption (B) be satisfied. Then, for any t € [0,T],

§ € (0,1] and z,2' € RY, there exits a constant C which depends from K, T and the bounds

of the coefficients, such that

B[V — Y 2R < Clo — o/, (2.4.20)

Proof. Let (X%=w' yozu' zowu’y (pegp (X0o'w’ yoa'ut zoa'u’)) ho the solution of the

FBSDE ([2.4.4) with the initial value = (resp. z'). We put
Y o X§,z,u6 . X&,m/,u‘s ? o Y&,x,u‘s - Yé,m',u‘s Z o Z§,m,u5 . Zci,m/,u‘S
S T s s 9 s -7 S S 9 S -7 S S 9

7 . 7r8zul 8,2 ul
U, = Ube’ _ o’

Forl =10, o, f, A, we put
Als(s) := (s, X000 ydww gotau®y _ 1o (q xoe'e’ you'u® zoaluly
Using to Itd’s formula, Young’s inequality and Proposition , we get for any s € [t, T,
B[ PIE) < E[[ (X, P + [V, + 2, PdrF] (24.21)

Again by using It0’s formula, Young’s inequality, Proposition and the Lipschitz as-

sumption on ®, we can find a constant Cy which depends only upon K such that :

__ T __ T __ e
E(YPIE) +E [ |Z,dr|F]) + B[ [T, ar(Ff] + B[ ) F)

_ T, __ _ _
e (E[|XT|2|IF§?]+ Bl (|Xr|2+|yr|2+|Zr|2)dr|n~?f]>.
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Putting s = T in ([2.4.21]) then plugging it in the previous inequality, it follows (by modifying

(s if necessary) that :

! ud

. T T __ /
E(Y,PF]] + [ |Z,drF]]+ E[[ [T.Fdr|F]+ E(M""")r|F]

T _ _
< Kz — 2P+ Cyf IE[/ V.| + | X+ [Z,2dr|F2)) (2.4.22)
t

In the other hand, It6’s formula combined with assumption (B2), allows us to find a positive

constant C5 depending upon K, ; and (35 such that :

R . T o
E[GX,. V. )IF] = E(GXz, Vr)[F]] — E[[ (AAG), (X, Y+, Z,)dr[F]
|20 r N |2 S
> Elu|GXrP|F] +E[3: [ |G, [dr|F]
T _ —
+E[[ B(GTY. P + G Z, ]

> CB([ [P +[V,P + 2 dr e
Therefore, for s =t we have
E[/tT X+ Y2+ | Z, Pdr|F)] < (;3 E{(GX,, Y )|F2). (2.4.23)
Using and we obtain, by putting s = ¢, that :
E[lY,?|F7] < K*[o — 2" + Cy E{(GX,, Y ) [FY]
By Young’s inequality, we can find a constant Cs(K, |G|, 81, 82) such that :
E[Y, [F]] < K?lo— 2+ Cs E[|X,*[F] + ; E[|Y]*|Fy)

Since X; = x — 2/, it follows that : that E[|Y,|? |F?] < 2(K? + Cs)|z — 2'|%. n
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Lemma 17. (Stability). Let assumptions (B) be satisfied. Then for any t € [0,T], §,¢" €

(0,1] and x € R4, there exits a constant C' which depends from K, T and the bounds of the

coefficients, such that

/u6

By — v e )R] < C|5 — &), (2.4.24)

/.0

Proof. Let (X' yoa'u' zoauy (regp (X0w'w yoa'a® zéa'uly) he the solution of the

FBSDE ([2.4.4)—(2.4.4)) associated to ¢ (resp. ¢'). We put,

! ud

Bvd [pp— 6/7:E K
X, = X}

! ul

571”7“6 N L— 6/?1 b
— XS Y =Y

! ud

/.8 — ! ! 06
_ YS&x e 7= Zf x'ul Zg,w Ju

Letl=b, o, f, A,

/ué

Al(s) == ly(s, X"

/u6

5/7x 7
Y

S

’u‘;

6/7x K
L

S

1) 8@’ ub 8@’ ub S’ ub &
7“3)_l5(3aX5 7Y; >ZS y U )7

S

! ud

77 . 7762, 8,z,u’
T, = Ut _oan’

from Proposition [I.1.1] we have
Al < 2K (|6 = 0" + [ X + Yo" + | Z,).

Arguing as in the proof of Lemma one can show that there exists two constants C; and

C5 which depend upon K, T but not from ¢, such that for any t < s < T,
E[XLF] < Cilo — 8 + CEL (K2 + 7, + 1Z,[2)dr|F2). (2.4.25)

and

E(Y.P[F}] + E[fS [Z,[dr|F] + ELJS (U, dr|F}] + E[(M*"*") 7 |F]]

T = o 5 (2.4.26)
< Golo =P+ CE[[ (X +|V. P+ |Z)drF]
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In the other hand, we successively use [t6’s formula and assumption (B2) to get

BI(GX., Y )IF}] = B{(GXr, Ve F) ~ B[ [ (AAG), (X, ¥, Z,)drlF]
~E[6-7) | ' G |
> B[(GXr, Vo) [FY) + B[S, [ |GX,PdrlF] + B{[ 5a(G7T, P

_ T
+|GTZ, 2dr|F] — K2[6 — §')% — (5 — &)E] / GU,dr|FY].  (2.4.27)
Since |®s5(x) — Py (x)| < |0 — 0’|, we use Young’s inequality to obtain

~ x,u’ !zl z,ub !zl
E(GXr, V1)F)] = E[(G (Xp™" = Xp ™), &s(X7™") — &5(X7"")) [F]]
z,u’ !zl !zl !zl
— E[G (Xp™ = X7 ™), g (X7 5) — @5(X7 ™)) |FY)

8,z,u’ & xul 8 xub & xul
— E[(G (X5™" = Xp™"), @ (X7 ™) — D5(X7"")| [F7]

IV

+ Elu|GXEm — X3 2[R

> |G E[ X5 — X0 @5 (X0 ) — g (X5 Y]
+ Elu|GX — X5 2[R

> — |G| K B[ |X3™" — X" | 6 — &'| | Y]

z,u’ !zl
+ E[m|GXp™ = Xp ) P[F))

G K

z,u’ !zl
> (ulGF ~ 0] K B[ xge - X gy - 9K

|6 — &2
Putting &, = ‘“Tm, we get

. K?
E(GXr,Y1)|F] > — M—|5—5’|2. (2.4.28)
1
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Since V,V?°(t, z) is uniformly bounded in ¢, z (see Lemma and U, = 0V, VO(r, Xoou") _

8V, VO (r, X% it follows that there exists a positive constant C' = C(T,|G) such that :

T o T / ’
B[ |GU|arF]] < |G Bl |5V, V(r, XE) = 59,V (r, X745 | dr|F])
T ! !
< IGUEL[ 16V X35 4 50,V (r, X0 B

T ! !
< (GBI 19,V X550 4+ [0,V (r, X7 42| e[

IN

C. (2.4.29)

Since 4,0’ € (0,1], then |6 — &'| > |§ — §'|%. Therefore, by (2.4.28)), (2.4.29) and (2.4.27) we

show that,

N _ K? A
EGX. VIR + (O + K2+ “)l5 =] > B[y [ |6, Par[F]
1 s
T _ —
+E[[ B(GTY A + |GTZ, dr|F)

T _ _
> CyBL[ (X + Vol + |Z,2)dr )
(2.4.30)

Using ([2.4.26)) and (2.4.30)), it follows that there exists a constant C5(K, |G|, 51, P2),
YVi? < Cs5(10 — &'+ (GX, V). (2.4.31)

Since X; = 0 (the two processes start from the same point z), we deduce that : E[|Y|?|F] <
Cld -0, P—a.s. u

Lemma 18. Let assumption (B) be satisfied. Then, for any t € [0,T], z,2' € R? and
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5,8 € (0,1] there exists a constant C' which does not depends from 6,0" such that :

! ’ T
E( sup (X322 4 | XS0 2 [yt 2o |y e 2] g [0zl Ray (2.4.32)
t<s<T t

T & x,ub |2 T 8,x,u’ |2 T 8 xud |2 8,x,u’ 1) 2
[ 1Z8 e Pt [ U Ry [ U P+ (M5 g (B ) < C(1+ [af?),
t t t
Proof. For [ = b, f,0 we denote by C; the bound of [. 1t&’s formula gives for any s € [t, T,

§,z,ul |2 §,x,ud 2 5 §,x,u’ §,z,u’ §,z,u’ Szul 5§
| X =X ‘|‘/t 22X bs (X Y Z0 N ) dr
82x5,x,u‘5 X5,x,u5 Y§,x,u5 4 dwé
+ ’ r Ué( r y L 7“7«) r
* o yoaud 5 po
+ [ 2x0e 5B
t

+ / (’Ug(Xf’x’u(S’ }/;,5,567115’ Ui) |2 + 52)d7'.
t

We successively use Burkholder-Davis-Gundy’s and Young’s inequalities to get, for any ¢,

g9 and 3 > 0,

T
Ef sup | X5 PIFY] < Jof? + (221 + &2 + 225) B[ [XP=*"[2ar|F{]
t

t<s<T

2 1 2
+-CP+(T+=-)C24+= 48
€1 g2 €3

< |z|? + (261 + e + 2e3) T B[ sup | X5 [2dr|F]
t<s<T

2 1 2
+=Ci+(T+=-)C24 (= +1)8
€1 £2 €3

Choosing 2e; + €5 + 2e3 = ﬁ, it follows that (since § < 1) there exists a constant C; > 0

independent from ¢ such that :

E[ sup | X% P|FY] < Cyi(1 + |z)?). (2.4.33)

t<s<T
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Arguing as in the proof of (2.4.33), one can show that there exists a constant Cy > 0

independent from 9, ¢’ such that :

E[ sup | X7 P|F] < Co(l + |z]?). (2.4.34)

t<s<T

In the other hand, It6’s formula gives

’}/5,x,u‘5 |2 + /T |Z6,z,u5 |2d7’ + /T |U5,:r,u5 |2d7” + <M6,z,u5>
s B r s r T
s
— |Y7§a$7u6|2 + /t 2Yr5,w,u5 fd(XfJ’U(;, Kﬁ,ax,u‘;’ wa’ué, uﬁ)dr

T s s
8,x,ul r78,x,u’ J 8,z,u’ 776,x,u’ d 8,z,u’ §,x,u’
—/ 2Y; Z dW —/t 2Y; U, dB, — t 2Y; dM; .
s

Using Burkholder-Davis-Gundy’s and Young’s inequalities, we show that there exists a po-

sitive constant C5 such that :
1 T 1 T 1
B sup Y/ PR+ SB[ (205 Parlj] + SB[ U2 PdrlEY) + 5 B ) [F)
t<s<T 2 Ji 2 i 2

T
<(1/2+ 2(0;)2)1@[/ | sup VOO 2dr[FY] 4 CL + T C2.
t

t<r<T

Therefore Gronwall’s inequality yields

E[ sup [YouP|FS] < (C3 + T C3)expl(1/2 +2(C5)*)T).

t<s<T

Thanks to the previous two estimates, we have

Yﬁ,x,u52]F5 }]E T Zﬁ,ax,u‘S 2d F(S EE T U'ﬁ,z,u‘S Qd F5

El sup [V [P[Fy] + [[ 1225 Pdr|Fe) + 5 E[ U5 [Pdr|Fy]
t<s<T 2 t 2 t

1

2

+ < E[(M*)F) < Ch. (2.4.35)

where Cy :=C2 + T C’]% +(C2+T CJ%) exp[(1/2 + 2(C5)*)T).
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The same arguments allow to show that there exists a constant C'5 which does not depends

from ¢, 0’ such that :

! T ’ ’
Bl sup V7P + B[ |20 ParlFf) + L[ (U8 Parl]] + B[O ) B

t<s<T

< Cs.

Lemma 19. Let assumption (B) be satisfied. Then, for anyt € [0,T], there exists a constant
C such that

supE ( sup (X012 4+ | X2+ Y2 P + Y22 R ) < C (1 + |z]?). (2.4.36)

t<s<

Proof. For [ = b, f, 0, ¢ we denote by C) the bounds of [. 1t6’s formula gives

X = ol 2 [ XX Yt (XY ), )y + [ |o(X Y ) P
t t

+/ (X0 (X", Y, uln)dW o,

Using Burkholder-Davis-Gundy’s and Young’s inequalities, we get for any 1, 9 > 0,

T 2

E[ sup [X7PIF ] < Jof + 251]E[/ X1 Par(E )+ = T
t<s< t

* s n|2 1 Cr 2

+ Ce B[ X7 PdrlF ]+ (T + ) C2

t

€2

Choosing 1 = 1/8 and €5 = one can find C; which depends only from C*, C,, T,C,

40’

such that :

supE[ sup | X7 ] < Cy (1 + |z]?). (2.4.37)

t<s<T
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Again, by Itd’s formula we have

s s

T T
VIR [ e (XY g Pdr = YRR+ [V ele (XY AW

T
b2 YR el (XY ), uldr

T
< KAXGR S [ Ve (X7 ud)aw

T
o2 Y we (XY ) ) ldr.

r

We use Burkholder-Davis-Gundy’s and Young’s inequalities to get for any €3, €4 > 0,

T
B[ sup [VIPIF ]+ B[ [ lwpo(X7, Y7, ul) Pdr|F
t

t<s<T "
TC2C*C?
e

T
<Gyt Oy Bl VIPdrER |+

T
4

T
+2e K[| |V lariFR ]+ =L

We successively choose €3 = 1/(4C*) and 4 = 1/8 then we use Gronwall’s inequality to

show that there exists a constant Ch independent from 9,, such that :

supE[ sup |Y/]2F | < C,y (2.4.38)
n t<s<T
We conclude the proof by using the estimates (2.4.33)) and (2.4.35)). ]

Remark 20. (i) As ezplained in the introduction, the uniform Lipschitz condition is not
sufficient to gquarantee the existence of solutions and hence the existence of optimal controls
fails also. Nevertheless, there are results on the existence and uniqueness of solutions to
coupled FBSDEs under the uniform Lipschitz condition and supplementary assumptions on
the coefficients, see e.g. [59, 103, 136, [141).

(11) When the coefficients are uniformly Lipschitz and o is non degenerate, the existence

and uniqueness of solutions were established in [29] for equation (2.0.1)). In this case, the



93

existence of an optimal control was recently established in [2Z] when the coefficients o and
b are independent from z, and o is independent from the control w. The case where b de-
pends from z and o is independent from z and u, the existence of an optimal control can be
performed as in [22]. In the case where o depends upon (x,y,u), the problem of existence
of an optimal control seems difficult to obtain. Indeed, when the control enters the diffusion
coefficient o, we lead to an FBSDE with a measurable diffusion matriz and, in this case, the
uniqueness of solution (even in the law sense) may fails. It is known from [92] that when the
diffusion coefficient is merely measurable, then even the uniqueness in law fails in general
for Ité’s forward SDEs in dimension strictly greater than 2, see [92] for more details.

(1ii) The ezistence of an optimal control under the conditions used in [11|] can be
obtained by using the method we developed in the present thesis.

(tv) However, the supplementary condition given in [103] consists to assuming the exis-
tence of a decoupling function. This condition is rather implicit and abstract, and hence can
not be easily exploited in the problem of control.

(tv) The problem of existence of an optimal control for a fully coupled FBSDE when
the coefficient o depends from z and u remains open and is a challenge. In this case, the
existence of solutions follows from [136] and the Bellman dynamic programming principle
is giwven in [102]. In this case, Bellman dynamic programming principle leads to an HJB

equation coupled with a constraint given by an algebraic equation.



Chapitre 3

Existence of an optimal control for a
system of fully coupled FBSDE in the
non-degenerate case

o4
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In this chapter we studies as the first section of this chapter the existence of optimal
control (2.0.1)—(2.0.3) but, now the diffusion is non-degenerate, the conditions here are
deferent from the one of the degenerate case, because the existence and uniqueness re-
sults of the solution itself defers from the last section, also here we are not obligate to
transform coefficient of the hessian uniformly elliptic by adding a strictly positive number
((o50%) (x, v (s, x)) + 621 ra) because the diffusion is already non-degenerate, this end will
change the form of the FBSDE,

The chapter is organized as follows : In next section, we introduce some notations, the
controlled system, and the assumptions. In section 2, we present the cost functional and
the value function. This value function verified the Hamilton-Jacobi-Bellman equation. In
section 3, we give the main result and its proof. This section contains two subsections. The
first one is devoted to study the approximating control problem together with its associated
Hamilton-Jacobi-Bellman equation. In the second subsection, we prove our main result. In
the last section we present the convergence of the approximating problem zn so the existence

of an optimal control.

3.1 Lipshitz and non degenerate Hypothesis

There exists two constants K and A > 0, such that the functions b, o, f and ® satisfy

the following assumptions (B) :
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-~ (BY)

1) For any u € U, (z,y,2) and (2/,¢/,2") € R? x R x R?

o(x,y) — o2, y)]? < K*(|lz = ' + [y — /"),
|®(z) — @(2)| < K[z — 2],
|b(xay7zau) - b(x/ay/vzlauﬂ < K(\fﬂ - 37/‘ + |y - y/| + ‘Z - z/|)7

|f(x,y,z,u) - f(x/ay,;Z/;U” < K(ll’ — .T,| + |y - y/| + |Z — Z/|).

2) The functions b, o, f and ® are bounded.

— (B2) For every (x,9,2) € RY x R x R? the functions b(z,y, z,.) and f(z,y, z,.) are

continuous in u € U.

— (B3) For every (t,z,y) € [0,T] x R? x R,

VCERT (¢ o(t,a,y)¢) = AlCP,

When the control u is constant, one can show (by arguing as in [59]) that under assump-
tions (B1) and (B2), equation (2.0.1)) has a unique solution (X&®4 Yh®u zhou prteuw) ip
the space S2(t,T;R?) x S2(t, T;R) x H2(t, T;RY) x M2(t, T;R?)

Now we set the main result of this section

3.1.1 The main result

Theorem 21. Assume that the assumptions (B) and (H) are satisfied, then there exists a
strict control which solves the problem ~(2.0.9).
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For the prove we proceed as the last section, the difference here is that the diffusion is

degenerate, and so we do not need to transform the HJB to strictly elliptic

3.2 Proof of the main results

As the last section we approximate our coefficients by a smooth one, first let write the

HJB corresponding to the approximating system

3.2.1 The approximating Hamilton-Jacobi-Bellman equation

Let § € (0,1] be an arbitrarily fixed number. For (z,y,p, A,v) € R? x R x R% x §¢ x U,

we define the function H° by :

H° (z,y,p, A,v) = ; (tr ((o505%) (x,y)) A) + bs (x, y, pos (z,y) ,v) p (3.2.1)

+ f6 (xayap06 (:Evy) 7U)’

and consider the Hamilton-Jacobi-Bellman equation

0
&wS (t,) + inf H° (2, (V, V.V, Vi VO (£, ), 0) = 0, (t,2) € [0,T] x RY,

(3.2.2)
VO(T,x) = ®5(x), = eR%,

Since H? is smooth and (o50%) (z,y) is uniformly elliptic, then according to the regularity

results by Krylov [94] (Theorems 6.4.3 and 6.4.4 in [94]), the unique bounded continuous

viscosity solution V° of the equation (3.2.2)) is with regularity C’b1 2([0, T]x RY). The regularity

of V% and the compactness of the control state space U allow to find a measurable function
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v? 1 [0, T] x R — U such that, for all (t,z) € [0,T] x R,

H (2, (V°,V,V°, Vo, VO)(t,2),0(t, 7)) = iIeluf;Ha (2, (V°, VoV, Vau V) (t, ), 0)
Lemma 22. Assume that the hypothesis (B) is satisfied. Then :
J(u’) = VO(t,x) = essinf,oy 6(t)J‘5(u),

Moreover ul :=v°(s, X?), s € [0,T], is an admissible control.

Proof. We fix now an arbitrary initial datum (¢,z) € [0,7] x R? and define the process

(ng Y:sév Zg)se[t,T} by :

dX? = bs(XJ,VO(s, X2), V.V (s, X2)os(X2,V(s, X7)), v(s, X?2))ds
+ 0'5(X§, V‘s(s,Xf))dWS‘S, s € [t, T, (3.2.3)
Xf = .

Since bs(x, V°(s, 1), V.Vo(s,2)os(z, VO(s,2)),v°(s,2)) and os(z, V°(s, x)) are bounded mea-
surable in (t,z) and os(z,V°(s,z)) is Lipschitz in o and uniformly elliptic, then according
to [9] (Theorem 2.1 pp 56, see also [4]), equation (3.2.3)) has a pathwise unique solution X°.

We define Y? and Z? by :
Y2 =V0(s, X?) and 70 =V, V(s, Xos(X2,VO(s,X0)), se[t,T]. (3.24)

Applying Ito’s formula to V?(s, X?), we obtain :

d)(;S - b&(X§7)/367 Z§7 ’U(S(S,X;S))ds +05(Xg’}/;6)dwf’

dY) = —f5(X2,Y), Z2,0° (s, X2))ds + Z3dW?, (32.5)
X8 =, VP =®5(X3), selt, T)



59
Since fs is uniformly Lipschitz in (y, z), then according to [119] the backward component

of equation (3.2.5) has a unique solution (Y?,Z%) in S%(t,T;R) x H2(t,T;R?). There-
fore (X°Y? Z°%) is the unique solution of FBSDE in S2(¢,T;RY) x S2(t, T;R) x
H2(t, T;RY).

Let u € Uys(; be an admissible control. Let (X%how yotwu 7obew) he the unique F-

adapted continuous solution of the following FBSDE :

ng,t,x,u — b(S (X;S,t,x,u’ Yj’t’x’u, Z;S,lt,m,u7 us) ds + o5 (Xg’t’m’u, Y';S,t,x,u) de) s € [t, TL
dY*S&,t,a:,u — _fé(Xg,t,a:,u’ Y;(S’t’x’u, Zg’t’z’u,us)dS + Z;S,t,x,udwsé + dMg’t’w’u, s E [t,T],
Xf,t,:c,u =, Yj(j,t,:c,u _ @6(X%t,m,u>’
M°® € M2,(t, T;R?) is orthogonal to W?°.

(3.2.6)

We define the cost functional for the approximating control problem by :
Jo(u) == Y00 e Uys(t).

(X09,Y?, Z9) satisfies the FBSDE (3.2.6)) for u = u°, with M° = 0. Hence, by the uniqueness of
equation (3.2.6), we have (X?,Y?, Z9) = (Xotau’ yoteu’ zétew’) In particular Y™ =
Y2 =VO(t, z). n

Proposition 3.2.1. Under the assumption (B), there exists a universal constant C only
depending on the Lipshitz constants of the functions o,b, f and ® such that for every t,t' €
0,7]; x,2' € R? and 6,8 > 0 :

Vo(t,2) = VO (t,2)| < C(16 = &' + |t = t'|> + |2 — &),
In particular :

|VO(t,x) — V(t,x)| < C6, forall (t,z) € [0,T] x R* and for each & > 0.
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and

Vot )| + |V V()| < C,
(3.2.7)
|V5(t,a:)—v5(t’,x)| < (J|t—t’\1/2.

Proof. Let (t,z), (t,2') € [0,T] xR%and 6,8 € (0, 1] be fixed. The value function V¥ (', z')
satisfies the same Hamilton-Jacobi-Bellman equation (3.2.2) with the Hamiltonian H® asso-
ciated to the coefficients fs, by, 05 and ®s5. Hence, the same arguments of regularity allow

to find v¥ : [0, 7] x RY — U such that, for any (¢, x) € [0,T] x R?,
HY (x (VO YV VoVt x), 0 (¢, x)) = inf oY (1: (VO VLV VeV, 2), v) :

We use Lemma to show that u% = v® (¢, 2') is an admissible control.

’
! ud

Thanks to [9], let X% "#" be the unique solution of the following forward SDE :

dX, = by (X,, V' (5, X,), VoV (5, Xy )og (X7 VO (s, X,))ds

Foop (XTI (6 X)) AWS, s € [t T,

Xt’ = ZL'/, .

We extend this solution in the interval [0, 7] by putting X" = ¢/ for r < ¢'.

We put

’
/u5

&t ! 2 5’,t’,a:’,u5/
Y; - V (87 Xs )

’
/u5

Z6/7t,7$ )
S

/
/u6

,_ 5 5t
= V.V (s, X

’
/u6

Jos (X0

’
/ué

VP (s, X70E),

It6’s formula applied to V¥ (s, th’»z/’“‘“) shows that :

VN U VR U VI U VI U / T
dY5 thel _fJ’ <X5 AR ) ’ Y5 R RS ’ Z(S R RS ’ u5 )dS + Z6 R R} dWé’
; ’ ’ (3.2.8)

Y g (X2 s e 7).



61
Since fs is Lipschitz, then the previous BSDE has a unique solution (Y‘S/’t"w/’“(s ,Z‘sl’tl’””/’“(s )

in 8% (¢, T;R) x H2(t', T; RY).
The following lemmas show that the variable Z°. This allows us to consider Z+¢%® as a

control.

Lemma 23. Assume that assumptions (B) is satisfied. Then there exists a non-negative
constant C' only depending on the Lipshitz constants of the coefficients, verified the following
estimation :

V7 (t,2) — VO(t,2)| < C|& — 4. (3.2.9)

The proof will be given later.

Since fs, bs, @5 and o5 are bounded C* functions with bounded derivatives of every order
and satisfy Assumption (B) with the same constant K, we have the following lemma.
Lemma 24. Let H? be defined by formula . Then, the PDE

gtvﬁ (t,2) + H* (2, (V°, VoV, VauVO) (1, 2),0°(1,2)) = 0, (t,2) € [0,T] x R,

Vé (T7 JT) = ®5($)7 ZAES Rd>
(3.2.10)

has a unique bounded solution V° in Cp*([0,T] x R%).
Moreover, there exists a constant C, only depending on X and T, and two constants T
and Kk, only depending on K, X\ and T, such that
sup V()| < C, (3.2.11)

(t,z)€[0,T] xRd

sup |V, VO(t,z)| <T, (3.2.12)

(t,x)€[0,T]|x R4

V(t,t') € [0,T]?, VxR Vot x) — VO(t,x)| < Rt — ]2 (3.2.13)
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The proof will be given later.

We shall show that V% converges uniformly to a bounded function V', which is the unique
viscosity solution of the initial HJB equation (2.1.2)).

We have,
\V‘sl(t',:c') — V‘S(t,x)\ < |V‘5/(t’,x/) — V‘S(t’,x’)| + |V‘5(t',a:’) — V5(t,x)\.

By and , we have
VO, 2') = VO(t, )| < k|t — t|'/2 + T2’ — a|. (3.2.14)
Therefore, using and modifying the constants if necessary we obtain
Vit z) = VI, 7)) <O(6 — &+ |t — |2 + |z — 2|).

Using standard arguments in the BSDE, one can show that V? is uniformly bounded in
(t,r,9). Hence, V° converges uniformly (as § — 0) to a function in V' € Cy([0,T] x R?).
Using the stability of viscosity solutions and the fact that the Hamiltonian H° converges
uniformly on compacts set to H, we get that V is a viscosity solution of equation (2.1.2).
Thanks to the uniqueness of the solution of equation with in the class of continuous
function with at most polynomial growth, we get that V = V. This proves the convergence
of the approximating value function V% to V, as & — 0. And hence

Vo(t,x) — V(t,x)] < C§, forall §e€(0,1] and (t,x) € [0,T] x RZ n
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3.2.2 Convergence of the Approximating Control Problems

We will prove the convergence of the approximating control problem to the original
one. We adapt the idea of [41] to or situation. Put w? := V,V° (s, X%") and Zo :=
wlo (X on Yf”) . Consider the sequence of approximating stochastic controlled systems (X, Y% Z% ).
Since u%" and u’ are uniformly bounded, we see the couple (u’*,w") as a relaxed control.
We show that the system (X% Y% Z% 4°) has a subsequence which converges in law to
some controlled system. And, since we have assumption (H), we use the result of [63] to
prove that the limiting process is a strict control.

Theorem 25. Assume that the assumption (H) is satisfied. Let (t,x) € [0,T] x R? and
(0n)nen be a sequence of positive real numbers which tends to 0. Then, there exists a reference
stochastic system v = (Q, F,P,F, W), a process (X,Y,Z, M) € S2(t,T;R%) x S2(t,T;R) x
S2(t,T;RY) x M2(t, T;RY), with M orthogonal to W, and an admissible control i € Uy(t),
such that :

1) There is a subsequence of (X%, Y %), cn which converges in distribution to (X,Y),

2) (X,Y,Z, M) is a solution of the following system

dX, = b(X,,Ys, Zs, Us)ds + (X, Ys)dW,
dYy, = — (X, Ys, Zg, t1s)ds + Z,dW, + dM,, s € [t,T] (3.2.15)
Xt =T, YT = (I)(XT>,

3) For every (t,x) € [0,T] x RY, it holds that
Y, = V(t,x) = essin ueu,;(t)(](t@»u) ,

i.e. the admissible control u € Uy(t) is optimal for .

Proof. The idea consists to introduce an auxiliary sequence of processes (denoted by (X™, Y™))



64

which satisfied forward-system, for each n, and for which the existence of a relaxed holds
according to [63]. We then show that (X™,Y™) has a subsequence which converges in law
to a couple (X,Y). using the convexity assumption (H), we prove that (X,Y) is associated
to a strict control that is optimal for the original control problem. We finally show that the
initial sequence (X% Y%"), oy and the auxiliary one have the same limits, by proving an
estimation between the auxiliary and the appro solution.

For n € N, we define the sequence of auxiliary processes (X7, Y") as the pathwise unique

solution to the following controlled forward system :

dX] = b(XP, Y wio(X], V), ulr)ds + o (X7, Y dWir,
dY = = (XY wio (XL Y1), uy)ds + wio (X7, Y )dw . (3:2.16)
Xt =ux, YP=Vo(tz), s€ltT).

where u’ 1= v (s, X) and w? = V,V (s, X°).
Note that for every n, the process (X%, Y) is a weak solution to the following controlled

forward system :

ng’n = b§n <X§n7 Ysgn wno-(sn( )7“ n)ds + O-én(X(Sn }/S(Sn)dWS(Sn’
dYPr = — f5, (X, Yo wlos, (X‘5 Yor), udn)ds +wios, (Xom, Y )dWin. (3.2.17)
X =z, Y =Vo(t,x), s €[t,T).

From we have, for t < s < T,
Yo =Vo(s, X)) and ulr =0 (t, XO).

S

Since (s, x) = Vo (s,z) is of class C1? and satisfies equation (2.1.2)), then using Itd’s formula
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we get for t < s <T

T
V= @y (X5) + [ fa, (XP Y i, (X3 Y00), ulydr
T
- / whas, (X, Y)Y dWon, (3.2.18)

If we put

o i (wr,0,uf)  and W )
= , g = (wy,0,u an = )
X yr B

then the system (3.2.16)) becomes :
dxy = B(xy,r5)ds + XXy, r)dwvy, s € [t,T],

o . (3.2.19)
T vee ) )

Since w® = V,V?% (s, X’") is uniformly bounded (Proposition [3.2.1)), we can interpret
(r", s € [t,T]) as a control with values in the compact set A :=U x B(0) x [0, K].

The next step is to take n — 400, for this let’s consider the random measure :
q"(w,ds,da) = 6pn(w(da)ds, (s,a) € [0,T] x A,w € Q.

we identify the control process r™ with the measure ¢", this end show us that the controls

n

r™ is in the set of relaxed controls, looking consider r" as random variable with values

in the space V of all Borel measures ¢" on [0,7] x U x B¢(0) x [0, K], whose projection
q"(- x U x Be(0) x [0, K]) coincides with the Lebesgue measure, we need now to show a

convergence result given in :

Lemma 26. There exist a probability measure Q on C([0, T]; RYxR) x V and a subsequence

pd
of (Y40 g¥™) of (T, q"), such that (T gom)) LLOOEERNVO),

L

(T,q) where, (T, q) is

the canonical process.
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Proof. by the contraction above our conditions guarantee that {(3(z, y, z, m,v), 5(z,y, z, 7, v)) , (x,y, z, 7, v
R?x R x A} are bounded and by the compactness of V' with respect to the topology induced
by the weak convergence of measures, we get the tightness of the laws of (Y™, ¢"),n > 1, on
C([0,T];R? x R) x V. and hence there exit a probability measure @ on C([0, T]; R¢ x R) x V
and extract a subsequence that converges in law on the space C([0, T]; R¢ x R) x V donated
with the measure @ to (T, ¢). [ |
Since the coefficients of system satisfy assumption (H), then, according to [63],
) enlarging (C([0,T]; R? x R) x

V; Q) and an F-adapted process (x,7) [ with values in A] which satisfies
dxs = B(Xs, Ts)ds + (xs, To)dWs, s € [t, T,

B x (3.2.20)
M\ v )
Moreover, y has the same law under P as under Q.
_ W
), W = ( _ ) and
B
dXs = b(Xs, Yy, Zs, tis)ds + (X, Ys)dW,

dYs = —f(Xs, Ve, Zo, Us)ds + ZdW, + 0,dB,, s € [t,T)
Xt =z, }_/t = V(t,ﬁ)

<1 b

Replacing ¥ and [ by their definition and setting y := (

7= (w,0,1u), the system ([3.2.20) can be rewritten as follows :

Assertion 1) is proved. To prove assertion 2), we need the Following lemma.

Lemma 27. For some constant L > 0 and for alln € N,
E|sup, X% — X" < Lo2,
Py | § o0
Elsup,ep ) [V — Y] < Lo3.

Lemma shows that if the sequence (X", Y™),en converges in law, the same holds

true for (X%, Y%),cn, and the limits have same law. Further we deduce from (3.2.21)) and
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Proposition [3.2.1} that Y, = V (s, X,) for each s € [t,T] P-a.s. In particular, Yy = ®(X7)

P-a.s. Thus, if we set M, = [’ 0,dB,, then (M, W), = [70,d(B,W), =0 and (X,Y,Z, M)
satisfies (3.2.15]). Assertion 2) is proved.
We shall prove assertion 3). We have already seen that Y, = V (s, X,) for all s € [t,T]

P-a.s. On the other hand, it is well known that, for the unique bounded viscosity solution V'

of the Hamilton-Jacobi-Bellman equation (2.1.2)),
V(t,z) = essinfueuﬂé(t)J(t, z,u), P-a.s.

(see, e.g., Li and Wei [102]). This proves assertion 3. u

3.3 Appendices

3.3.1 convexity hypothesis

Lemma 28. 1) Let the assumption (H1) as follow :

For all (z,y) € R? x R, the set
(H1) _
{(EX) (@, y,w,0), Bz, y,w, u)|(u,w,0) € Ux Bc(0) x [0,K]} , is convex.

where, for all (z,y,w,0,u) € R? x R x R? x R x U, we have set

o(x, 0 b(x,y,wo(x,y),u
Y(z,y,w,0) = oy and Bz, y, w,u) = o))

wo(z,y) 0 —f(z,y,wo(z,y),u)

If 0 =0, then the assumption (H1) is equivalent to (H).

2) Let us fiz (z,y) € RY x R. We will show that, under assumption (H1),

o{((Z2) (2, y,w,0), Bz, y, w,u))|(u,w) € U x Be(0)}
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c (=) (x, y,w,0), Bz, y, w,u)|(u,w,d) € Ux Ba(0) x [0, K]}

where, for any set E, coF stands for the convexr hull of E.

Proof. 1) The explicit calculus of (XX%)(z,y, w, ) gives

S5 (2, g, w, 0) — (00 (z,y) oo (x, y)w )

woo*(z,y) woo*(z,y)w* + 62
If & = 0, we can see that the assumption (H1) is equivalent to (H).
2) We consider an arbitrarily chosen probability measure p on the set U x B(0)

Our goal is to find a triplet (w,,u) € R? x [0, K] x U satisfies :

foBC(o)((ZZ*)(% Yy, w, 0}7»?(%1/71“)“7(‘1}"7‘“) (3.3.1)
= ((22*)(1’, Y, w, )7 6(1‘, Yy, w, 97 U)) :
Let ®(u,w) = ((00*)(z,y), woo*(z,y), b(x,y,wo(x,y),u), f(x,y,wo(x,y),u)). The assump-

tion (H) and by the continuity of ® there exists (#,w) in U x B¢(0) such that

o B ) = 8. ) 532

The calculus of (X¥*)(z,y, w,0) shows that, to obtain (3.3.1)), it suffices to find 6 € [0, K]
such that

= woot(z,y)w u(du, dw) — woo* (x, y)w* = 62 (3.3.3)
Ux B (0)

Again by the calculus of (X¥*)(z,y,w,0)

we have 00*(x,y,4) = [y p.(0) 00" (2, y)u(du, dw), then we can rewrite v as follow

a= _ woo(x,y)w u(du,dw) —w | oo (x,y)u(du, dw)w*
UxBe/(0) Ux B (0)
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Therefore,

0= [y (= Do ) (w0 = Do), dw) 0.

Then « is non-negative, we choose § = /o satisfying 1' Further let us rewrite (3.3.3))

as
[ Jwolw,y) Pu(du, dw) = oz, y)? + 6.
Ux B (0)
Since |o(x,y)| is bounded and the support of y is included in U x Bg(0), it follow that @ is

bounded, then there exists & > 0 such that 6 belongs to [0, K] n

3.3.2 Stability of the solutions Hamilton-Jacobi-Bellman equation

Lemma 29. Assume that, the assumptions (B) are satisfied. Then there exists a non-
negative constant C' only depending on the Lipshitz constants of the coefficients, verified

the following estimation :

Vo (t,z) — VO(t,z)| < Cl6 — 4. (3.3.4)

Proof.

We start this proof by some notations :
X.fsyt,ac,u‘s _ X., Y5,t,ac,u5 _ Y, Z?,t,x,ué _ Z

And

! ! !
X5’,t,1’,u6 :X/, Y(i’,t,x,u‘s :Y/, Z(S’,t,a:,u6 — 7

Applying It6’s formula to the map ]YSI —Y;|? then using standard arguments of FBSDES,

we obtain
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E(sup,epn |Ys — Yol?) +E(); 12, — Z,*dr)

T ! !
+ Q]E( sup | < fﬁ(XTaK"aZﬁui) - fgl(X;,K,/,Z;,Ui )7Yr - Y;‘ > dTD
se[t,T] Vs
T ’
+ 2E(sup | | < Z.—Z.Y, =Y, >dW)
selt,T] Vs

Now the estimate

E(f) |Z, — ZLP|Y, = Y, |?)2

/ T
<E(sup |Y, - Y,|? +/0 | Z, — Z!|*dr) < oo,

s€[t,T)

by Burkholder-Davis-Gundy we deduce
T ’
Vs € [0, 7], E(|/ < Z,—Z.Y —Y, > dWl|) = 0.

Then

E<Sups€[t,T] D/s/ - Y,?) + E(ftT |Z;« — Z,|*dr)

T ! /
< 2E( sup ‘fJ(XT’Y;“’Z ué) - f5/(X;7Y;/’Z/ ué)‘ ‘Y} —Y;’dT)

Ty U ryr

The first part : by the Proposition and the function o is K-Lipshitz

E(|Y; = Yrl?) < E(|®y(Xy) — Os(X7) )
< 2E(|Dy(X7) — Ds(X7)[?) + 2 B(|Bs(X7) — D5(Xp)[2)  (3.3.5)
<

2 K2 |6 02+ 2 K2 E(| X, — Xr|?).



The second part : by the Young inequality

E(supsepr fy 1fs(Xn Ye, Zpoul) — fy (XY Z,w)) Y, — Y|dr)

ryoTr) Ty T

T
< €1 E( sup ‘f&(Xra}/raZTaui) - f&’(X/ Y/ Z/ ué)‘Zdr)

= ) ) )
selr] Js T r Yr

1 T
+ —E(sup [ [V, —Y,[%dr)
€1 se[t,T] /s

Using the fact the function f is K-Lipshitz, bounded by by and the proposition [I.1.1]

E(supscyry o 1f5(X0, Yo, Zoyud) = for (X1 Y] ZLud)IY) = Y, dr)

Yoy )T

T
S 2 &1 E( sup ‘fé(Xr, }/;7 Zmui) - f&(X:wY;/a Z;a ui)‘QdT)
set,T] Vs

T
+ 2 E(sup [ |fs(XL,Y/), Z u®) — fs (XL, Y, Z!, ul)|dr)

) r rI T 7 T T T
selt,T) /s

T !
+ 2e E(sup [ |fo (XL Y, Z ul) — fs (XY Z' ul)|*dr)

Ty Ty r ry Ly Hpy Wy
s€,T) /s

1 r o,
+ LE(swp [ - Vipar)
€1 selt,T) /s

IA

T , T ’
2 K? ¢, (E( sup [ | X, — X, [’dr) +E(sup [ [V, —Y,[’dr)

set,T) /s selt,T] /s

T /
+ E( sup |ZT—ZT|2dr)> +2 K% e (T —t)|6 —&')?
sEt,T] Vs
1 T
+ = E(sup [ |Y) - Y, [dr)
€1 set,T) /s
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Then

E ( SUPselt, 1) fsT |f5(X7"7Y;“7 Zﬁuﬁ) - f5’<X1£7Y;,7 Z1/">u£>||y;l - Y;|d’l‘)
<

2K e(T—1)|0 =0 + (2 K2 er + L) E(J] |, — Y.[*dr)
+ 20 e (T—t)+2 K? e E(J|X, — X, Pdr) +2 K? ey B(J]" |Z, — Z|%dr).

(3.3.6)
Since
T ! T !
B([ 1Y, =Y, Pdr) < B([ sup [V = Yi[ds),

t t seftr]

T i i

E([ X, = X.[2dr) < (T = O)B(swp |X, X, ),
t s€(t,T)
and

E(| Xy — Xp[?) < E( up X, — X,[%).

Then, by the inequalities (3.3.6) and (3.3.5)) we have the following estimation :

E(sup,epr Yy — Yal?) + E(J] |2, — Z|dr)
2 2 112 2 1 T ! 2
< UK (T —0+2 K50 + (2K e+ —) ]E(/ sup [V, — Y,[2ds)
1 t selt,r]

! T !
v O KZe (T—1)+2 KDE(sup |X. — X,?) +2 K% e E(/ 7. — Z,|%dr)
t

s€[t,T]

+ 40} e (T —1).

Then,



E(sup,er) Yy = Yol?) +E(J)' |2, — Z2dr)

!/ T /
< E(swp |V, ~Yi[?) + C.E([ |7 - Z,[dr)
t

s€[t,T)

T
< O - G IE(/ sup |V, — Y, |%ds)

t selt,r]

+ Oy E(sup |X, — X%+ C.

s€[t,T)
With
Ci=4K?*e (T —t)+2 K>
Co=2K?¢ + i
C3=2K?e, (T—t)+2K?
C,=2K?¢
Cr=4b}e (T —1t).
We choose ¢; small as follow :
This implied
1
C., < 1

Cy < C16-d

Therefore, by modifying C; we obtain :
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E(sup [Yy = Y") < E(sup [V, = Y*) +
s€[t,T] se(t,T]

T !
< G- +C E(/ sup |V, — Y,[2dr)

t o selt,r]

+ C3E(sup |X, — X,).

s€t,T)

We applied the Gronwall inequality we obtain

E( sup |Y, — V,|?) < 270 <C’1 16— 0" +C5 E(sup | X, — Xs|2)>. (3.3.7)

s€(t,T] s€[t,T]

Again by It6’s formula applied to the function | X, — X,|? then

E(sup |X, - X,[*) < E(X, - X,[*)

s€[t,T)

T ! ’
+ 2E(sup | | <bs(X,, Yy, Zpul) — by (XY, Z 48, X, — X, > dr])

7] ry oy Sy Hp
se(t, T S

T !
+ 2E(sup | | < o5(X,,Y,) —os(X,Y), X, — X, > dW?|)

rotr
se,T] Js

T
+ E( sup 05(X,, Y,) — os(X], Y))|dr)

T T
se(t,T) /s
Since X/ and X, have the same initial value x in the initial time ¢ then E(|X; — X,|?) = 0

therefore
I T ! !
E( sup |Xs _Xs‘z) < 2E( sup | < b5(X7“>Y;HZr7u£) _b5’(X7/~7Y;/7Z7,17u7(§ )aXr _XT > d7“|)
s€[t,T) set,T] Js

T !
+ 2E(sup | | < o5(X,,Y,) —o0s(X,Y), X, — X, > dW°|)

r Ly
set,T] s

T
+ E(sup | |os(X,,Y,) — os(X.,Y))|2dr).

rydy
seft,T] /s

The first part : by our assumptions and the Young inequality we have
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E(supacpr | S < 0s(X0, Ye, Zp,ud) — by (XL, Y], Z,ud), X, — X, > dr|)

ryoTr) Ty T

IN

T !
eB(sup | [ |bs(Xy, Yy, Zoul) — b (XL, Y! Z0 ul ) dr)

T r o T 79 r
seft,T) Is

1 r o,
+ —E(sup [ |X, —X,[%dr)
€2 sclt,T) Vs

T
2 52E( sup ‘ ’bé(Xm Y;“; Z’N Ui) - bé’(Xﬁ Y;“; ZT7 Uf)’QdT')

set,T] Vs

IN

T
+ 2 gE( sup b5/ (X, Yy, Zp,u) — bt (X, Yy, Z0,ul)|?dr)

T T
seft,T) /s

T !
+ 2&E(sup [ |by(X,, Yy, 2y, u)) — be (X, Y/, Z),u) ) Pdr)

(7] ry Yr ry Sy Hry Y
selt, s

1 o
+ —E(sup X, — X, |%dr)
€2 set,T]Vs

IA

! 1 T !
2 K%y (T—1)]6— 6>+ (5— +2 K?)E(sup [ |X, — X, |*dr)
2

se[t,T) /s
T ’
+ 20bf ey (T—t)+2 K?sE(sup [ |Y, —Y,|%dr).
s€[t,T] Vs

the second part : by the Burkholder-Davis-Gundy inequality and Young inequality with the

constant C3



E(supyer | 17T < 05(X0, V) — 03 (X0, V), X, — X, > dWP))

IA

IN

IN

IN

ryor

T ’ 1
C5E( sup los(X,., Y,) — o5/ (X Y’)|2\XT — XT|2d7")5

T T
sEt,T) /s

C* T , T
ZE([1X = X, Pdr) + CiesE( [ |os(X0,Ys) = 0w (X, Y] )
3 t t
@ r ! 2 * r ! |2
E() X, = X %dr) + 2C583E( | |os(X,, Yr) = 05(X, Y, dr)
£3 t t

T
2025 ( / 05(X1,Y!) — o5 (XL, Y!)[2dr)
t

YT

C* T , T
(T+2 K2O§53)E(/t X, — X, [*dr) +2 K* O;‘szE(/t [V = Y/ [Pdr)

205 K2e4(T — )|5 — o2

The Last part : by the ¢ assumptions we have

E(supyery fo |0s(X0, V) — 0w (X],Y))Pdr)

Then

rTyer

IN

) E(/tT 05(Xo, Vi) — 03 (X, ¥7)[2dr)

Ty

rytr rtr

T
+ 2B los(X],Y)) — 0w (X)) )
t
T T
< 2 KQIE(/ X, — X![?dr) + 2 KQIE(/ Y, — Y/ [2dr)
t t

+ 2 K* (T —1)]6 -0

76
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E(sup | X, — X.J*) < 2K%34+2Ces+ 2 KT —1)]0 -0

s€[t,T)
1 2 2 vk C; 2 T ! 2
+ (2K +2 K2 Ce 42 K )E(/ X!~ X, |%dr)
2 3 t
T !
b2 K%, 42 K2Cheq +2 KQ)]E(/ Y, — Y, [2dr).
t
We note

Ci=2 K% +2Cles+ 2 K*)(T—1),
Cs =1 +2 K%, +2 K*Cjes & +2 K2,
Ce =2 K29+ 2 K?Cje3 +2 K2
Co=40} eq (T —1).

Then we can rewrite the last estimation as follow :

E(sup [X,— X,|*) < E(sup [X,— X,
s€[t,T] s€[t,T]

! T !
< C6—0P+Cs E(/ sup | X! — X, |%ds)
t

SE[t,r]

T !
+ Cp+Cg E(/ sup Y, — Y,|%dr).
¢

s€lt,r]

We choose €9 small as follow :

<2K262+20553+ 2K2

_/2
< I |0 — o |

€2



We obtain C, < C4 |6 — d'|?. Therefore, by modifying Cy :
E(sup |X, - X,J) < E(sup [X,—X,J)
s€[t,T] s€[t,T]

! T !
< Cild- 0P+ CE([ sup X, - X, [ds)
t

SE[t,r]

T !
+ G E(/ sup Y, — Yi|%dr).
t

s€(t,r]

We applied the Gronwall inequality we obtain

78

/ / T /
E( sup | X, — X,[?) < 5T ((14 6 =6 >4+ Cs E(/ sup |Y, — YS|2ds)). (3.3.8)
t

s€[t,T] s€lt,r]

We replace (3.3.8)) in (3.3.7) we easily show the following estimation :

]E( sup |Y,S/ o }/5|2) S (Cl@CQ(T_t) + C3C4€(CQ+C5)(T—t)) |5 o 5/|2

s€t,T]

T /
4+ C3CeelC2H0)(T=) E(/ sup |Y, — Yi|?ds)
]

t seft,r

We note
07 = 01602(T_t) + CgC4 6(02+Cs)(T_t)
Cg = 0306 6(02+05)(T_t)

Then
E(sup |V, —Yi[’) < Cpl6—¢P
se[t,T]

T !
+ Cs ]E(/ sup Y, — Ys|%dr) .

t selt,r]
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Finally from the Gronwall inequality we have

E(sup |V, —Y[) < Cr BT |5 o'
s€(t,T]

3.3.3 proprieties of the solutions Hamilton-Jacobi-Bellman equa-
tion

Lemma 30. Assume that fs, bs, ®5 and o5 are bounded C*> functions with bounded deriva-
tives of every order and satisfy Assumption (B).

Then, setting the following system of PDFEs :

gtvé <t7$) _'_ ﬁé (3:, (V‘S, VxV67 Vxxvé)(t7$)’ 'U(S(t’x)) — O’ (t’ x) e [07T] X Rd7

Vi (T,2) = @5(x), @ € RY,

(3.3.9)
With the Hamiltonian
_ 1 .
H (2, y,p, A, v) = 5 (tr((0505) (2,9)) A) + bs (2,9, pos (2,9) ,v) p
+f5 (:U,g/,pm; (l’, y) 7?]) )
for (z,y,p, A,v) € R x R x R? x §¢ x U.
admits a unique bounded solution V° € C2([0,T] x RY). It satisfies
V.V and V2, V° are bounded on RY. (3.3.10)

In addition, there exists a constant C, only depending on A and T, and two constants T

and k, only depending on K, X\ and T, such that
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sup  |VO(t,z)] < C, (3.3.11)
(t,z)€[0,T] xR
sup  |V.Vo(t,z)| <T, (3.3.12)

(t,z)€[0,T]xRd

v(t,t') € [0,T]?, VxR, Vo, x) — VO(t,2)| <RIt —t|V/2 (3.3.13)

Proof. Since the Hamiltonian is smooth and (os0}) (z,y) is strictly elliptic, we can conclude
that the unique bounded continuous viscosity solution V? of the above equation is smooth
with regularity C,([0, 7] x R%). For this we can apply the regularity results by Krylov [94]
(see the Theorems 6.4.3 and 6.4.4 in [94]). Then V? satisfies (3.3.10).

Let us show by means of probabilistic tools that holds. To this end, let us define

for every (t,z) € [0,T] x R :
B(t, ) = ba(t, 2, VO(t, ), V.Vt )o(t, 2, V(t, ),

=E(t,z) = os(t, z, Va(t,x)).

For every t € [0,T], the SDE

Xm0 =t OB X0 dr + [ S, X0 aw?
t t

T

admits a weak solution. We then define Vt < s < T,

)/st,x,(s — Vé(S, )(15,3&',5)7 Zt,m,5 — sz(s(S, X;,Z',CS)O_(;(S’ X;,l',(S, Y;t’m76)~
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Therefore, Ito’s formula to the function (s, ) — V°(s, x) with z is the processes (X1®?);< <t

and system (3.3.9)) show that Vt < s < T

T T
Yt,:):,§ _ (I)g Xt,x,(s + 507, Xt,m,é) Yt,xﬁ’ Zt,m,57 1)5 dr — Zt,x,édwé
s T s r r I I T

S

Hence, the process (X519, Y #9 Z529) is a solution of the FBSDE associated to the coeffi-

cients bs, fs, Ps, 05 and to the initial condition (¢, x). Moreover, applying the It6 formula to

the function (s,r) — |x|* with z is process (Y®9);c <7, applied the Young inequality and

by the boundedness of the data fs and ®; , we deduce that for every t < s < T and for every

r €R?:

‘Y;t,x,é‘2 +
<
<
<

Since

T
/ | Z570 2 dr
s
Yt,x,5 2 + r s Xt,g:,zi’Yt,m,é,Zt,x,&?U& t,Xt’I’é Yt,z,5 dr
T s r T r T r
T
2 [ (it zimaw),

1 /T T
(XF )+ 2 [ (X0, Y0, 20 o4, X)) B+ [ e Y R

e Js
T
2 [ (v, Zimoawd),
c? T
Ci+ L (T=s)+ e[ i=ifar
g s

T
2 [ (v, Z0moawd),
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T T
E([ 12050 P =02y} < B sup [VioOR 4 [7|209dr) < oo,
0 0

s€t,T)

by Burkholder-Davis-Gundy we deduce

T
vse[0.7), B(| [ (V0 Zim0awd)) = o

We choose € = 4(T717t), then

4 C?2 16 C? (T —t)?
B(sup [vi=op) < 150 10C T 20
s€[t,T) 3 3

we deduce that there exists a constant C, only depending on C¢, Cp and T, Such that
V(t,z) € [0,T] x RY, Vo(t,z)| < C. (3.3.14)

Then using Theorem 6.14 chapter VII of Ladyzenskaya et al. (1968), we can estimate the
supremum norm of |V, V°(t,x)|? on every compact of [0, T| x R . Inded for every n € N*, we
can apply this theorem to the cylinders [0, 7] x {x € R? |z| <n} and [0,T] x {z € R?, |z| <
n+ 1} . In particular, the quantity supyeio 71 joj<ny | V2V (t, 2)|? is estimated in terms of C,
k, A\, A and d, the distance between {z € R?, |x| <n} and {z € R?, |z| < n+ 1} being equal

to 1. In particular, there exists a constant T, only depending on K, X and T such that

V(t,z) € [0,T] x RY, IV Vo(t,z)| <T. (3.3.15)

Lastly, let us prove (3.3.13)). Let 0 < s < r < T. Then using (3.3.14)) and (3.3.15)), we show

that there exist k only depending on K, A\ and 7', such that

BV — VI < R(r—s),  B|XP™ = X5 < Ry — s).
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Hence by modifying & if necessary, and using Y,>*% = V?(r, X25%)

E[V(s,2) =V(ra)? < 2(B[V(s,2) = Y5 + B[V = VO (r,2)P,
< 2&(r—s)+2 EIX2 — g2,
< 2R(r—s)+2 E|X2T - X0

< 4 K(r—s).

This shows (|3.3.13)). ]

3.3.4 Convergence.
Lemma 31. For all n € N, There exists a constant L > 0 such that

E|sup, X — X7?] < LoZ,
[SupP,epe 1 | ] (3.3.16)
Elsup,ep 77 [V — YI'?] < Lég.

Proof. The sequence of processes (X7, Y") satisfied the following controlled forward system :

dX? = (XD, Y wlio (X2, Y )ds + o(X7, Y)dWer,
dYJ = = f(X0, Y o (X0, Y], ul)ds + wio (X3, Y )dw)r. (8:3.17)
Xt =ux, YP=Vo(t,z), s€ltT).

with w? = V, Vo (s, X%, and the subsequence (X% Y?") satisfied the following controlled

forward system :

ngn = (Sn (X;Sn7 }/;5717 wgo-dn (Xgn7 Y?n)ds + 0-6’” (X§n7 an)dWS&n’

S

X =2, Y =Vo(tz),sc|tT)

with w? = V, Vo (s, Xo).



We applied the 1t6’s formula to t

Xp- X = 20
t

he function (¢, z) — |z|?, we obtain

(X7 Y wio (XY, u)

- b5n(X6n Yén W, 0-5n(an7Y;6n>7uin)7X?_an>dr

+2/
+2/

(X7, Y)) = 05, (X0, Y0), X = Xpr)d W

o (X™,Y") — a5, (X0, Y22 dr.

Then, by the Burkholder-Davis-Gundy inequality

E( sup | X" — X2 <

t<s<T

2E(sup [ |b (X7 Y ulo (X0, V), ul)

t<s<T Jt

bs, (X7 Y, wio (XL Y| X — X7 |dr)

2E( sup |b5n<X:L7§/rn7w?U(XpJY;n>7ugn)

t<s<T Jt

b (X(Sn Y(Sn w no- (X(Sn Y6 ) )

67L
r o XT

2 G3E(sup [ o (X7, Y)") = 05, (X, Y,

t<s<T Jt

X = X Pdr)

2E(sup [ lo (X7, Y7) — o5, (X0, V)2

t<s<T Jt

dr).

dr)
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We applied the Young inequalities then there exists €1, €5 and €3,

E( sup | X" —X?) <

t<s<T

Then
E(SUPtgng | X7 — Xﬁ”P)

2e, ]E( sup |b (X;z’ }/;n7 w?U(X;L7 Y;n)a ufn)

t<s<T Jt

bs,, (X:Z Y;n’ ’LU;}J(X:, Y;ﬂn>7 uin)‘zdr)

2e9 ]E( sup |b5n (va Y;n? w;LO-(Xrnv Y?)? ufn)

t<s<T Jt
b5n (an’ Y;énv wf"a(;n (anv Y7~5n)7 ufn) |2d7")

2 s 2 8
Z E( sup |X™ — X% |2dr) + = E( sup | X" — X0 |2dr

€1 t<s<T Jt €2 t<s<T Jt

2 e CSE(sup [ o (X2, Y") — a5, (X0, YO 2dr)

t<s<T Jt

20% s
2E(sup [ X7 - XPPdr)

€3 t<s<T Jt

2 E( sup ‘O_ (X;la Y;n) — 05, (an> Y;CSTLMQ dT’)

t<s<T Jt

< (% + % + %)E(SUPtgng JEIXT = XD Pdr)

+ 261 E(supyeger 10 (X7 Y0 wlio (X0, Y0), )

— b5, (XY wlo (X, Y0), ugn )| dr)

+ 29 E(supyc,or J;7 [bs, (X7 Y wio (X7 V), upr) - (3.3.19)
— b, (X, Y win s, (X0, Y), ugn ) [Pdr)

+ (23 O3 + 2)E(supicser [i o (X7, Y1)

— 05, (X7, Y| dr)

Since the o, is K-Lipshitz and by the Proposition [1.1.1}

|O-(X;L7 Y;"n) — 06, (an’ Y7~6n)|2

< 2 |0 (Xqiba }/rn) - 0-5n(X;L7 }/rn)|2 + 2|O-5n(X;17 Y;*n> - 0-5n<X;l7 }/rn)|2

< 20°0 + 2KPXT — X[ 2K Y - VPR,
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the b5, is K-Lipshitz and the w]' is bounded then

|b5n (X;LJ Y;n? w,’?a(Xﬁ, }/rn)7 ufn) - b5n (Xf", }/rénv wf“agn (anv Y;én)a u£n>|2

< R(IXT = X0 P Y =Y | Plo (XY = o, (X0 Y0P
< K2 |XP - X4 K2 |Y =Y 4 2K2CH02 + 2KAC? | X — X))
+ 2K402|Y;n . }/r(sn|2

< DKACH 4 (K24 2K0C2) | X — X024 (K2 4+ 2K°C2) [V — Vo,
and by the Proposition [1.1.1
‘b (X:L7 )/rnv w?J(X;lv }/rn)> ufn) — bs,, (X;}7 }/rna w?U(X;L7 Y;"n)a uin)|2 < K25121

By the three last estimation the inequality(3.3.19]) be

E(sup,c,er | XI— X2 < (2 K% + 46, K2C* +202(2 5 C5 +2))(T — ) &2
+ E(J [V = Y Pdr)
(2e9( K2 + 2K4C?) + 2K?(2 g3 C5 + 2))
+ E(J X — X Pdr)x
(2 + 2 + 25 4 26)(K? + 2K*C?) + 2K2(2 &3 C +2)).
(3.3.20)




&7
Then

E( sup | X7 — X% < (2 K2, +46,K*C* +20%(2 63 C +2)(T —t) &2

t<s<T

T
- E([ Y- YR x
t
(2e9(K? 4+ 2K*C?) + 2K*(2 3 C3 + 2))

T
+ E(/ sup | X" — X |?ds) x
¢

t<s<r

2 2 20
(—+—+=2

+ 289(K? + 2K*C?) 4+ 2K?(2 g3 C + 2)).
€1 &2 €3

We can rewrite the last estimation follow

T T
E( sup | X"~ X%%) < 53+c2><1@(/ ]K"—K5"|2dr)+03><]E(/ sup | X7 — X% [2ds),
t t

t<s<T t<s<r
with
Cy = (2 K%y + 46, K2C* +2C?%(2 g3 C5 +2))(T — t)
Co = (2e9( K% + 2K*C?) + 2K?(2 e3 C5 + 2))

O3 = (2 + 2 + %5 4 26)(K? + 2K*C?) + 2K*(2 &5 C5 + 2))

Applied the Gronwall inequality we have

T
E( sup X7 = XP2) < e@T0(Cy 62+ Cox B[ Y7 =Y Par) ).
t

t<s<T

Since

E(J," [V =Y Pdr) < (T —1) E(supyc,<r [Y" — Y"[ds), Therefore,
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E( sup |[X" — X% <TI0y 624 Cy x (T —1t) E(sup |Y! — Y2 |?ds) ). (3.3.21)

t<s<T t<s<T

Again by the Ito’s formula and Burkholder-Davis-Gundy we have,

E(sup [V —Y3[P) < 2E(sup [ |f (X2 Y7, wlo(X0, V), ul)

t<s<T t<s<T Jt

- f5n<X17}7 Y;na ’LU;LO'(X:, Kn>,uin)‘ ‘Y;n - Yran’dr)

+ 2E(sup [ |5, (XY wlo (XY, ug)

- f5n (Xén Y:Snv w(rsno-(Sn (anv Y;&n)a u£n> |Y;n - Yf"|d’r‘>

+ 2CE(sup [ [wpPlo (X7,Y)") = 05, (X0 Y,
t<s<T Jt

Y =Y dr)?

+ 2E(sup [ ulPlo (X)) — a5, (X0, V)

t<s<T Jt

2 dr).

By the fact w]' is bounded and applied the Young inequalities then there exists €4, €5 and
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€6,
E( sup |§/sn - szén|2) < 2ey E( sup |f<X17"17 ifrnv w?U(Xrnv K"n>7uin)
t<s<T t<s<T Jt
- f5n (X:}’ Y;n7 w?U(X;L7 Y;n)v uf”)|2d7")
2 s n o,
+ —E(sup [ [V =Y "[dr)
€4 t<s<T Jt
+ 285 E( sup |f5n (X;L, Y;"nv wZLU(X:?7 Sfrn)v u(rsn>
t<s<T Jt
- f5n(an7}/r(sn?wfno-%(an?K*&n)’uin)|2dr)
2 n On |2
+ — E( sup/\Y — Y |%dr)
€5 t<s<T
+ (2 C%Cie6+2C*) E(sup | |o (XY
t<s<T Jt
g, (X, Y )
2 C%Cs
+ 2 E( sup yY" Yor|2dr).
€6 t<s<T
Then

B(suppescr [V = YIP) < (2 4+ 2 4 206 Blsup,,, [ Yy — Yo Pdr)
+ 254 E(SUptgngﬁ FX Y wio (X)L Y0), upr)

— o (X0 Y wio (XY, up) [Pdr)

+ 25 E(supycocr J7 | o, (X7 Y wpe (X V), udr)  (3.3.22)
= o, (X Y wpnos, (X0, YI), wgn) [Pdr)

+ (2 C?Cie6 + 2C?) E(supyc,er J) o (XT, Y1)

— 05, (X2, Y PPdr).

Since the o5, is K-Lipshitz and by the Proposition [I.1.1]



|U(X:L7 Y;n) — 05, (anv }/;6”)|2

IA

2 |U (X;L, Y;"n) - U5n(X;L7 Y;“n>|2 + 2|0-5n(Xrn7 Y;"n> - O-Jn(XlLv Y;"n)|2

< 20%2 4 2K7|XT — X0 4 2KV - VP,

the fs, is K-Lipshitz and the w]' is bounded then

r

[ fon (X7, Y wito (X Y0) ug) — £, (X0, Y0 w0, (X0, Y0 ) ug) |2

< K2(|X;1 _ an|2 + |an N Y;(Sn 2 + |w:,1|2|0'(X;1,Y;n) . U(Sn(anv}/?n)F)

< KPIXT = X P+ K2 Y =Y P4 2KPCH) 4+ 2K CP X - X
+ 2K402’}/Tn o )/Tﬁn|2

2
)

< 2KPCU02 4 (K2 +2K*C?) | XM — X2 + (K 4+ 2K'C%) [y — Y)?n

and by the Proposition [I.1.1]

|f (XY o (X7, Y0 ) = fo, (X0 Y wio (X Y0, up) | < K26

90



91
By the three last estimation the inequality(3.3.22)) be

E(sup |Y —Y2"?) < (2K%ey +4K2Cles +4 C'Che6 + 4CM)(T — t) 62

t<s<T
T
+OE([ - YR x
t

2 2 2C%y
(—+—+ :

+2(K? + 2K*C?)es 4+ 2K2%(2C?*Cje6 + 20?))
4 €s €6

T
+ E(/ X" — X% 2dr) x
t

(2K?*(2C*Cjes + 20?) + 2e5(K? + 4K*C?)
Then

E( sup [V =Y2"|?) < (2K%c4 +4K*Cles +4 C'Cheq +4CH) (T —t) 62

t<s<T

T
+OE([ sup V7 - Y ds) x
t

t<s<r

2 2 20
(—+=—+—2+

2(K? 4+ 2K*C%)es + 2K*(20%Cje6 + 2C?))
4 &y €6

T
+ EQ/ X" — X% 2dr) x
t

(2K?(2C*Cieg + 2C?) + 2e5(K? + 4AK*C?).
We can rewrite the last estimate as follow

T T
EwwDﬁﬁﬁﬂgGmﬁ+@xM/LwaﬁWWHQMM/stTJﬁWQ
t t

t<s<T t<s<r
with
C4 = <2K264 + 4K20465 +4 040566 + 404)<T — t),

Cs = (2K2(2C2Cjeg + 2C2) + 2e5(K2 + 4K2C?),
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Co= (2 + 2+ 209 L o(K? 4 2K*(C?)es + 2K%(202Ce6 + 207)).

€4 €5 €6

Applied the Gronwall inequality we have

T
E( sup [Y" — Yo 2) < CoT-0( 0y x 62+ Cy xE(/ X"~ X% 2dr) ). (3.3.23)
t

t<s<T
Since

E(ftT |X77’L - an'Qd,r.) S ]E’(ftT Suptgsgr |X§L - X§"|2d8), therefore,

T
E( sup |[Y" — Y% < ST 0y x 62+ C5 x E(/ sup | X" — X"|?ds) ). (3.3.24)
t

t<s<T t<s<r

We replace in ((3.3.21]), we obtain

E( sup |X7 = X"[°) < 603(T_t)( Cy 024+ Cyx (T —t) G0

t<s<T

T
x(Cyx 0%+ Cs xE(/ sup | X® — X% [%ds) ) )

t t<s<r
Then

T
E( sup | X" — X2 < Cr 62+ Cg x E(/ sup | X" — X |?ds),
t

t<s<T t<s<r

with
Cy = €103 4 0oy (T — t) x e(CatCo)(T—1),
Cs = CoCs(T —t) x elCs+Ce)(T—D)

Finally, again by the Gronwall inequality we deduce

E( sup | X" — X2|?) < O T8 52, (3.3.25)

n
t<s<T

Now, recall to the Y estimate (3.3.23|), by the fact

T
B[ X7 = XPPdr) < (T =) B sup X7 = XP[ds),
t

t<s<T



and the estimation (|3.3.25]) we have :

]E( sup |Y'S” _ }/Sén|2) < ( 04606(71*15) + Cs C (T _ t) e(Ce+Cs)(T—1) ) 5

t<s<T

2

n-
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(3.3.26)
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In this chapter we study the existence and uniqueness of solutions to one dimensional
BSDEs with generator allowing a logarithmic growth (|y||In|y|| + |z[y/|In|z||) in the state
variables y and z. This is done with an LP— integrable terminal value, for some p > 2. As
byproduct, we obtain the existence of viscosity solutions to PDEs with logarithmic nonli-

nearities.

4.1 Introduction

Let (2, F, (Ft)o<i<T, P) be a probability space on which is defined a standard d-dimensional
Brownian motion W = (W;)o<¢<7 whose natural filtration is (F} := 0{Bs, s < t})o<i<r. Let
(Fi)o<t<t be the completed filtration of (F})o<i<r with the P-null sets of F. Let f(t,w,y, 2)
be a real valued JF;—progressively measurable process defined on [0, T] x Q2 x R x R?. Let £ be
an Fr—measurable R—valued random variable. The backward stochastic differential equations

(BSDEs) under consideration is :
T T
Y, =5+/ f(s,YS,Zs)ds—/ ZJdW,,  tel0,T] (4.1.1)
t t

The previous equation will be denoted by eq(¢, f). The data € and f are respectively called
the terminal condition and the coefficient or the generator of eq(¢, f).

Due to the applications of BSDEs, many efforts have been made to relax the assumptions
on the driver f and/or on the terminal value. Few results are known for multidimensional

BSDEs with local assumptions on the generator, see for instance [7, 8, 5] 16} 15, 2], 39,
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46, [88]. Closer to our concern here, the one dimensional BSDEs have been more intensively
studied and the quasi-totality of works are based on a comparison theorem. The later allows
to prove the existence of solution when the generator is merely continuous, see for instance
[99, 100, 97, 87]. Roughly speaking, when the generator is at most of linear growth in the va-
riables y and z, the existence of solutions holds under a square integrable (or even integrable)
terminal datum, see for instance [99]. When the generator is of quadratic growth in the va-
riable z (QBSDE), the boundedness or at least the exponential integrability of the terminal
value in order to ensure the existence of solutions, see for instance [5, 13} 37, [66, 07, [100].
Note however that, recently, a large class of QBSDEs which have solutions under merely
square integrable terminal datum were given in [11], 12, [6].

In this section, we consider a one-dimensional BSDE with a continuous generator f which
is of logarithmic growth like (|y||In|y|| +|z]1/| In|z||). Neither the uniform continuity nor the
local monotony (hence nor the locally Lipschitz) condition will be required to the generator.
These kind of generators are between the linear growth and the quadratic one. In this case, the
square integrability of the terminal datum is not sufficient to ensure the existence of solutions
while the exponential integrability seems strong enough. In our situation, one should require
some p-integrability of the terminal datum ¢ with p > 2. It should be noted that we do
not need the comparison theorem in our proofs. We derive the existence of solution by an
approach used in [12] and lately more developed in [5], [6]. This method allows us to deduce the

solvability of BSDE without barriers from the solvability of BSDEs with barriers. Stochastic
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optimal control and BSDE with logarithmic growth were studied in [13] We merely need the

following two assumptions to get the existence of solutions,
(H1) There exists a positive constant X large enough such that E[|¢]¢" 1] < 400,
(H2) (i) f is continuous in (y, z) for almost all (¢, w),

(ii) There exist a positive process 7, satisfying

ST
s s
0

and two positive constants ¢y and K such that for every t,w,y, 2

< 00, (4.1.2)

| F(tw,y,2) [<me+ Kyl TnJy[| + colz]y/| In(|2])] == g(t, w, y, 2).

To establish the uniqueness, we use a localization procedure introduced in [7, 8] and
more developed in [16, [15]. However, in contrast to [16 5], we do not impose the
well known condition yf(s,y,2) < n + M|y|> + K|y||z| on the generator. Therefore,
our generator is of super-linear growth in its two sides. In return, we assume that
the terminal data ¢ is L?— integrable, for some p > 2. The method we use allows to
establish the uniqueness as well as the stability of solutions by the same calculus. To

this end, we moreover need the following assumption
(H3) There exist v € L7 (Q x [0,T];Ry)) (for some ¢’ > 0) and a real valued sequence

(An)ns>1 and constants My € Ry, 7 > 0 such that :

VN >1, 1<Ay <N,
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11) 11mN_>oo AN = 00,

iii) For every N € N, and every y, ¢’ z, 2’/ such that |y|, |¢/|, ||, |2/| < N, we have

(y - yl) (f(tv w, Y, Z) - f(tv W, 3//7 ZI)) n{vt(w)SN} S MQ‘y - y/|2 In AN

+ Moly — y/l[z = 2|y In Ay

IHAN
Ay

+ M,

The main objective of the first part of this section is to prove the existence of solutions
under assumptions (H1), (H2). In a first step, we establish the existence and uniqueness
of solutions to equation (4.1.1]) under the three assumptions (H1), (H2) and (H3) then we
deduce the existence of solutions by assuming merely the two conditions (H1), (H2). Let
us give more details : We use a suitable localization procedure to establish the existence and
uniqueness of solutions. Since the functions g and —g satisfies (H1), (H2) and (H3), we
then deduce from the first step that eq (1, g) and eq (—£~, —g) have unique solutions which
we will respectively denote by (Y9,29) and (Y9, Z79). Since Y9 < Y9, we use them as
reflecting barriers. Using the result of [67], we show that the two barriers reflected BSDE
with parameters (£, f, Y79, YY) has a solution. We then deduce that eq (£, f) has a solution
(Y, Z) such that Y9 <Y < Y9 by showing that the increasing processes, which forces the
solution to stay between the barriers, are null.

In the second part, we establish as application the existence of a continuous viscosity

solution to a semilinear PDE with logarithmic growth nonlinear term. For instance, the
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simple Markovian version of eq (&, f) is related to the semilinear PDE,

(?;: — Au+uloglul =0 on (0, co) x RY,
(4.1.3)
u(0%) = p > 0.

This kind of PDEs appears in physics (see e.g. [44], 66, 57, B3, 126, 133]) as well as in
the theory of continuous branching processes where it is related to the Neveu branching
mechanism, see e.g. [31) 68, [110]. The logarithmic nonlinearity ulog |u| is interesting in its
own, since it is neither locally Lipschitz nor uniformly continuous.

The proofs of the following main results are given in last section of this chapter.

4.2 The main results

4.2.1 BSDEs with logarithmic growth

Theorem 32. Assume that (H1)-(H3) are satisfied. Then, equation has a unique

solution in S 1 x M2,
Theorem 33. Assume that (H1) and (H2) are satisfied. Then, equation has a least
one solution (Y, Z) which belongs to S T x M?2.

In the following, we give a stability result for the solution of eq(f, ). Roughly speaking, if
fn converges to f in the metric defined by the family of semi-norms (py) and &, converges to
¢ in LP(Q) for p > 2 then (Y™, Z™) converges to (Y, Z) in some L?($2) for 1 < g < 2. Let (f,,)
be a sequence of functions which are measurable for each n. Let (¢,) be a sequence of random
variables which are Fpr-measurable for each n and such that sng(]anw“) < 4+o00. We

will assume that for each n, the BSDE eq(f,,&,) has a (not necessarily unique) solution.
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Each solution of the BSDE eq( f,, £,) will be denoted by (Y™, Z™). We consider the following

assumptions,
a) Forevery N, pn(fn—f) — 0asn — o,
b) E(|&, — &) — 0asn — oo |

c) There exist a positive constant ¢y and a positive process 7, such that

T
E [/ n¢ " Hds| < +oo,
0

and

sup | fu(t,w, 9, 2)] < i+ Klyl|Infy]] + colz]y/ [ In([z])]].

Theorem 34. Let (f,§) be as in Theorem [33 Assume that a), b), and ¢) are satisfied.

Then, for every q < 2 we have

T
lim (]E sup \Y;”—Yt]q+E/ \ZQ—ZA%ZS) = 0.
0

4.3 Application to PDEs.

The Markovian version of BSDE ({4.1.1)) is defined by the following system of SDE-BSDE,

for 0 <s<T,
X, = :r;—l—/ b(XT)dr—i—/ o(X,)dW,,
t t
(4.3.1)
T T
Y, :H(XT)+/ F(X, Y;,Zr)dr—/ Z,dW,.

where b : RF —— R¥ 0 : R¥ —— RF H:RF+— R, and f:[0,7] x RF x R x R — R

are measurable functions.
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Let the PDE associated to the Markovian BSDE (4.3.1)) is given by,

?;(t,x) = Lu(t,x) + f(z,u(t,x),o(x)Vu(t,z)) 0<t<T >,
(4.3.2)
uw(T,z) = H(x),
where,
02 0 1

L= Z az‘j(l‘)m + Z bi(x)@xi’ and a(x) := 5(00*)@).

Consider the following assumptions :
(H4) o, b are uniformly Lipschitz functions,
(H5) o, b are continuous functions and a is uniformly elliptic,
(H6) o, b are of linear growth,

AT 41
(H7) H is continuous and satisfies E([H(XT)} ) < 00.

Theorem 35. Assume that (H1)-(H4) and (H7) are satisfied. Then, equation has

a wviscosity solution v such that v(t,x) = VAR

Remark 36. (i) The conclusion of Theorem |35 remains valid if we replace the Lipschitz
condition (H4) by the assumptions given in [9] or that of [18].

(i) What happens about the conclusion of Theorem[35 when assumption (H4) is replaced

by : the martingale problem is well-posed for a := %O’U* and b ?

(1ii) If a is uniformly elliptic, b and/or o are discontinuous and the martingale problem

is well-posed for a and b as in [97] for instance, is it possible to get the existence of an

LP-viscosity solution to equation (4.3.1) by arguing as in [T4|] ¢
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4.4 Proofs

4.4.1 A priori estimations.

To prove Theorem [(32] and Theorem [34] we need the following lemmas and the first one
is quite technical. We can assume that (|Y;|) is large enough.

Lemma 37. Let (y,z) € R x RY be such that y is large enough. Then, for every Cy > 0

there exists Co > 0 such that,

2
z
¢ ol =1y mGeD] < 25+ ool (o). (441)
Proof. If |z| < |y|, (4.4.1) is obvious. Assume now that |z| > |y|. The number a := % is

then strictly greater than 1. Since |y| is assumed to be large enough and |z| > |y|, then |z|

is also large enough, and it yields

Calyll2lyInl2D < Cualyl® |y/ina) + in(lgD)]

and

| 2

z 2 2 CL2
7+Czln(|y\)|y! = ly| 5+C2ln(!y\) :

Obviously
1
Cray/mly]) <

So that we have simply to prove that,

a? )
> +2CT In(|y|)| -

2 2

a a
%+ Ciayin(@) + CEn(ly)) < G + Cala(jy]).
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Let r be a constant such that » = max {z eR, C1y/In(z) = i} .

a2

If a > r, then Ciay/In(a) < R
If a < r, then we have Chay/In(a) < Cyry/In(r) < C; < C; In(|y|).
This proves inequality (4.4.1). ]

Lemma 38. Let (Y, Z) be a solution of the BSDE . Let A\ > 2K +1. Assume moreover

that (&, f) satisfies conditions (H1) and (H2). Then there exists a constant Cr, such that :

t T s
E ( sup |Y;]¢ H) < CrE <|§\6AT+1 —I—/ e Hds) :
0

te[0,T
Proof. Let A be a positive number large enough. Let u(t, z) := \x!emrl . We define sgn(z) :=

—]_{xgo} + 1{x>0}. We have,

u = O n(jaf) o™, = (@ + 1) ol sgn(@) and w, = (€ + 1) fof
For k > 0, let 7 be the stopping time defined as follows :

T := inf {t >0,

¢ A 2 2ers 2
/(e8+1) VL)% |22 ds| VY] > kb
0
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By 1t6’s formula, we have :

T T, T/\T S
o7 = W [T [T A (i) 1 s
tATE

1 T AT s
_ = k|ZS|2(€>\s+1)e>\s|Y;|e)‘ 1 s
2 tATE
T ATy s
+ (€™ + 1) Y| sgn(Ye) f(s, Y, Z)ds
tATY
T/\Tk

- (€ + 1) |Ya| sgn(Ya) Zad W,

tATE

Ar TAT s
< Wanel ™7 = [T () Yl ds

tATE

1 TAT, s
- = ' | Z,|? (e + 1) \Y;]eA “ds
2 t/\Tk
TNATk oAs
[ ) (e K )+ eolZy im0 ZD)]) ds
Tk
T ATy

— (€ + 1) |Ya] sgn(Ys) Z.dW,.

tATE

By Young’s inequality it holds :

(6)\5 + 1) ’}/S‘eAS s S ’}/;‘eks_i_l + (6)\8 + 1)6)‘s+]776>‘s+1'

s
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For |Y;| large enough and thanks to the last inequality we have :

A(tATR)+1 ATATE) T ATy As
D e ) N L “—/M A (In [Va]) [V €Y ds
Tk

1 TAT, s
_ _ k|Zs’2<€/\s_i_l)e/\sn/;’eA Zd
2 tATE
TAT, )
+ k |Y;|e)\.s+1d8
tATY
T AT
+ k(e)\s + 1)6)\S+177§)\S+1d5
tATE
T/\Tk )\ As 1
+ K(e™ + 1)|Y,|* T In(|Y,|)ds
tATE
T ATy
+ co(eM 4 1) |Y| | In(| Z,])|ds
tATE

T ATy s
— (e’\s + 1) |Y4|© sgn(Ys) ZdWs,

tATE
Note that for A > 2K + 1, we have (Ae** — K(e* + 1) — 1) > 0 and hence using Lemma [37]

we deduce, for A large enough, that :

Z.|?
co(e 4+ 1) |Yi| | Zo|\/ | In(| Z,])| < (e + 1)€>\S| 2| (4.4.2)

+ (N — K(eM+1)—1)In(|Ys]) V4]

Hence,

TA
EA(T/\T]C)J'—l + Tk(e>\$ + 1)e>\s+1ne>\s+1d8
S

tATY

/\(tATk)+1

|}/;/\7'k|6 S |YT/\Tk|

T ATy s
- / (@ + DY sgn(Y,) ZodW,.
tATY

Taking expectation, we have

eAEAT e)‘(T/\T) e r es
(Vi) S BV ) 4 @ 1) R [ s
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Passing to the limits in k£ and using Fatou’s Lemma we get

t T s
B < B + (@7 + )7 HE [ s,

The proof is completed by using the Burkholder-Davis-Gundy inequality. ]

Lemma 39. Let (Y,Z) be a solution of BSDE (1.1). Assume that (H1) and (H2) are

satisfied. Then, there exists a positive constant C(T,cy, K) such that :

T 2 2 AT +1 T 2
E [ 12 ds < O e, OE |I¢f + sup [ 4 [ n.fds).
0 s€[0,T] 0

Proof. It6’s formula shows that :

T T T
|Yt|2+/t |Zs\2ds:|§|2+2/t st(s,Ys,Zs)ds—Q/t Y.Z.dW,

T
<[ +2 [ 1Yl (net K Vil I (VD) + ol Zely/in (1Z2])T) ds

T
_ 2/ Y. Z.dW..
t

Since for |Y;| large enough, we have for any € > 0, | Ys|* [In (| Ys)| < | Ys|*™, we use Lemma

to show that there exists a positive constat K; depending upon ¢y and K such that :

1 T 2 2 2 T 2 2+4¢ T
s [ 12 ds < 6P+ T sup VP [ nfds + 2Ty sup |V =2 [ v.Zdw,
2 Ji s€[0,T] t s€[0,7] t

Since |Y,|*™® > |Y,|? for |Y;| large enough, then there exists a positive constant K, =

K5(T, co, K) such that :

T 2 2 2+¢ T 2 T
/ 1Z7ds < K| €] + sup |Yi] +/ 17| ds+\/ Y, Z,dW,
¢ s€[0,T] t ¢

)
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If we put ¢ = e — 1, we get

T 2 2 erT 41 T 2
E / |Zs|” dt < KoE| [€]” 4+ sup |Yi] +/ Ins|” ds + sup
0 s€[0,T7] 0

te[0,77]

Thanks to the Burkholder-Davis-Gundy inequality we have for any g > 0

_ [y >
]E[sup < CE (/ |Y;|2|ZS|2dt>
te0,T 0
- 1
— T 9 2
< CE | sup |V, (/ 2| ds) ]
_36[07T] 0
O C T
< (sup |Y|>+BE</ ]Zs|2ds>.
26 s€[0,T7] 0
Choosing § small enough, we get the desired result. [ ]

Lemma 40. Let (H1), (H2)-(it) be satisfied. Then,

E/ F(5, Y, 7)) O‘ds<K1+E/ ns+|Y|)ds+IE/ 1Z,ds].

where & = min(2, %) and K is a positive constant which depends from cy and T.

Proof. Observe that assumption (H2) implies that there exist positives constants ¢, ¢, and

a with I < a < 2 and a process 7 := 7 + ¢; such that :
[f(t,w,y,2)| <+ alyl” + eol2]* (4.4.3)

For simplicity, we assume that 7 := 7. We successively use inequality (4.4.3]) and Assumption
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(H.3) to show that

E/ (s, Yy, Z,)|%ds
T _
SE [ (1 +alY,]" +elz))ds
_ _ T _ _ _
<3(1+ f+BE [ ()" + [V + (12.°7) ds
_ _ T _ _ _
<3(1+ cf+c§“)E/O (14 70)% + (14 YD) + (1 +1Z,])°®) ds

_ _ T
< 6(1+ c$+cg)(3T+E/0 (Y P + |Z.?)ds) < o

Lemma (0] is proved. ]

Lemma 41. There exists a sequence of functions (f,) such that,

(a) For each n, f, is bounded and globally Lipschitz in (y,z) a.e. t and P-a.s.w.
(b) sup|fu(t,w,y,2)| <m+ K|Y ||In(|Y )|+ colz|/|In(|Zs])|, P-a.s., ae. t €[0,T).

(¢) For every N, pn(fn— f) — 0 as n — o0.

Proof. Let o, : R? — R be a sequence of smooth functions with compact support which
approximate the Dirac measure at 0 and which satisfy [, (u)du = 1. Let v, from R? to
R, be a sequence of smooth functions such that 0 < |[¢,| < 1, ¢, (u) = 1 for |u| < n and
Yn(u) = 0 for |u| > n+1. We put, e,,(t,y, 2) = [ f(t, (y, 2) —u)ay(uw)du,(y, z). For n € N*,
let g(n) be an integer such that g(n) > n + n®. It is not difficult to see that the sequence

[ = €4(n)n satisfies all the assertions (a)-(c). u

Arguing as in the proofs of Lemma 38 Lemma [39] Lemma [0, Lemma [41] and standard

arguments of BSDEs, one can prove the following estimates.
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Lemma 42. Let f and & be as in Theorem . Let (f,,) be the sequence of functions associated

to f by Lemma [{1 Denote by (Y/n, Z'") the solution of equation (E'"). Then, there exit
constants Ky, Ko, K5 such that

T _

a) SupE/O | ZI?ds < K,

b) SupE[ sup (!th"lemﬂ)] < K,
n o |o<t<r

T _ _
0) SWE [ |fuls Y/, 2| ds < Iy
n 0

where & = min(2, 2)
The following lemma (which established in [16]) is a direct consequence of Holder’s and

Schwartz’s inequalities.

Lemma 43. For every 8 €]1,2], A >0, (y)iz1.a C R, (2)iz1.aj=1.» C R we have,

1 2 2 - ﬁ —2 2 1 2 2 6 - 1 2
_ = - < - S PV
Apllz] = 5lel? + =520l 2 yel? < 5 A%l =
4.4.2 Estimate between two solutions

Proposition 4.4.1. For every R € N, § €]|1, min (3 - %,2) [, 0 < (f—1)min ( L 3_(2*_5)

4M2° 2rM3pB

and & > 0, there exists Ny > R such that for all N > Ny and T <T :

/

zi — 7l

limsup £ sup |V —YV/")P+ E 55 ds

mmotoo (TV-0)+t<TY T (v =y )

<e+ ﬁecN‘s limsup E|Yl — vir|?.

n,m—-+oo

where vy = sup {(Anx)"', N > R}, Oy = ?éw_gg In Ay and 0 is a universal positive constant.

For N € N*, we put

2
A= [V =Y 4 (An) 7 and @(s) s= V|4 VI (20 128 (A
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Lemma 44. Let assumptions of Proposition be satisfied and let k = 3 — % — 0 . Then,

for any C' > 0 we have,

Ct g r Cs g
A +C / e Adds
t

;B T’ B_
<AL =B [ AT = (2 - zE) aw)
t
_B
2 Jt
2 — T’ B_
EoE [T o n i (v~ vyt - 20 as

t

T’ B8 2
Cs A3 L m
e“INZ — 7!

+Ji+ Jo+ Js,
where
ST
Jui= Bt e | AT () fuls, YT, ZI) = funls, Y, ZIm | ds,
t
: pr| (T
i ge N ] 2 [T s (fa(s.000) = Flsm s
N PREE

T |
+/t sup | fm(s,y,2) = f(s,y, 2)|ds|.

lyl,|z|<N

T 8_1 1
Ty = M/ CsAZ T A In Ay + |V — VI || 200 — Z8n )\ Jin Ay | ds.
352t€ [HN+|S S| Z] s|nN_S

Proof. To simplify the computations, we assume (without loss of generality) that assump-
tion (H3)-(iii) holds without the multiplicative term 1y, w)<ny. Let C > 0. It6’s formula

shows that,

ct AL T as i B
e tAf—l—C’/ e Adds
t

CT' A S T os a1
= TG4 B[O nET (Y YY) (fuls Y 200 = fuls Y 200 )ds

6

t

_B/T/ CSAg (an Yfm (an Zf’") dWy) — CSA?_I ‘an B Zsfm’Q ds

T /T’ RN

; (0 =Yl - 20) s
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Using the fact that ®(s) = |Y/"| + |V | + | Z{"| + | ZIm|, we get
Ct AL T oo n £
e“tA7 +C’/ e Adds
¢

CT' A5 r Cs A 51
— < TAL =B [ AT Y (2 - Zf) aw)
t

2

I B8_
—g N2 |zt — 21| ds
t
2 — T 8_
+5( . 5) / €CSAS2 2 ((stn _ stm)(Zgn _ Zsf’”))2ds
t

+ Ji 4 Ty 4 Jy + i,

where
! C é_l
ho= B e ATT (Y VI (s, YT 28 = fuls. Y Z07)) Lagsmy ds.
t
’ o é—l
Joi= B €N (VI =YY (fuls, Y 20 = F(s, Y, Z10) e <y ds.
t
, ! c B_1
J3 = B e SAS2 (}/;fn }/anL)(f(87 }/;fnyZéfn) _ f(S’Y;fnl’ Z:gfm))]]-{q)(s)SN}dS
t
T’ Csx 21
leﬁ/ €N (Y = YI) (s, Y 20 = fls, Y™, Z0m) e <y ds.
t

. , , , 1
We now proceed to estimate J;, Jo, Js, Jy. We use the fact that [Y/» — Y| < AZ to

obtain

, , (T B-1
’]1 < ﬁecT / AVE ‘fn(sa}/;fn7zgn) _fm<57Y;fm7Zsfm’]l{‘b(s)>N}dS7
t

S ‘]17

and
Jo+ Iy < .
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Using assumption (H3), we get

, T B_
Js < BMQ/ P AT lmfn —Y/™|?In Ay
t

IHAN

N

+ Y] =Y ZIn — ZI|\/In Ay + ]11{q>(s)<zv}d8

< Js.

Lemma [44] is proved.

be satisfied and let -y ::2%432(1%. Then,

Lemma 45. Let assumptions of Proposition |4.4.1

there exists a universal constant ¢ such that,

2
! fn — fm
(T"—8)+ <t<T" (T"-9) (l}/;fn _ stm|2 + VR) 2
1 12 A
< VRV — Vi) 4 —— X
44 1 B—1 = Al
4 BK§ (ATKy + Twvg) 7 (STK, + 8K;)% —N
g—1 (An)r
l B=1
—Fﬂ_lGCNéﬁ[QNQ—l—Vl] 2 [pN(fn_f)“‘PN(fm_f)}
2M32 [ . .
Proof. We choose C' := Cy = 51 In Ay in Lemma {44, Using Lemma 43|, Burkholder’s

inequality and Holder’s inequality (since (52;1) + 5+ é = 1), we show that there exists a
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7l — zi| ds

a2
2

universal constant ¢ > 0 such that for any 6 > 0,
e 5A§ -

B T
eCNtAtQ] +E
(T—s)*
Bt
T 2 T
[IE / Asds] [E / @(S)st]
0 0

E sup
(T'—5)+<t<T'

B
< OnT’ E[A%] —
 Crlafaf]

T _
B [ 1 28 = s i 20|
0

sup |fn(8,y,2)—f(8,y72)|d5

lyl,|2| <N

+ B[2N? + yl]ﬁzlml/o
|frm(s,y,2) — f(s,9, z)\ds] }

p

1=

[

T
2

sup
ds

+
0 Jyl,lzI<N

We use Lemma [4I] and Lemma 2] to obtain for any N > R,
' Zéfn _ Zsfm
2-8

2

T
Y~ Y/ +E
5+

E sup
(T —8)+<t<T"
¢ CNé fn fm|B =
= 1@ E|Yir = Y7 |7 + (An) 2
15} B-1 " L
(4TK2 + TVR) 2 (8TK2 + 8K1)2 (4K3a)

<

Nli

+ B2N? + 1]
VORIV — YirP +

-1
2

o (fo = £) + pn(fin — f)}}
b AV
B—1(Ax)2

A}
(An)

3=

14

40
4+ —
—1

5 —
eCNIBIAN? 4 1]

1 BKF (ATK, + Tvp) T (8TK, + 8K;)?
lox(fu = )+ pn(fn = 1)

—_

<

™

Lt
-1

Lemma [45] is proved.
1 K ;
TN 33 ﬁ) we derive

Taking 6 < (8 —1) min(

4.4.1

v
AN
? N—00 07

(An)

Proof of Proposition
B
2
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and
AN
(An)™

—7N—oo 0.

To finish the proof of Proposition we pass to the limits first on n and next on N using

assertion (¢) of lemma [41] m

Remark 46. To deal with the case which take account of the process vy appearing in as-
sumption (H3), it suffices to take ®(s) := |V} + |Y2]| + |ZL| + |Z2| + vs in the proof of

proposition [{.4.1].

4.4.3 Existence and uniqueness

Proof. of Theorem (32| Taking successively 7" =T, T = (T — )", T = (T — 26)"... in

Proposition [4.4.1, we show that for any g € }1, min(3 — %, 2){

}2

T Zn — ZIm
lim |E sup |V — v/ —|—E/ 5
n,m—-+00 0<t<T 0 (lYgfn - Ygfm |2 + VR) 2

ds| =0.

Using Schwartz’s inequality we have,

zi — 7l

T T % T 2-8
IE/ |2 — 7T |ds < (E/ — ds) (E/ <|Y8fn _ynp? —|—I/R) 2 ds) .
0 0 2 0

<|Y;fn . stm|2 + VR) 3

Lemma 42| shows that

It follows that :

T
lim (E sup [V —v/m|f + E/ |z — Z§m|ds> -0
0

n,m—+00 0<t<T
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Hence, there exists (Y, Z) satisfying

T
E sup |}Q|B+E/ | Zs|ds < o0
0

0<t<T

and

T
lim (E sup |, —Yt|6+E/ | Z1n —Zs]ds> =0
0

In particular, there exists a subsequence, which we still denote (Y7, Z/*) such that

lim (|th” — Y| + |z - Zt|> =0 ae. (t,w).

n—-+0o00
We shall prove that [ [f.(s, Y™, ZI") — f(s,Y/, Zf)]ds tends in probability to 0 as n

tends to oo. Triangular inequality gives
T T
E [\ fals Y00 280 = (.Y Z0)lds SE [ 11l Y00 200 = (s, Y0 200 ds
0 0

T
CE [ f(s. Y 20 = (.Y 2]l ds
0

(Y| + 1205

Since 1 <|

(Y |+ z{m >Ny

T
E [ 1fals, Y, 200) = f(s,0, 20 as
0

ds

(1Y +12{m <Ny

T
SE [ 1fals, VI 20 = fs, Y0 20
0

(Y| + (24D

T
+E/O ’fn(&y;fnazgn) - f(S’Y'an’Z!n” N(Q_%) ]l{|YSf"\+|Z§C"|2N}dS

Qi

_ 1 _ _ 1—
2K [TK + K|
N@-2)

< pN(fn - f) +
Passing to the limit first on n and next on N we get,

T
limE/ s, Y0, Z50) — f(s, Yo, ZE)|ds = 0.
n 0
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We use Lemma [42] and the Lebesgue dominated convergence theorem to show that,

T
limE/ f(s, Y, ZI) — f(s,Ys, Z,)|ds = 0.
n 0
The existence is proved. ]

Uniqueness. Let (Y, Z) and (Y, Z’) be two solutions of equation eq(f,§). Arguing as pre-
viously, one can show that :
4M3 2rM2p

For every R > 2, 3 €|1, min (3 - %,2) [, 0 < (8 — l)min( : 3_‘%_5) and € > 0

there exists Ny > R such that for every N > Ny and every 7" < T

12

, T Ly — 2,
E sup [|Y,-Y,[°+E —ds
reorsis AT
14 ;
<e+ e“NR Y — Y|P

b6—1

We successively take 7" =T, T" = (T" — §)™, ... to complete the proof of uniqueness. [

Proof. of Theorem Clearly both the functions g (t,y,2) = n, + K |y||In(Jy|)| +
co|z| v/IIn(|z|)] and —g satisfy assumptions (H2) and (H3). Hence, according to Theo-
rem , eq (&, g) (resp.eq (=&, —g)) has unique solution which belong to S % M2, We

now consider the following reflected BSDE,

Y=+ [T f(s, Y, Z)ds + [T dK} — [T dK; — [ Z.dB,,
W) VE<T, V79 <Y, <Y,

i) i (Yo = Y,70) dK} = [ (Y2 = Y)) dK; =0 as.,

iv) K+, K~ are continuous nondecreasing, and K; = K; = 0,
v) dKT LdK~.
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For every (t,w) € [0, T] x Q, every y € [Yt_g(w), Y;g(w)} and every z € R? we have

fty,2) <m+ Kyl I (Jy[)] + co [2] /[ (|2])]
<+ K (14 y?) + o1+ |2)
<[m+E+a+K(P+P)] + el
Therefore, according to Theorem 3.2 of [67], the previous reflected BSDE, has a solution
(Y, Z, K™, K~) such that (Y, Z) belongs to C x £2. In order to show that (Y, Z) is a solution

to our non-reflected BSDE eq(¢, f), it is enough to prove that dK+ = dK~ = 0. Since

(Y9, 79) is a solution to eq(¢, g), then Tanaka’s formula shows that :

(V0 =YO* = OF =0+ [ Lpaylf(5,Ya, Z2) — (Y2, Z0)]ds

+ Voo (KT — dE) + / Voo (20— Z)dW,

+L)(Y9-Y)
where L?(Y9—Y) denotes the local time at time ¢ and level 0 of the semimartingale (Y9—Y).

Identifying the terms of (Y}’ — Y;)* with those of (Y}’ —Y}), we show that (Z, —
Z{)ys—y,y = 0 for a.e. (s,w). Since I lyys_ydK = 0and f(s,y,2) < g(y, ), we deduce
that :
0 = L0 =Y)+ [ e loVE, 20) - J(s, Ve, Z0))ds

t
— _/0 1{Y39:Y5}sz_ S 0

It follows that f; 1 (vo=y,ydK; = 0, which implies that dK~ = 0. Arguing symmetrically,
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one can show that K™ = 0. Since both Y? and Y 9 belong to S 50 does for Y. Arguing

as the proof of Lemma (3.3), we can check that Z € M?.

Proof. of Theorem [34. Arguing as in the proof of Theorem we show that for every

R > 2, 8 €]1, min (3 — %,2) [ < (8- 1)min< 1 326) and € > 0, there exists Ny > R

4MZ° 2rM3p

such that for every N > Ny and every 7" < T

: n_ 18 r 25 - Z,[*
limsupE  sup [V =Y " +E s ds
n—+o00 (T'—=58")+ <t<T’ (T'=6)* (ly;n _ Y;|2 + VR)T
14
<e+ ——eNlimsupE|Y — Y|P
6 - 1 n—-+o0o
Taking successively 77" =T, T" = (T" —0) ™, ... , we get the convergence in the whole interval

[0, T']. In particular, we have for every g < 2, lim,, . (|Y" = Y|9) = 0 and lim,,_, , o, (|Z" — Z|7) =
0 in measure P x dt. Since (Y™) and (Z") are square integrable, the proof is finished by using

an uniform integrability argument. Theorem |34] is proved. ]

4.4.4 Proof of Theorem [35

4.4.5 Continuity of the map (¢,z) —s V"

Proposition 4.4.2. Assume (H1)-(H4) and (H6) hold. Then, the map (t,x) — VAT
continuous.

Proof. Let (t,,z,) — (t,x) such that ¢, <t for each n. The proof goes symmetrically when

t, > t. Since b and o are Lipshitz and of linear growth, there exists a positive constant
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C' = C'(x,T, k) such that for n large enough and for every k € N
E ( sup | X[ P4 \X§I|k> <. (4.4.5)
0< s<T
(4.4.6)

and

In the other hand, since |Yti"$n

E( sup |XIv*n — X07?) < (\tn —t| + |z, — 33\2) :

0< s<T
t . ..
Y;""| is deterministic, we have

Y =y <E ([ - vie)
<5(pt i) +B(pe 3

=1+ 1.

where
=E(Y"=v:) and I =E(JY." - v

Using Lemma [38, Lemma 39 and Lemma [0, we get lim,_,oI{" = 0. We shall show that
limy ool = 0. Since I} < E(SUPogng |Y Lot — Yst’l’|>, we proceed as in the proofs of

Lemmas [44] and [45] to get,
T’ ‘Ztn,:cn _ Zt,z|2
E sup ‘Y:mﬂﬁn . Y;t,x’ﬁ +E X s s Hds
(T"—8)+ <s<T" (T7-6) (’sztn,xn . szt,x‘Q + VR) 2
4 ¢ A}
< eNVEIH (X7™) — H (Xp0) [P+ 7———~
20 1 Bt = A
+ ———BKF (AT'Ky +T'0) 7 (8T'K, 4 8K;)? —2
B—1 (An)7
20 T'
b N ) 5 B [ Xl YR 287) = (s XY 22
— t

=
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Since f and H are continuous in the z—variable, we successively pass to the limit on n and

N to get
T tns@n _ gt 2
limsup E  sup DA AL ) 1 bl —ds = 0.
n,N—+oo (T'—8)T<t<T’ (T"=8)* (D/stn,xn _ st,x‘g + VR)T

Taking successively T/ =T, T" = (T"—4§) ", ..., we show that for every 3 € }1, min (3 — %, 2) {,

lim E sup |Y!»* — Y "|f = 0.
n——+0oo 0<s<T
Since 8 > 1, we then conclude the proof by using Holder’s inequality. [ ]

4.4.6 u(t,x):= Yt(t’x) is a viscosity solution to PDE (4.3.2)

We will follow the method of [97]. We then need the following touching lemma which
allows to avoid the comparison theorem. The proof of the touching lemma can be found for
instance in [97].

Lemma 47. Let (&)o<i<r be a continuous adapted process such that,
d&; = B(t)dt + a(t)dWs,

where (3 and a are continuous adapted processes such that 3 and |a|? are integrable. If & > 0
a.s. for all t, then for all t,

lg,—oya(t) =0 a.s.,

1{&:0}5(15) >0 a.s..

We now prove Theorem [35, From Proposition 4.4.2, the map v(t, z) := Y;** is continuous

n (t,x). It remains to prove that v(t, z) is a viscosity solution to PDE (4.3.2]). To simplify the
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notations, we denote (X, Y, Z,) := (Xb® Y5 Z47). Since v(t, ) = Y,"", then the Markov

property of X and the uniqueness of Y show that for every s € [0, 7],
v(s, Xs) =Y.

We show that v is a viscosity subsolution to PDE (4.3.2)). Let ¢ € C1? and (¢, ) be a local

maximum of (v — ¢) which we suppose global and equal to 0, that is :
o(t,x) =v(t,x) and ¢(t,7) > v(t,T) for each (¢,T).

It follows that

o(s, X;) > Y.

By 1to’s formula we have

do(s, X,) = (‘?;f + qu) (s, X,)ds + oV, é(s, X, )dW,

and Y satisfies the equation
—dY; = f(s,Ys, Zs)ds — ZdWs.

Since ¢(s, Xs) > Y, then the touching property shows that for each s,

99

Lig(s,x0)=v} Kat + ch) (s, Xs) + f(Ys)| >0,

and

1{¢(3:Xs):1/s} va¢(S7XS) - Zs| = O a.s..

Since for s = t we have ¢(t, X;) = Y;, then the second equation gives Z; = oV, ¢(t, Xy) :=

oV, ¢(t, ), and the first inequality gives the desired result. [ |
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Remark 48. Application to Quadratic BSDEs. Let f(t,y,z) be continuous in (y, z)

and satisfies the quadratic growth : |f(t,y,2)] < a+ bly| + 3|z|* := h(t,y,2). Arguing as in
the proof of Theorem the solvability of eq(&, f) is reduced to that of eq(§, h). Using an
exponential transformation, it is clear that eq(&, h) is equivalent to eq(eS, aly|+0|y||In]yl|).
Thanks to T heorem , this last logarithmic BSDE admits a solution whenever e¢ has finite

p-moment for some p > 0. This shows that we can deduce the solvability of Quadratic BSDEs

from that of logarithmic ones.



Chapitre 5

Singularly perturbed forward
backward stochastic differential
equations : application to the optimal
control of bilinear systems

5.1 Introduction

In this chapter we present some applications of FBSDEs and its bridge with the field of
stochastic optimal control, this end is one of the important field in Mathematics which has
been subject of large literature. We mention among of them [127], [71], and [20] it found
increasing applications in the domain of molecular dynamics [129], [79], [143] and financial
mathematics [36], [I17], [58]. High-dimensionality is the common question of huge ensemble
of these applications, either the system is itself high dimensional like the case of molecular
dynamics, or it is produced form the space discretization of a time-space PDE in the absence
of the analytic solution, these systems have characteristic time scales, which lead us to the
possibility of eliminate the fast dynamic in such a way controlling the reduced system is

equivalent to control the hole system.

123
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The question of the existence of an optimal control in some appropriate sense has been

subject of many authors, but the in most cases there is no analytical technique to find the
explicit optimal control, in this chapter we focus on the numerical studies, which lead us
to find the optimal control and the value function as well, for the question of existence of
optimal control the reader is referred to [138, [70, [96, [7T], 116, 130, 17] and [19].

Model order redaction MOR, is an important tools to beat the curse of dimensionality,
this end came form the fact that we do a space discretization of a time-space PDE, or it can
be form the system it self, like the case of molecular dynamics, MOR has been studied by
several authors see [77, 144, [129] 143]

This chapter is organized as follow, first we set up the problem, the next section is
concerned to the model redaction of our problem, some numerical studies are given in the
next section and the last one is concerned to a study the building model which is a LQ

stochastic optimal control.

5.1.1 Set-up and problem statement

We consider the linear-quadratic (LQ) stochastic control problem of the following form :

minimize the expected cost

Juit,a) = B [ (ao(X2) + ) ds + aa(X)

X' = x} (5.1.1)
over all admissible controls u € U and subject to

dX? = (a(XY) +b(XHus)ds + o(XH)dWs, 0<t<s<T. (5.1.2)
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Here 7 < oo is a bounded stopping time (specified below), and the set of admissible controls

U is chosen such that (5.1.2) has a unique strong solution. The denomination linear-quadratic

for ((5.1.1))—(5.1.2)) is due to the specific dependence of the system on the control variable .

The state vector x € R™ is assumed to be high-dimensional, which is why we seek a low-

dimensional approximation of ([5.1.1))—(5.1.2]).

Specifically, we consider the case that gy and ¢ are quadratic in z, a is linear and o is

constant, and the control term is an affine function of z, i.e.,
b(x)u= (Nxz+ B)u

In this case the system is called bilinear (including linear systems as a special case), and the

aim is to replace (5.1.2)) by a lower dimensional bilinear system
d)_(;’ :A)_(;’ds—i- (]\_fXg—l—B)vsds—l—C'dws, 0<t<s<T,
with states £ € R™, ny, < n and an associated reduced cost functional

Twsa,t) = E| [* (@(X) + o) ds + (X))

XV = :E] :
that is solved in lieu of (5.1.1)(5.1.2). Letting v* denote the minimizer of J, we require

that v* is a good approximation of the minimizer u* of the original problem where "good

approximation” is understood in the sense that

In the last equation, closeness must be suitably interpreted, e.g. uniformly on all compact

subsets of R" x [0,7") for some T" < oco. One situation in which the above approximation



126
property holds is when u* &~ v* uniformly in ¢ and the cost is continuous in the control, but

it turns out that this requirement will be too strong in general and overly restrictive. We

will discuss alternative criteria in the course of this thesis.

5.2 Singularly perturbed bilinear control systems

We now specify the system dynamics and the corresponding cost functional (5.1.1]).
Let (z1,22) € R™ x R™ with ny+ny = n denote a decomposition of the state vector x € R”
into relevant (slow) and irrelevant (fast) components. Further let W = (W;);>o denote R™-
valued Brownian motion on a probability space (2, F, P) that is endowed with the filtration
(Ft)e>0 generated by W. For any initial condition z € R™ and any .A-valued admissible
control u € U, with A C R, we consider the following system of It6 stochastic differential

equations

dX¢ = AXSds+ (NXE+ Blugds + CdW, , Xf =z, (5.2.1)

that depends parametrically on a parameter € > 0 via the coefficients
A=A ecR”™ N=Ne€R", B=B*c¢R", and C =C° €¢ R™"™,

where for brevity we also drop the dependence of the process on the control u, i.e. X = X**.

The stiffness matrix A in (5.2.1)) is assumed to be of the form

Aqy e M2 A4
A= € R(stns)x(nstnyg) (5.2.2)
6_1/21421 6_11422
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with n = n, + ny. Control and noise coefficients are given by

Nll N12
N = € Rstns)x(natny) (5.2.3)
6_1/2N21 6_1/2N22

and

B = ( Bl ) < R(ns+nf)><17 C - ( Cl ) © R(ns+nf)><m7 (524)

e 12B, 12,

where Nx + B € range(C) for all x € R"; often we will consider either the case m = 1 with
Ci = \/pBi, p >0, or m = n, with C' being a multiple of the identity when ¢ = 1. All block
matrices A;;, N;;, B; and C; are assumed to be order 1 and independent of .

The above e-scaling of coefficients is natural for a system with n, slow and n; fast degrees
of freedom and arises, for example, as a result of a balancing transformation applied to a

large-scale system of equations; see e.g. [78]. A is the linear system
dX{ = (AX{ + Bus)ds + CdWj. (5.2.5)

Our goal is to control the stochastic dynamics (5.2.1)—or (5.2.5)) as a special variant—so
that a given cost criterion is optimized. Specifically, given two symmetric positive semidefinite

matrices (Qg, Q1 € R™*™ we consider the quadratic cost functional

1 /7 1
Jwit,a) = E|5 [1(O00TQuXT, + usf)ds + 5(X1) QX (5.2.6)

that we seek to minimize subject to the dynamics ([5.2.1]). Here the expectation is understood
over all realizations of (X{).cp- starting at X; = x, and as a consequence J is a function

of the initial data (¢, z). The stopping time is defined as the minimum of some time 7" < oo
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and the first exit time of a domain D = D, x R* C R™ x R™ where D, is an open and

bounded set with smooth boundary. Specifically, we set 7 = min{rp, T}, with

mp =inf{s >t: X ¢ D}.

In other words, 7 is the stopping time that is defined by the event that either s = 7" or X¢
leaves the set D = D, x R"f, whichever comes first. Note that the cost function does not

explicitly depend on the fast variables x5. We define the corresponding value function by

VE(t,x) = 11615 J(ust, ). (5.2.7)
Remark 49. 1. As a consequence of the boundedness of Dy C R, we may assume that

all coefficients in our control problem are bounded or Lipschitz continuous, which makes

some of the proofs in this work more transparent.

2. All of the following considerations trivially carry over to the case N = 0 and a multi-

dimensional control variable, i.e., u € R¥ and B € R™**.

5.2.1 From LQ control to uncoupled forward-backward stochastic

differential equations

We suppose that the matrix pair (A, C') satisfies the Kalman rank condition

rank(C|AC|A*C|...|A"1C) =n. (5.2.8)

A necessary—and in this case sufficient—condition for optimality of our optimal control

problem is that the value function (5.2.7)) solves a semilinear parabolic partial differential
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equation of Hamilton-Jacobi-Bellman type (a.k.a. dynamic programming equation) [69)]

ove
— o LVE + f(2,VE,CTVVE), Ve|p =q, (5.2.9)
where
L+
QI<I> = 5531 Q17q

and E* is the terminal set of the augmented process (s, X¢), precisely ET = ([0,7) x 0D)U

({T} x D). Here L¢ is the infinitesimal generator of the control-free process,
1
L = 5CCT; V2 + (A7) -V, (5.2.10)
and the nonlinearity f is independent of ¢ and given by

flw,y,2) = So{ Qoxy —

1 1
2 5‘

(z"NT+B") (C’T>ﬁz‘2. (5.2.11)
Note that f is furthermore independent of y and that the Moore-Penrose pseudoinverse
¢ T -1
(cT) =c(cre)

is unambiguously defined since z = CTVV® and (Nx + B) € range(C), which by noting

that (CT)ﬂ C'" is the orthogonal projection onto range(C) implies that

(z"NT+ BTV

‘o ‘(xTNT +B") (C’T)ﬁz’2

The specific semilinear form of the equation is a consequence of the control problem
being linear-quadratic. As a consequence, the dynamic programming equation ([5.2.9)) admits

a representation in form of an uncoupled forward backward stochastic differential equation
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(FBSDE). To appreciate this point, consider the control-free process X: = X&*=0 with

infinitesimal generator L° and define an adapted process Y7 = Y5%! by
Y= V(s X3).

(We abuse notation and denote both the controlled and the uncontrolled process by X:.)
Then, by definition, YF = V¢(x,t). Moreover, by It6’s formula and the dynamic programming

equation (5.2.9)), the pair (X, Y?)ser can be shown to solve the system of equations

R}

dX; =AX{ds+CdWs, X;=u
(5.2.12)
dYy = — (X3, Y7, Z5)ds + Z5dW,, Y] = (X)),

S T

with Z¢ = CTVVe(s, X2) being the control variable. Here, the second equation is only
meaningful if interpreted as a backward equation, since only in this case Z: is uniquely
defined.

The BSDE is a quadratic backward stochastic differential equation, by [10] it has at
least one solution, and by [97] this solution is bounded by using the fact that the terminal
condition is bounded[]

Remark 50. Equation is called an uncoupled FBSDE because the forward equation
for X’j is independent of Y or Z5. The fact that the FBSDE is uncoupled furnishes a well-
known duality relation between the value function of an L@ optimal control problem and the
cumulate generating function of the cost [{3, 53] ; specifically, in the case that N =0, B = C

and the pair (A, B) being completely controllable, it holds that

Ve(z,t) = —logE [exp <— /tT qQo(X5)ds — ql(Xﬁ)ﬂ , (5.2.13)

1. The boundedness of the terminal condition came from the fact that z leave in the bounded domain D
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with
L+
qo(x) = 571 Qo -
Here the expectation on the right hand side is taken over all realisations of the control-

free process X¢ = XU=0 starting at X{ = x. By the Feynman-Kac theorem, the function

Y® = exp(—V¢) solves the linear parabolic boundary value problem

0
(at n La) 0 = 0@, ls = exp(—ar) (5:2.14)

5.3 Model reduction

The idea now is to exploit the fact that (5.2.12) is uncoupled, which allows us to derive an
FBSDE for the slow variables X¢ = X1 only, by standard singular perturbation methods.

The reduced FBSDE as ¢ — 0 will then be of the form

dX, = AX,ds+CdW,, X,=m
(5.3.1)

dY, = —f(Xo, Y, Z)ds + Z,dW,, Yy = a(X,),

where the limiting form of the backward SDE follows from the corresponding properties of

the forward SDE. Specifically, assuming that the solution of the associated SDE

that is governing the fast dynamics as ¢ — 0, is ergodic with unique Gaussian invariant

measure 7 = N(0, %), where ¥ = T > 0 is the unique solution to the Lyapunov equation
ApY + XA}, = —CyCy | (5.3.3)
we obtain that, asymptotically as ¢ — 0,

X5~ bue, $>0. (5.3.4)
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As a consequence, the limiting SDE governing the evolution of the slow process X7 ,— in

other words : the forward part of (5.3.1)—has the coefficients

A= Ay — A12A2_21A21 ) C = i — A12A2_21C2 ) (5.3.5)

as following from standard homogenization arguments [121]. By a similar reasoning we find

that the driver of the limiting backward SDE reads

Favyz) = [ F(@na).y. (2,0) 7(des) (5:3.6)
specifically,
flzy,y,21) = ;xlTQOxl — ;‘ (xlTNT + BT) zl‘Q + K,, (5.3.7)
with
Qo=Qu, N=CiN,, B=C(B+N,%"?). (5.3.8)

The limiting backward SDE is equipped with a terminal condition ¢, that is equals ¢,

namely,

i 1
Q(:) = 5] Qizy. (5.3.9)

Interpretation as an optimal control problem

It is possible to interpret the reduced FBSDE again as the probabilistic version of a
dynamic programming equation. To this end, note that (5.2.8) implies that the matrix pair

(A, C) satisfies the Kalman rank condition

rank(C|AC|A%C|...|A™1C) = n,.
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As a consequence, the semilinear partial differential equation

_ “;Z — IV f@, V,ETIV), V] =, (5.3.10)

with Ef = ([0,T) x dD,) U ({T} x D,) and
1 - _
L= §OCT: V2 + (Axy) -V (5.3.11)

has a classical solution V' € C2([0, T)x D)NCOY(ET). Letting Y, := V (s, X,),0 <t < s < 7,
with initial data X, = z; and Z, = CTVV(s, X,), the limiting FBSDE (5.3.1)) can be readily
seen to be equivalent to (5.3.10). The latter is the dynamic programming equation of the

following LQ optimal control problem : minimize the cost functional

_ 1 r7 —— - _ 1 —— - —
J(v;t,z) =E [2/ (X Qo X, + |vs[*)ds + §XTTQ1XT : (5.3.12)
t
subject to
dX, = AX.ds + (]\_4)_(5 + D) veds + Cdw,, X; =21, (5.3.13)

where (ws)s>0 denotes standard Brownian motion in R™ and we have introduced the new

control coefficients M = CN and D = CB.

5.3.1 Convergence of the control value

Before we state our main result and discuss its implications for the model reduction of
linear and bilinear systems, we recall that basic assumptions that we impose on the system
dynamics. Specifically, we say that the dynamics ([5.2.1)) and the corresponding cost functional

(5.2.6) satisfy Condition U if the following holds :
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1. (A, Q) is controllable, and the range of b(z) = Nz + B is a subspace of range(C).

2. We suppose that one of the following conditions hold true
— B=C, or

— (! exist and have the form

C= (5.3.14)
0 6_1/202

3. The matrix Ay is Hurwitz (i.e., its spectrum lies entirely in the open left complex

half-plane) and the matrix pair (Aa, Cy) is controllable.
4. The driver of the FBSDE ([5.2.12)) is continuous and quadratically growing in Z.

5. The terminal condition in ([5.2.12) is bounded ; for simplicity we set ()1 = 0 in (5.2.6]).

Remark 51. for assumption (@ we can explicitly compute the limiting coefficients, we can
relax this condition by finding a larger class of couple (B,C), which hold the convergence of
the original system to the limiting one and where we can explicitly compute the limiting PDFE

which is subject of future work.

Assumption |3 implies that the fast subsystem has a unique Gaussian invariant
measure 7 = N (0, ) with full topological support, i.e., we have ¥ = ¥ T > 0. According to
[28, Prop. 3.1], existence and uniqueness of is guaranteed by Assumptions {4} and
and the controllability of (A4,C') and the range condition, which imply that the transition
probability densities of the (controlled or uncontrolled) forward process X¢ are smooth and
strictly positive. As a consequence of the complete controllability of the original system,

the reduced system ([5.3.13]) is completely controllable too, which guarantees existence and
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uniqueness of a classical solution of the limiting dynamic programming equation (5.3.10)) ;

see, e.g., [120].
Uniform convergence of the value function V¢ — V' is now entailed by the strong conver-
gence of the solution to the corresponding FBSDE as is expressed by the following Theorem.

Theorem 52. Let the assumptions of Condition U hold. Further let V¢ be the classical

solution of the dynamic programming equation and V' be the solution of (5.5.10).
Then

VeV,

uniformly on all compact subsets of [0,T] x D.

The proof of the Theorem is given in the last section. For the reader’s convenience, we

present a formal derivation of the limit equation in the next subsection.

5.3.2 Formal derivation of the limiting FBSDE

Our derivation of the limit FBSDE follows standard homogenization arguments (see
[74, 91], 121]), taking advantage of the fact that the FBSDE is uncoupled. To this end we

consider the following linear evolution equation

((ft - L&) F =0, ¢ (er,22.0) = g(a2) (53.15)

for a function ¢°: D, x R™ x [0,T] where

1 1
L =—-Lo+—L1+ L 5.3.16
c 0 + \/g 1 + 2 ( )
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with
1
Lo = 5C2Cs s Vi + (Antz) - Vi (5.3.17a)
1 1
L, = 5010;— Vi’Q(El + 5020? Vim@ + (AlQ,IQ) -V, + (A21$1) Ve, (5317b)
1
Ly =3GG: Vi, + (Anm) - Ve, (5.3.17c)

is the generator associated with the control-free forward process X; in (.2.12)). We follow

the standard procedure of [I21] and consider the perturbative expansion

¢° = o+ Vep +eda+ ...

that we insert into the Kolmogorov equation (5.3.15)). Equating different powers of ¢ we find

a hierarchy of equations, the first three of which read

I

Lopo =0, Lopr = —Ligo, %@Zgg—hﬁ—h%. (5.3.18)

Assumption [3] on page implies that Ly has a one-dimensional nullspace that is spanned
by functions that are constant in x5, and thus the first of the three equations implies that

¢ is independent of x1. Hence the second equation—the cell problem—reads

L0¢1 = —(Algwg) . vgbo(l'l, t) . (5319)

The last equation has a solution by the Fredholm alternative, since the right hand side
averages to zero under the invariant measure 7 of the fast dynamics that is generated by the

operator Lo, in other words, the right hand side of the linear equation is orthogonal to the
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nullspace of L spanned by the density of 7T.E| The form of the equation suggests the general

ansatz
¢1 = Qﬂ(l’g) . V¢0($1,t> + R(Il,t)

where the function R plays no role in what follows, so we set it equal to zero. Since Lgy =

—(Appm2) T, the function 1 must be of the form 1 = Qx, with a matrix Q € R™*"/. Hence

Now, solvability of the last of the three equations requires again that the right hand side

averages to zero under 7, i.e.

/R . (‘2? + Ly [(AnAyies) - Vo] - L2¢> m(dws) (5.3.20)

which formally yields the limiting equation for ¢ = ¢g(z1,t). Since 7 is a Gaussian mea-

sure with mean 0 and covariance ¥ given by ([5.3.3), the integral ([5.3.20) can be explicitly

computed :

(gt — E) ¢, o(x1,0) = g(z1), (5.3.21)

where L is given by (5.3.11)) and the initial condition ¢(-,0) = g is a consequence of the fact
that the initial condition in (5.3.15]) is independent of . By the controllability of the pair
(A, C), the limiting equation (5.3.21)) has a unique classical solution and uniform convergence

¢° — ¢ is guaranteed by standard results, e.g., [121, Thm. 20.1].

2. Here L} is the formal L? adjoint of the operator Lo, defined on a suitable dense subspace of LZ.
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Since the backward part of (5.2.12)) is independent of ¢, the final form of the homogenized

FBSDE (j5.3.1)) is found by averaging over x5, with the unique solution of the corresponding

backward SDE satisfying Zs ; = 0 as the averaged backward process is independent of x.

5.3.3 Zero viscosity limit
We consider the linear case N = 0 and consider the situation
C=0B, §d=0d()>0.
Now we suppose that our equation is given with small noise as :
dX; = A°X[ + 0(e)BdWy, X§ = . (5.3.22)

where A is given by (/5.2.2)).

In this section we focus on the convergence of our system ([5.3.22)) when the both pa-
rameters : the homogenization parameter € and the noise one § goes to zero, we suppose
that d(e) — 0 as € —» 0, and then the question is to study lim. o X, we prove a large
deviation principle. The convergence will be in the weak sense as given in [61], we suppose
that e go to zero faster then §, means that lim.o 5 = 0, this is a special case when we do
homogenization first and then we send the noise to zero.

In order to prove a large deviation principle upper bound we prove an analogue result which
is the Laplace principle given in this :

Definition 53. Let {X¢ e > 0} be a family of random variables taking values in the space

S and let I be a rate function on S. We say that {X¢, e > 0} satisfies the Laplace principle
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with rate function I if for every bounded and continuous function h: S — R

lim —e InE [exp {— h(f ) H — inf [I(z) + h(z)] .

el0 zeS

For a Polish space S, we have by Varadhans Lemma [132] and its converse Brycs lemma
[60] equivalent between LDP the Laplace principle, then proving that X' hold a Laplace
principle with the rate function [ is equivalent to prove a Large Deviation Principle LDP
with the same rate function.

With the same Girsanov representation, Theorem 8.6.6 [I13] our uncontrolled stochastic

process can represent by a controlled one X solution of :

dXf = AXF + BuS + 0(e)BdW,, X = ., (5.3.23)

where the control process u¢ € U, 4, is supposed such that
! 2
supIE/ |lug||” dt < oo
e>0 0

In order to study the limit in the weak sense as defined in [61] we defined for a Polish
space S, let P(S) be the space of probability measures on S. Let A = A(e) | 0 as € ] 0.

Let A, B,T be Borel sets of D,R"™,[0,1] respectively. Let u¢ € U,q and let X¢ be the
solution of the controlled dynamic. We associate with X¢ and u¢ a family of occupation

measures P9® defined by

PA(A x B x T) :/

T

1 t+a Xe
[A/ 1a(u)1p < mod 1) ds] dt, (5.3.24)
t
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and an extension for s > 1 by putting u§ = 0. Now we set a result on the convergence of the

pair {(X¢,P“?), ¢ > 0} in the weak sense as defined in [61]
Theorem 54. Given xg € R?, consider any family {uc,e > 0} of controls in U,q satisfying
! 2
supE/ ||lug||” dt < oo,
e>0 0

and that :
/ Xy, (22)ds = 0,

then the family {(X¢,P“?), e > 0} is tight, given any subsequence of {(X¢, P“?) e > 0},

there exists a subsequence that converges in distribution with limit (X, P).

5.4 Numerical studies

In this section we presents numerical results for linear and bilinear control systems and
discuss the numerical discretization of uncoupled FBSDE associated with LQ stochastic
control problems, discretization of stochastic dynamics were subject of many authors we

mansion [35] 109, 27, [95]. We begin with the latter.

5.4.1 Numerical FBSDE discretization

The fact that the (5.2.12)) or (5.3.1]) are decoupled entails that they can be discredited

by an explicit time-stepping algorithm. Here we utilize a variant of the least-squares Monte
Carlo algorithm proposed in [26]. The convergence of numerical schemes for FBSDE with

quadratic nonlinearities in the driver has been analysed in [I31].
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The least-squares Monte Carlo scheme is based on the Euler discretization of (5.2.12)) :

Xyt = X + AtAX, + VALCEi
(5.4.1)

}A/n—f—l = }A/n - Atf(Xm Y/na Zn) + v Ath : Sn—&-l

where (X,,,Y,) denotes the numerical discretization of the joint process (X¢,Ye), where we
set X{ = X< for s € (7p,T] when 7p < T, and (£ )r>1 is an ii.d. sequence of normalized

Gaussian random variables. Now let
fn:0<{Wk:0<k<n}>

be the o-algebra generated by the discrete Brownian motion W, = VAt > i<n &i- By defini-

tion the joint process (X¢, YY) is adapted to the filtration generated by (W, )o<u<s, therefore

A,

Yo = E[V,|F| = E[Voi1 + Atf(X,, Vo, Z0)| Fal (5.4.2)

where we have used that Zn is independent of &,,,1. In order to compute Yn from f/nﬂ we use

the identification of Z¢ with CTVV*(s, X¢) and replace (5.4.2) by the backward iteration

A

Yo = E[Viys + Atf(Xn, Varr, CTVoi)| (5.4.3)
which makes the overall scheme explicit in Xn and ffn
Least-squares solution of the backward SDE

In order to evaluate the conditional expectation Y;, = E[-|F,] we recall that a conditional
expectation can be characterised as the solution to the following quadratic minimization
problem :

E[S\Fn} = argmin E[lY — S?].

Y eL?, F,-measurable
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Given N independent realizations )A(T(f), t=1,..., N of the forward process X, this suggests

the approximation scheme

i , (5.4.4)

- 1 &
Y, ~ argmin — Z

Y =V — At (XD, V0, 0TV
Y=Y (X,) *" i=1

where Y is defined by YO = Y(X (i)) with terminal values
) =aq (X)) T=MAt.

(Note that M = Mp is random.) For simplicity, we assume in what follows that the terminal
value is zero, i.e., we set ¢; = 0. (Recall that the existence and uniqueness result from [97]

requires ¢ to be bounded.) To represent Y, as a function Y (X,,) we use the ansatz

A

i{: n)or(X,) (5.4.5)

with coefficients a4(+),...,ax(-) € R and suitable basis functions ¢q,...,ox: R — R
(e.g. Gaussians). Note that the coefficients oy are the unknowns in the least-squares problem
(5.4.4) and thus are independent of the realization. Now the least-squares problem that has

to be solved in the n-th step of the backward iteration is of the form

&(n) = argmin ||Aya — by | (5.4.6)

a€RE

with coefficients

A, = <¢k< jj))) (5.4.7)
i=1,...N;k=1,.... K

.....

and data

bn = () - Atf(”%ﬁff@l,cw,fﬁl))i:l o (5.4.8)

-----
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Assuming that the coefficient matrix 4, € RV*¥ K < N defined by (5.4.7) has maximum

rank K, then the solution to the least-squares problem ({5.4.6)) is given by
a(n) = (AT4,) " Alb,. (5.4.9)

The thus defined scheme is strongly convergent of order 1/2 as At — 0 and N, K — oo as
has been analysed by [26]. Controlling the approximation quality for finite values At, N, K,
however, requires a careful adjustment of the simulation parameters and appropriate basis

functions, especially with regard to the condition number of the matrix A,

5.4.2 Numerical solution of a FBSDESs

In this section we present some numerical analysis methods to solve decoupled and fully

coupled FBSDES, high friction example is studied.

5.4.3 Scheme for fully FBSDESs

Consider the fully coupled FBSDE ([1.1.4]), because of the strong coupling between the
forward and the backward equations the scheme introduced by [142] cannot be implemented

directly by compute first the solution of the forward and then inject it in the backward, an
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iterative discretization of a FBSDE is given by (see [27])

u?’o =0,
Xy =,

XA = X b, XTI ™ (X)) A bt X, () & Wi
Yo = g(Xpm),

ZPM = LBy (YT & Wigs),

Y= By (YT + f(t X Y Zh),

WG = Y

)

(5.4.10)
The gain of this scheme is that Y™ depend only on X" and note to the other solution
of the forward in the previous iterations. One of the important question in this stage is
how to implement the above algorithm in a Matlab code, and the most important question
is to compute the conditional expectation which appear in computing the solution of the
backward SDE Y and Z, to this end we used the simulation based least squares regression
estimator (see [79]), here we want to mention on our special chose of the basis as the Gaussian
density defined as follows : We simulate in addition to the required number of iterations for
the forward process an extra m iterations and the basis is defined as the Gaussian density
with mean the extra iterations, by this way the dimension do not effect so much the speed

of the algorithm

Remark 55. 1. Note like the case of the grid basis which grow up exponentially with the
dimension of the system, and this can not be computed by even a supercomputers, in
our technic that results in (Figure the dimension do not effect a lot, and this give

results when working in high dimension problems.

2. We got the result given in (Figure . with 1000 realizations, but we plotted only 10

of them. The point behind taking a good number of realisations is to avoid the stiffness
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5 Fully coupled FBSDE

— FSDE
BSDE

20 -

15 +

Dynamics

FIGURE 5.1 — Plot of 10 realizations of a solution of a Forward and Backward equation

of a matriz in the algorithm.

3. (Figure . is for two dimensions, we plot only the first component of the FBSDE,
the program take around 140s, if the dimension of the system increase to for example
10, the time will be around 290s (the dimension increase on 5 times the first but the

time is only the double.

5.5 Building Model :Los Angeles University Hospital

5.5.1 Homogenization of Quadratic Stochastic optimal Control via

multiscaling a FBSDE

Now we present a special case of (5.2.1]), is the Linear Quadratic Stochastic Optimal
Control (LQSOC, in short) given by a fast and slow variables, our goal is to reduce the

dimension of the system, the idea is to do homogenization of the system by using the links
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between forward backward stochastic differential equations (FBSDE) and SOC via HJB-

equation, and hence we study a perturbed FBSDE which give us the limiting equation of
the perturbed solution of the HJB-Equation which represent our SOC. An application in

building model is given with numerical results, this last confirm our theoretical analysis of

the SOC.

Introduction and Notations

Let € > 0, and consider the following probability space (€2, F, P,W), W is an R™-value
Brownian mention, endowed with a filtration F satisfying the usual assumptions (i.e. F is
right-continuous and Fy contains all P-null sets in F).

For any initial condition x € R™ and any R™-value admissible control u® € U,4, we consider

the following controlled stochastic linear and bilinear differential equation respectively :

dX{ = (AX + Bul)dt + B dW,, X§ = x, (5.5.1)

The matrices A and B¢ are given below
Our goal is to control the stochastic dynamic (5.5.1) by optimize a given functional
but only when our dynamic live in a bounded set, which is the case in a large number of

applications, for this, let consider a bounded set D € R™ and define the stopping time :

7 =inf{t >0, X, ¢ D}, (5.5.2)

the initial condition z € D, and the objective is to minimize over the controls u¢ the quadratic
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functional :

J(u(), ) = ;E[ [T + i)+ X7 Q1) (5.5.3)

Ve(x) = infyu)J(u(.), z) where :

€ Bl
o (5) 55

The matrices A;; and Ayy are square matrices, in the applications later, we will consider slow
and fast dynamics, this where came from the notations ng,ny which refers to the dimension
of the slow and the fast variables respectively.

The notion of Ergodicity is an important propriety in the homogenization technic, which
is ensured by Kalmann condition (}5.2.8]).
Now we set The Girsanov theorem, which is an important tools in our approach :

Theorem 56. [113] Let Y (t) be an ité process with value in R™ of the form :
dY; = a(t,w)dt + dBy,t <T

with initial value Yo = 0 , where T' is a given constant and B is Brownian motion with value

in R”,



148
set :

M; = exp(— /Ota(s, w)dBs — ;/Ot a(s,w)*ds), (5.5.5)

Assume that a(s,.) satisfies Novikovs condition :
1 /T
Epleap(s [ als,w)ds)],
2 Jo
Then Y (t) is an n-dimensional Brownian motion w.r.t. the probability law Q, for t = T.,

where Q) is the probability measure defined by :

dQ(w) = Mp(w)dP(w)
The transformation P — () called the Girsanov transformation of measures.

Limiting equation for the linear optimal control

Let now study the SOC (5.5.1)), (5.5.3), and consider dB; = u.dt + dW,, by Girsanov

Theorem [56| B is a standard Wiener process under probability measure () where :

dQ . 1
oL = eap /0 wdW, - /0 g 2dt), (5.5.6)

and the equation ({5.5.1)) write as :

dXt = A°X¢ + B'dB,, Xt = x, (5.5.7)
let denote E the expectation under the probability Q , by the duality relation ([43], [55])

Ve(z) = —logEleap(— /0 T XTQoXdt + XTQLX)] (5.5.8)
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In order to take the limit as € goes to zero, we suppose that the fast variable is Ergodic, and

note by 7., (z2) for a fixed z; € R™ the density probability w.r.t the Lebesgue measure of the

invariant measure corresponding to the fast variable, using the reduced dynamics technique

see ([74], [91], [121]) taking e to zero, the system ((5.5.8]), (5.5.7)) converge to :

dX; = AX, + BdB;, Xy = z1, (5.5.9)
— logEexp(— / X TQu X dt + X,7Q, X)), (5.5.10)
0
where :
E = All - A12A521A21,§ == Bl - BQA521A21, (5511)
and for 1 =1,2

Qi =Q;' — Qi"Ay Ay — Ay Ay Q7 + Ay Ay Q7 Agy Any,

For the convergence see the last section. Hence by the inverse Girsenov Theoremﬂ apply on

(5.5.7)),(5.5.8)) , the system (5.5.10)), (5.5.9)) can be writen as :

dX}! = (AX} + Buy)dt + BdW}, X = 1, (5.5.12)

and the quadratic functional :

T, ") = SB[ TGoXE + )i+ X1TQ, X)) (5.5.13)

3. here we mean inverse by using the opposite way that used to transform of system (5.5.1)), (5.5.3
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System ((5.5.12)),(5.5.13)) called the reduced dynamics of our original dynamics ((5.5.1), (5.5.3)),

(reduced in the sense that controlling the hole system is equivalent to control the reduced

dimensional one.

In order to solve the system (5.5.12),(5.5.13)), we introduce the Ricatti equation :

dP(t) = P(t)BB' P(t) — AP(t) — PW)A" = Q,,P(r) = Q, (5.5.14)

the equation (5.5.14) has a unique solution[f then the optimal control of the system (5.5.12)),(5.5.13)

can given as an feedback control by :

T

u; = —B Pt)X* (5.5.15)
and therefore the optimal solution X* is the solution of the following SDE :
dX; = (AX; — BB' P(t)X*)dt + BdW,, X; = 1. (5.5.16)

To solve equation ((5.5.14)) and (5.5.16)) we use numerical analysis, (for ((5.5.16|) we use Euler

Maruyama method), which is given in section

5.5.2 Numerical studies of the SOC

In this section we presents numerical results on the linear and bilinear SOC, first we show
by numerical results that controlling the reduced linear SOC is equivalent to control the hole

system, the applications are on the build model.

4. for more details on the existence and uniqueness of the Ricatti equation we refer to [I]
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A two dimension example

Consider the following SOC in 2 dimensions :
dX{ = (A°X{ + Bu)dt + /o BdW,;, X§ = Xo, (5.5.17)
here o = 0.002,¢ = 0.01

Ty, ) = SB[ (X7 QuXE + [ P)dt + X57 Q151 (5.5.18)

we will show the convergence of our high dimensional stochastic optimal control to a low
dimension one in such a way controlling the limiting one is equivalent to control the original
(full) dynamic, this is well illustrated in (Figure , where the blue line which represent
the solution of the full dynamics is totally hidden by the read line representing the solution

of the limiting equation.

The Building Model

Now let’s use our limiting problem ((5.5.12)), ((5.5.13)) to show by a numerical study of the

problem that controlling the reduced 4 dimensions problem is equivalent to control the hole
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FIGURE 5.2 — Two dimension example of reducing dimension
48 dimensions, this by considering the Building Model example.
For the Building Model we study the build of Los Angeles hospital University, the 48 di-

mensions came from that we have 8 floors, each with 3 degrees of freedom, rotation and

displacement in the plan, hence we have the 24 dimensions equation :
M(t) + Cq(t) + Kq(t) = vu, (5.5.19)

where ¢ is the position and u is the control, M is the positive definite mass matrix, C'
and K denote the symmetric positive definite friction and stiffness matrices. Therefore by

consider the traditional space by putting x = (g, ¢) we get the following ODE :

de(t)/dt = Ax(t) + Bu(t) (5.5.20)

with 48 dimensions,

the out-put Y define by

Y = Cu, (5.5.21)
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Plot of the limiting and the full Solution for SIGMA=10

o
T

x10*

FIGURE 5.3 — Comparison between the limit and the full system
where the matrices A, B and C are in R¥®*48 R¥®*1 and R**8 resp., the data are given in
[144], (for more details on the relation between and (5.5.20), see [77])
The idea is to show that controlling a reduced 4 dimensions problem of our 48 dimensions is
enough to control the hole problem and then the natural question that came is, which part
of the system play the role of the reduced dimension, for this we use the balancing result of
[77], and then we study the homogenization of a stochastic system by adding a noise to our
ODE (|5.5.20) and then, the result given in the previous section.
Figure show that the trajectory of the out put of the reduced problem are very close to
that of the hole problem.

Now we focus on the analytical results to prove the convergence of the solution of the
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FIGURE 5.4 — Limiting out-put with different value of sigma
PDE corresponding to the hole problem (full dimension) to a reduced one, after writing
our problem as a multiscale problem. The idea of the prove is the use the homogenization
of FBSDE, for this end, we present first the bridge between stochastic optimal control and
FBSDE, this connection is useful looking to the flexibility of applying homogenization of a
FBSDEs, after that we present two approaches for the convergence of the hole system to the

reduced one.
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5.6 Proofs and technical lemmas

5.6.1 Convergence of the value function

The idea of the proof of Theorem 52| closely follows the work [38], with the main differences
being (a) that we consider slow-fast systems exhibiting three time scales, in particular the
slow equation contains singular O(e~'/?) terms, and (b) that the coefficients of the fast
dynamics are not periodic, with the fast process being asymptotically Gaussian as ¢ — 0;
in particular the ny-dimensional fast process lives on the unbounded domain R"/.

Theorem 52| rests on the following Lemma that is similar to a result in [29].

Lemma 57. Suppose that the assumptions of Condition U on page hold and define
h: [0,T] x R™ x R™ — R to be a function of the class 01)1,2,2' Further assume that h is
centered with respect to the invariant measure m of the fast process. Then for everyt € [0,T]

and initial conditions (X7,

X5.,) = (v1,22) € R™ x R", 0 < u <t, we have

e—0

v 2
limE l(/ h(s,Xf7S,X§75)ds> ] —0, O<Su<uv<t. (5.6.1)

Proof. We remind the reader of the definition (5.3.17]) of the differential operators Lg, L,

and Ls, and consider the Poisson equation
Loy = —h (5.6.2)

on the domain R"/. (The variables z; € R" and t € [0,7] are considered as parameters.)
Since h is centered with respect to 7, equation (5.6.2)) has a solution by the Fredholm
alternative. By Assumption 3| Ly is a hypoelliptic operator in x5 and thus by [123, Thm. 2],

the Poisson equation (5.6.2)) has a unique solution that is smooth and bounded. Applying
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[t6’s formula to ¢ and introducing the shorthand v (u,v) = (v, X7, X5,) — ¥(u, 21, 72)

1,0
yields

v 1 v
50 (u,0) = [0 + L), X5 X3, )5 + 2 [ Lavls, X1 X5,)ds
. 1 (5.6.3)
+ E/ Loth(s, X5 1 X5.)ds + Ma(u, v) + —=Ma(u,v)

\/_
where M; and M, are square integrable martingales with respect to the natural filtration

generated by the Brownian motion W,. By the properties of the solution to (5.6.2)) the first

three integrals on the right hand side are uniformly bounded in v and v, and thus

/ h(S, Xisv X;,s)ds - - 55¢(u7 U) + 6/ (at¢ + L2w>(87 Xis) X;,s)ds

+ \/E/ Lyp(s, X1, X5, )ds + €My (u,v) + eMa(u,v) .

By the It6 isometry and the boundedness of the derivatives V,, ¢ and V1, the martin-

gale term can be bounded by
E |[(M;(u,v))?] < Ci(v—u), 0<Ci<oo.

Hence

v 2
B (( [ nls, X5 .0 X5,)5)

< Ce,

with a generic constant 0 < C' < co that is independent of u, v and e. ]
Lemma 58 (Upper bound). Suppose that the Conditions U from page hold true. Then
|V€(t7 CL’) - V(t’ 1‘1)| < O\/E7

with x = (x1,29) € D = Dy x R™ , where V€ is the solution of the original dynamic program-

ming equation and V is the solution of the limiting dynamic programming equation
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5.3.10). The constant and C depends on x and t, but is finite on every compact subset of

D x [0, T].

Proof. The idea of the proof is to apply It6’s formula to |y|*, where y5 = Y — V (s, X{ )

S

satisfies the backward SDE

dys = —G(s, X] 4 X5, Ys, 25)ds + zg - AW (5.6.4)
where
€ € ~T € T
% =25 (CTVV(s, X ,), 0) (VV = V,,V)
and
Ge(ta x1,T2,Y, Z) = Gl(ta x1,T2,Y, Z) + G;(ta X1,22,Y, Z) )
with

Gl - f(t7 T,y + V(t7 xl)? Z+ (éTVV(t, 131), 0)) - f<t7 Zy, V<t7 xl)v éTvv(t7 Il))

_ 1 1 _
G — <(A11 — Ay + EAma;Q) V() + (GO = COTTPV (1 22)

We set X = X: for s € (7p,T] when 7p < T. Then, by construction, Gi(t,x,0,0),
x = (z1,22) € Dy x R™ is centered with respect to = and bounded (since the running cost

is independent of x5), therefore Lemma [57| implies that

sup E < Che, (5.6.5)

t€[0,T

T 2
(/ Gl(s,st,ng,0,0)ds>
t b I

The second contribution to the driver can be recast as G5 = (L — L)V, with Ly and L as
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given by ([5.2.10) and (5.3.11]) and thus, as € — 0,

sup E
te[0,T

T 2
(/ GE(S,XES,XSS,O,O)ds> < Cye (5.6.6)
t k) K

by the functional central limit theorem for diffusions with Lipschitz coeflicients [74] ; cf. also

Sec. [5.3.2l As a consequence of (5.6.5) and (5.6.6), we have G° — 0 in L?  which, since

E[lys]?] < Cse, implies strong convergence of the solution of the corresponding backward

SDE in L2

Specifically, since VV is bounded D, Itd’s formula applied to |y¢|?, yields after an appli-

cation of Gronwall’s Lemma :

T T 2
B | s, i+ s as] <eo® | [ 670510 5,000 | + Bl
t<s<T t t

where the Lipschitz constant ¢p is independent of € and finite for every compact subset

D, C R™ by the boundedness of VV (since V is a classical solution and Dy in bounded).
Hence E[|y¢]?] < Cse uniformly for s € [t, T], and by setting s = ¢, we obtain
Vil = Vet 2) = V(E,21)] < CVe

for a constant C' € (0, 00).

This proves Theorem [52

Remark 59. The condition of the periodicity of the coefficient w.r.t. the fast variable in [73]
is to ensure the ergodicity of the fast variable that can holds in our case without periodicity

by using the kalman rank condition
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Francgais

Cette thése établit I'existence d'un contrdle optimal pour un systéme modélisé par une
équation différentielle stochastique progressive-rétrograde (EDSPR) couplée, dans les cas,
dégénéré et non- dégénéré. On montre 1’existence et I’unicité pour des équations rétrogrades
avec une condition logarithmique.

Dans une premiére partie, on présent la théorie générale des équations différentielle
stochastiques progressive-rétrogrades, et on étudie la question d'existence d'un contréle
optimal.

Enfin, des études numériques portent sur les équations différentielles stochastiques
progressive-rétrograde (EDSPR) couplées avec une homogénéisation des problemes de
control optimal stochastique dans le cas linéaire et non-linéaire. Des applications sur le
modelé des batiments ont été étudiées, particulierement le cas de 1’hdpital universitaire de
Los-Anglos a présenté.

English

The purpose of the present dissertation is to study existence of an optimal control
whose dynamical system is driven by a coupled forward-backward stochastic differential
equation. The thesis studied the case of possibly degenerate diffusion coefficient. An
existence and uniqueness results on a one dimensional BSDE with logarithmic condition is
also studied.

An application in high dimensional stochastic differential equations is given in the last
chapter of the thesis with numerical results; a real case of the Los Angeles University hospital
is studied. A numerical analysis of fully coupled FBSDEs is also presented.

Deutsch

Das Ziel dieser Arbeit ist die Untersuchung der Existenz einer optimalen
Steuerung eines durch gekoppelte stochastische Vorwarts-/Ruckwartsdifferentialgleichungen
gegebenen Systems. Dabei wird insbesondere der Fall degenerierter Diffusionskoeffizienten
untersucht.

Eine Anwendung hochdimensionaler stochastischer Differentialgleichungen und
numerische Ergebnisse werden anhand des Beispiels eines Universitatsklinikums von Los
Angeles im letzten Kapitel der Arbeit vorgestellt.

Zusétzlich wird eine numerische Analyse der vollstandig gekoppelten VVorwaérts-
Rickwaértsdifferentialgleichungen présentiert.
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